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Dušan M. Stipanović, Arik Melikyan and Naira Hovakimyan



vi Contents

PART III Numerical Approaches to
Dynamic-Differential Games

A Numerical Approach to the ‘Princess and Monster’ Game
on an Interval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

Steve Alpern, Robbert Fokkink, Roy Lindelauf and Geert Jan Olsder

Numerical Approximation and Optimal Strategies for
Differential Games with Lack of Information on One Side . . . . . . . . . . . . . . . . . 159

Pierre Cardaliaguet

Fully-Discrete Schemes for the Value Function of
Pursuit-Evasion Games with State Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Emiliano Cristiani and Maurizio Falcone

Numerical Solution of the Game of Two Cars with a
Neurosimulator and Grid Computing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Hans-Jörg von Mettenheim and Michael H. Breitner

Numerical Investigation of the Value Function for the
Homicidal Chauffeur Problem with a More Agile Pursuer . . . . . . . . . . . . . . . . . 231

Valerii S. Patsko and Varvara L. Turova

PART IV Applications

Credible Linear-Incentive Equilibrium Strategies in
Linear-Quadratic Differential Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

Guiomar Martín-Herrán and Georges Zaccour

Robust Control Approach to Digital Option Pricing:
Synthesis Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

Stéphane Thiery, Pierre Bernhard and Geert Jan Olsder

PART V Search Games

A Search Game with a Strategy of Energy Supply for Target . . . . . . . . . . . . . . . 313

Ryusuke Hohzaki and Keiko Ikeda



Contents vii

The LQG Game Against Nature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339
Meir Pachter

PART VI Evolutionary Games

Is Deterrence Evolutionarily Stable?. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 357
David Ellison and Michel Rudnianski

Evolutionarily Robust Strategies: Two Nontrivial Examples
and a Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 377
A. J. Shaiju and Pierre Bernhard

PART VII Stopping Games

Nash Equilibrium in a Game Version of the Elfving Problem. . . . . . . . . . . . . . . 399
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Preface

Modern dynamic game theory has its roots in pioneering works on differential
games by R. Isaacs and L.S. Pontryagin, in seminal papers on extensive form games
by H.W. Kuhn, and in works on stochastic games by L.S. Shapley. Since those early
developments, dynamic game theory has evolved enormously and has branched
out in many directions, spanning such diverse disciplines as applied mathematics,
economics, system theory, engineering, operations research, biology, ecology, and
the environmental sciences.

This edited volume is an outgrowth of selected papers presented at the 12th Inter-
national Symposium on Dynamic Games (ISDG) and Applications that was held
July 3-6, 2006, at Sophia Antipolis, France. It provides state-of-the-art information
about new developments in theoretical and numerical analysis of dynamic games
and their applications

The papers selected for the volume cover a variety of topics ranging from purely
theoretical game-theoretic developments, to numerical analysis of various dynamic
games, and to dynamic games applications in economics, finance, and energy
supply. The list of contributors contains both well-known names and names of
young researchers from all over the world. All papers included in the volume went
through a stringent reviewing process, and collected together, they represent a
state-of-the-art of the theory of dynamic games and their applications.

The volume is divided into eight parts (chapters), each including papers devoted
to a certain topic. Part I (five papers) is devoted to theoretical developments in
general dynamic and differential games. The topic of Part II (three papers) is
pursuit-evasion games. Part III (five papers) deals with numerical approaches to
dynamic and differential games. Part IV (two papers) is on applications of dynamic
games in economics and option pricing. Parts V, VI, VII and VIII (each containing
two papers) are devoted to search games, evolutionary games, stopping games,
and stochastic games and "large neighborhood" games, respectively.

The Editors are indebted to many colleagues involved in the reviewing process
and to Miss Giang Nguyen for her help in editing and formatting the volume.

Sophia Antipolis, France Pierre Bernhard
Adelaide, Australia Vladimir Gaitsgory
Sophia Antipolis, France Odile Pourtallier

October 2008
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On Differential Games with Long-Time-Average Cost∗

Martino Bardi
Dipartimento di Matematica Pura ed Applicata

Università di Padova
via Trieste 63, 35121 Padova, Italy

bardi@math.unipd.it

Abstract
The paper deals with the ergodicity of deterministic zero-sum differential

games with long-time-average cost. Some new sufficient conditions are given,
as well as a class of games that are not ergodic. In particular, we settle the
issue of ergodicity for the simple games whose associated Isaacs equation is a
convex-concave eikonal equation.

Key words. Ergodic control, differential games, viscosity solutions, Hamilton-
Jacobi-Isaacs equations.

AMS Subject Classifications. Primary 49N70; Secondary 37A99, 49L25,
91A23.

Introduction

We consider a nonlinear system in R
m controlled by two players

ẏ(t) = f(y(t), a(t), b(t)), y(0) = x, a(t) ∈ A, b(t) ∈ B, (1)

and we denote with yx(·) the trajectory starting at x. We are also given a bounded,
uniformly continuous running cost l, and we are interested in the payoffs associated
to the long-time-average cost (briefly, LTAC), namely:

J∞(x, a(·), b(·)) := lim sup
T→∞

1
T

∫ T

0
l(yx(t), a(t), b(t)) dt,

J∞(x, a(·), b(·)) := lim inf
T→∞

1
T

∫ T

0
l(yx(t), a(t), b(t)) dt.

We denote with u − val J∞(x) (respectively, l − val J∞(x)) the upper value of
the zero-sum game with payoff J∞ (respectively, the lower value of the game

∗This work has been partially supported by funds from M.I.U.R., project “Viscosity,
metric, and control theoretic methods for nonlinear partial differential equations”, and
G.N.A.M.P.A., project “Equazioni alle derivate parziali e teoria del controllo”.
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4 M. Bardi

with payoff J∞) which the 1st player a(·) wants to minimize while the 2nd player
b(·) wants to maximize, and the values are in the sense of Varaiya-Roxin-Elliott-
Kalton. We look for conditions under which

u− val J∞(x) = l − val J∞(x) = λ ∀x,

for some constant λ, a property that was called ergodicity of the LTAC game in [3].
The terminology is motivated by the analogy with classical ergodic control theory,
see, e.g., [30,14,28,9,25,6,7,2]. Similar problems were studied for some games by
Fleming and McEneaney [21] in the context of risk-sensitive control, by Carlson
and Haurie [16] within the turnpike theory, and by Kushner [29] for controlled
nondegenerate diffusion processes. There is a large literature on related problems
for discrete-time games; see the survey by Sorin [35].

More recently, several sufficient conditions for the ergodicity of the LTAC game
were given by Ghosh and Rao [24] and Alvarez and the author [3]. Among other
things, these papers clarified the connections with the solvability of the stationary
Hamilton-Jacobi-Isaacs equation associated to the problem and with the long-time
behavior of the value functions of the finite horizon games with the same running
cost. In particular, under the classical Isaacs’ condition

min
b∈B

max
a∈A

{−f(y, a, b)·p−l(y, a, b)} = max
a∈A

min
b∈B

{−f(y, a, b)·p−l(y, a, b)} (2)

for all y, p ∈ R
m, the LTAC game is ergodic with value λ if the viscosity solution

u(t, x) of the evolutive Hamilton-Jacobi-Isaacs equation

∂u

∂t
+ min

b∈B
max
a∈A

{−f(y, a, b) ·Dxu− l(y, a, b)} = 0, u(0, x) = 0,

satisfies

lim
t→+∞

u(t, x)
t

= λ, locally uniformly in x,

a property called ergodicity of the lower game. However, the results of the quoted
papers do not give much information on some very simple games such as:{

ẏA(t) = a(t), yA(0) = xA ∈ R
m/2, |a(t)| ≤ 1,

ẏB(t) = b(t), yB(0) = xB ∈ R
m/2, |b(t)| ≤ γ,

(3)

with running cost l = l(yA, yB) independent of the controls and Z
m-periodic.

This is related to the asymptotic behavior of the solution to the convex-concave
eikonal equation

ut + |DxAu| − γ|DxBu| = l(xA, xB), u(0, xA, xB) = 0,

where DxAu,DxBu denote, respectively, the gradient of u with respect to the xA

and the xB variables. From [3] we can only say that the lower game and the LTAC
game are ergodic if l has a saddle, namely

min
xA

max
xB

l(xA, xB) = max
xB

min
xA

l(xA, xB) =: l,
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and then the ergodic value is λ = l. Nothing seems to be known if, for instance,
l(xA, xB) = n(xA − xB).

In the present paper, we present some new conditions for ergodicity and a class
of non-ergodic differential games. The sufficient conditions for ergodicity assume
some form of controllability of each player on some state variables. Different from
the controllability conditions in [3], they depend on the running cost l, that is
assumed independent of the controls, and give an explicit formula for the ergodic
value λ in terms of l. The result of non-ergodicity holds for systems of the form{

ẏA(t) = g(y(t), a(t)), yA(0) = xA ∈ R
m/2, a(t) ∈ A,

ẏB(t) = g(y(t), b(t)), yB(0) = xB ∈ R
m/2, b(t) ∈ B,

(4)

with A = B, and running cost l(x) = n(xA − xB) + h(xA, xB) with a smallness
assumption on h. As a special case we settle the issue of the game (3) with the
running cost l(x) = n(xA − xB) and of the convex-concave eikonal equation: it
is ergodic if and only if γ �= 1.

Undiscounted infinite horizon control problems arise in many applications to
economics and engineering; see [17,14,28] and [16,21,35] for games. Our addi-
tional motivation is that ergodicity plays a crucial role in the theory of singu-
lar perturbation problems for the dimension reduction of multiple-scale systems
[27,14,28,23,36,26,32] and for the homogenization in oscillating media [31,19,5].
A general principle emerging in the papers [8,1,2,4] is that an appropriate form of
ergodicity of the fast variables (for frozen slow variables) ensures the convergence
of the singular perturbation problem, in a suitable sense. The explicit applications
of the results of the present paper to singular perturbations will be presented in a
future article.

The paper is organized as follows. Section 1 recalls some definitions and known
results. Section 2 gives two different sets of sufficient conditions for the ergodicity
of the finite horizon games. Section 3 presents the non-ergodic games. Section 4
applies the preceding results to a slight generalization of the system (3) and of the
convex-concave eikonal equation.

1 Definitions and preliminary results

About the system (1) and the cost we assume throughout the paper that f : R
m ×

A× B �→ R
m and l : R

m × A× B �→ R are continuous and bounded, A and B
are compact metric spaces, and f is Lipschitz continuous in x uniformly in a, b.

We consider the cost functional

J(T, x) = J(T, x, a(·), b(·)) :=
1
T

∫ T

0
l(yx(t), a(t), b(t)) dt,

where yx(·) is the trajectory corresponding to a(·) and b(·). We denote with A and
B, respectively, the sets of open-loop (measurable) controls for the first and second



6 M. Bardi

player, and with Γ and Δ, respectively, the sets of nonanticipating strategies for the
first and the second player; see, e.g., [18,20,9] for the precise definition. Following
Elliott and Kalton [18], we define the upper and lower values for the finite horizon
game with average cost:

u− val J(T, x) := sup
β∈Δ

inf
a∈A

J(T, x, a, β[a]),

l − val J(T, x) := inf
α∈Γ

sup
b∈B

J(T, x, α[b], b).

The player using nonanticipating strategies has an information advantage with
respect to the other, so the inequality l− val J(T, x) ≤ u− val J(T, x) holds; see
[18,20,9]. Moreover, all other reasonable notions of value are between l − val J
and u − val J ; see [18] or Chapter 8 of [9] for a discussion. Therefore, when the
game has a value, i.e., l− val J = u− val J , all notions of value coincide. For the
LTAC game we define:

u− val J∞(x) := sup
β∈Δ

inf
a∈A

lim sup
T→∞

J(T, x, a, β[a]),

l − val J∞(x) := inf
α∈Γ

sup
b∈B

lim inf
T→∞

J(T, x, α[b], b).

Note that we chose lim supT→∞ for the upper value and lim infT→∞ for the lower
value, so we expect again that any other definition of ergodic value falls between
them.

We say that the the lower game is (locally uniformly) ergodic if the long time
limit of the finite horizon value exists, locally uniformly in x, and it is constant, i.e.,

l − val J(T, ·) → λ as T → ∞ locally uniformly in R
m.

Similarly, the upper game is ergodic if

u− val J(T, ·) → Λ as T → ∞ locally uniformly in R
m.

The next result gives the precise connection between these properties and the LTAC
game.

Theorem 1.1. [21,3] If the lower game is ergodic, then

l − val J∞(x) = lim
T→∞

l − val J(T, x) = λ ∀x ∈ R
m; (5)

if the upper game is ergodic, then

u− val J∞(x) = lim
T→∞

u− valJ(T, x) = Λ ∀x ∈ R
m. (6)

If the classical Isaacs’ condition (2) holds then the finite horizon game has a
value, which we denote with val J(T, x); see [20,9]. Therefore, we immediately
get the following consequence of Theorem 1.1.
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Corollary 1.1. Assume (2) and that either the lower or the upper game is ergodic.
Then the LTAC game is ergodic, i.e.,

l − val J∞(x) = u− val J∞(x) = lim
T→∞

val J(T, x) = λ, ∀x ∈ R
m.

Remark 1.1. The ergodic value can also be characterized as the limit as δ → 0
of δwδ where wδ solves

δwδ + min
b

max
a

{−f(y, a, b) ·Dwδ − l(y, a, b)} = 0, in R
m,

and as the unique constant λ such that there exists a solution of

λ+ min
b

max
a

{−f(y, a, b) ·Dχ− l(y, a, b)} = 0, in R
m;

see [2,3,24] for the precise statements. We will not use these properties in the
present paper.

2 Sufficient conditions of ergodicity

In this section we prove two results on the ergodicity of the LTAC games. Both make
controllability assumptions on at least one of the players, but they are weaker than
those of Theorem 2.2 in [3]. On the other hand, here we assume the running cost
l = l(y) depends only on the state variables and the controllability assumptions
are designed to get as value of the LTAC game a number depending explicitly on
l. In the first result this is either min l or max l.

We denote with KL the class of continuous functions η : [0,+∞)× [0,+∞) →
[0,+∞) strictly increasing in the first variable, strictly decreasing in the second
variable, and satisfying

η(0, t) = 0 ∀t ≥ 0, lim
t→+∞

η(r, t) = 0 ∀r ≥ 0. (7)

Given a closed target T ⊆ R
m, we say that the system (1) is (uniformly) asymptot-

ically controllable to T in the mean by the first player if the following holds: there
exists a function η ∈ KL and for all x ∈ R

m, there is a strategy α̃ ∈ Γ such that:

1
T

∫ T

0
dist(yx(t), T ) dt ≤ η(‖x‖, T ), ∀b ∈ B, (8)

whereyx(·) is the trajectory corresponding to the strategy α̃ and the control function
b, i.e., it solves

ẏ(t) = f(y(t), α̃[b](t), b(t)), y(0) = x. (9)

Here ‖x‖ := |x| in the general case, whereas when the state space is the m-
dimensional torus T

m = R
m/Zm (i.e., all data are Z

m-periodic)

‖x‖ := min
k∈Zm

|x− k|,
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and dist(z, T ) := infw∈T ‖z − w‖. The condition (8) means that the first player
can drive asymptotically the state y(t) near the target T , in the sense that the
average distance tends to 0, uniformly with respect to x and the control of the other
player b.

Symmetrically, we say that the system (1) is (uniformly) asymptotically con-
trollable to T by the second player if for all x ∈ R

m, there is a strategy β̃ ∈ Δ
such that:

1
T

∫ T

0
dist(yx(t), T ) dt ≤ η(‖x‖, T ), ∀a ∈ A,

whereyx(·) is the trajectory corresponding to the strategy β̃ and the control function
a, i.e., it solves

ẏ(t) = f(y(t), a(t), β̃[a](t)), y(0) = x.

In the next result we will use as target either the set

argmin l := {y ∈ R
m : l(y) = min l}

or the set

argmax l := {y ∈ R
m : l(y) = max l}.

Proposition 2.1. Assume the running cost is uniformly continuous and indepen-
dent of the controls, i.e., l = l(y).
If the system (1) is asymptotically controllable to T = argmin l in the mean by
the first player, then the lower game is ergodic with value λ = min l.
If the system (1) is asymptotically controllable to T = argmax l in the mean by
the second player, then the upper game is ergodic with value λ = max l.

Proof. We prove only the first statement because the proof of the second is anal-
ogous. Set v(T, x) := l − val J(T, x).

Fix x and consider the strategy α̃ ∈ Γ from the asymptotic controllability
assumption. If yx(·) = yx(·, b) is the corresponding trajectory and z(t) is its
projection on the target, i.e.,

dist(yx(t), T ) = ‖yx(t) − z(t)‖, z(t) ∈ T ,

then the choice T = argmin l gives

l(yx(t)) ≤ ωl(‖yx(t) − z(t)‖) + l(z(t)) = ωl(dist(yx(t), T )) + min l,

where ωl is the modulus of continuity of l. We recall that ωl is defined by

|l(x) − l(y)| ≤ ωl(‖x− y‖), ∀x, y ∈ R
m, lim

r→0
ωl(r) = 0,
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and it is not restrictive to assume its concavity. Therefore, Jensen’s inequality
and (8) imply, for all b ∈ B,

1
T

∫ T

0
ωl(dist(yx(t), T )) dt ≤ ωl(η(‖x‖, T )).

Then:

v(T, x) ≤ sup
b∈B

1
T

∫ T

0
l(yx(t)) dt ≤ ωl(η(‖x‖, T )) + min l.

On the other hand, v(T, x) ≥ min l by definition, thus

lim
T→∞

v(T, x) = min l,

uniformly in x for ‖x‖ bounded. �

An immediate consequence of this proposition and of Corollary 1.1 is the fol-
lowing.

Corollary 2.1. Assume the Isaacs’ condition (2) and that the system (1) is asymp-
totically controllable either to argmin l by the first player or to argmax l by the
second player. Then the LTAC game is ergodic, i.e.,

l − val J∞(x) = u− val J∞(x) = lim
T→∞

val J(T, x) = λ, ∀x ∈ R
m.

Moreover, λ = min l in the former case and λ = max l in the latter.

Remark 2.1. The main improvement of this result with respect to Corollary 2.1
in [3] is that here we assume only the controllability in the mean to a target, instead
of the bounded-time controllability to each point of the state space. On the other
hand, here we must assume the independence of l from the controls a, b.

Remark 2.2. A sufficient condition for the asymptotic controllability in the mean
is that the system (1) be locally bounded-time controllable to T by the first player,
i.e., for each x there exist S(‖x‖) > 0 and a strategy α̃ ∈ Γ such that for all control
functions b ∈ B there is a time t# = t#(x, α̃, b, T ) with the properties

t# ≤ S(‖x‖) and yx(t) ∈ T for all t ≥ t#.

In other words, the first player can drive the system from any initial position x to
some point of the target T within a time that is uniformly bounded for bounded x,
and keep it forever on T , for all possible behaviors of the second player. The proof
of Proposition 2.1 shows that this strategy is optimal for the first player. This kind
of behavior is called a turnpike; see [17,16].
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The sufficient condition described above can be better studied by splitting it in
two: reaching T and remaining in T afterwards. The first amounts to the local
boundedness of the lower value of the generalized pursuit-evasion game with target
T . This occurs if such value function is finite and continuous, and a sufficient
condition for it is the existence of a continuous supersolution U of the Isaacs
equation for minimum-time problems

min
b∈B

max
a∈A

{−f(y, a, b) ·DU} ≥ 1 in R
m \ T ,

such that U = 0 on T ; see [12,33]. As for the second property, it is the viability of
T by the first player against the second. This is well understood and has explicit
characterizations; see [15,11].

Remark 2.3. Another sufficient condition for the asymptotic controllability in
the mean is that the system (1) be worst-case stabilizable to T by the first player,
i.e., there exists κ ∈ KL and for each x there exists a strategy α̃ ∈ Γ such that:

dist(yx(t), T ) ≤ κ(‖x‖, t), ∀b ∈ B, ∀t ≥ 0, (10)

whereyx(·) is the trajectory corresponding to the strategy α̃ and the control function
b. In fact, it is enough to take

η(r, T ) =
1
T

∫ T

0
κ(r, t) dt.

This property was studied by Soravia [33,34] and the author and Cesaroni [10].
They characterized it in terms of the existence of a Lyapunov pair, that is, a lower
semicontinuousW , continuous at ∂T and proper, and a Lipschitz h, both positive
off T and null on T , such that:

min
b∈B

max
a∈A

{−f(y, a, b) ·DW} ≥ h(x) in R
m,

in the viscosity sense. Related notions are known in the context of robust control
[13,22].

The second result of this section concern systems of the form:⎧⎪⎨⎪⎩
ẏA(t) = fA(y(t), a(t), b(t)), yA(0) = xA ∈ R

mA ,

ẏB(t) = fB(y(t), a(t), b(t)), yB(0) = xB ∈ R
mB ,

y(t) = (yA(t), yB(t)).
(11)

We will assume the asymptotic controllability by the first player to the target

T ∗ :=
{

(zA, zB) ∈ R
m : l(zA, zB) ≤ max

yB
min
yA

l(yA, yB)
}
. (12)
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Moreover, we will assume for some closed set TB ⊆ R
mB that the state variables

yB are (uniformly) asymptotically controllable to TB in the mean by the second
player in the following sense: there exists a functionη : [0,∞) → [0,∞) satisfying
(7) and for all x ∈ R

m there is a strategy β̃ ∈ Δ such that:

1
T

∫ T

0
dist(yB

x (t), TB) dt ≤ η(‖x‖, T ), ∀a ∈ A. (13)

Proposition 2.2. Assume the system (1) is of the form (11), l = l(yA, yB), and
(2) holds. Suppose also that the system is asymptotically controllable in the mean
by the first player to T ∗ and the state variables yB are asymptotically controllable
in the mean by the second player to:

TB = argmax min
yA

l(yA, ·)

:=
{
zB ∈ R

mB : min
yA

l(yA, zB) = max
yB

min
yA

l(yA, yB)
}
. (14)

Then the LTAC game is ergodic and its value is:

l− val J∞(x) = u− val J∞(x) = λ := max
yB

min
yA

l(yA, yB), ∀x ∈ R
m. (15)

Proof. The Isaacs conditions (2) implies the existence of the value of the finite
horizon games and we set v(T, x) := l − val J(T, x) = u − val J(T, x). By
repeating the proof of Proposition 2.1 with the target T ∗ we obtain:

l(yx(t)) ≤ ωl(‖yx(t) − z(t)‖) + l(z(t))

≤ ωl(dist(yx(t), T )) + max
yB

min
yA

l(yA, yB), (16)

and then
v(T, x) ≤ ωl(η(‖x‖, T )) + λ.

To get the opposite inequality fix x and consider the strategy b̃ ∈ Δ from the
asymptotic controllability assumption on the yB variables. Let yx(·) = yx(·, a) be
the corresponding trajectory and zB(t) the projection of its component yB

x (t) on
the target TB , i.e.,

dist(yB
x (t), TB) = ‖yB

x (t) − zB(t)‖, zB(t) ∈ TB .

Then the definition of TB gives

l(yx(t)) ≥ l(yA
x (t), zB(t)) − ωl(‖yB

x (t) − zB(t)‖)

≥ max
yB

min
yA

l(yA, yB) − ωl(dist(yB
x (t), TB)), (17)
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where the modulus of continuity ωl was defined in the proof of Proposition 2.1.
The concavity of ωl, Jensen’s inequality, and (13) imply, for all a ∈ A,

1
T

∫ T

0
ωl(dist(yB

x (t), TB)) dt ≤ ωl(η(‖x‖, T )).

Finally, the definition of upper value gives

v(T, x) ≥ inf
a∈A

1
T

∫ T

0
l(yx(t)) dt ≥ λ− ωl(η(‖x‖, T )),

and therefore limT→∞ v(T, x) = λ uniformly in x, for ‖x‖ bounded. �

Remark 2.4. The main differences of this result with respect to Proposition 2.2
in [3] is that here we do not assume that the cost l has a saddle and we make
different controllability assumptions that give an advantage to the first player.

Remark 2.5. By exchanging the assumptions on the two players and replacing
maxmin with minmax in the targets, it is easy to give a symmetric result where the
value of the LTAC game is:

λ = min
yA∈R

mA

max
yB∈R

mB

l(yA, yB).

Remark 2.6. No controllability assumption is necessary for ergodicity, and in
general, the ergodic value λ can be any number between min l and max l. For
instance, by a classical result of Jacobi (see, e.g., [7,2]), the system ẏ(t) = ξ with
ξ ·k �= 0 for all k ∈ Z

m is uniformly ergodic for all Z
m-periodic l, and the ergodic

value is λ =
∫
[0,1]m l(y) dy.

Remark 2.7. The results of this section can be extended to control systems driven
by stochastic differential equations, as in Sec. 4 of [3]. We postpone this to a future
paper.

3 Sufficient conditions for non-ergodicity

In this section we give some examples of games that are not ergodic. Let us
first recall that a simple reason for non-ergodicity is the unboundedness of the
trajectories, as shown in the next example.

Example 3.1. Consider the system ẏ = y and running cost l such that there exist
the limits limx→+∞ l(x) = l+ and limx→−∞ l(x) = l−. Then val J(T, x) =
1
T

∫ T

0 l(xet) dt converges as t → +∞ to l+ if x > 0, to l(0) if x = 0, and to l−
if x < 0.
However, also on a compact state space such as T

2, many systems are not ergodic,
such as the next simple example.
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Example 3.2. In R
2 take the system ẏ = (1, 0) and l Z

2-periodic. Then
val J(T, x) = 1

T

∫ T

0 l(x1 + t, x2) dt converges as t → +∞ to
∫
[0,1]2 l(s, x2) ds.

The main result of the section is about systems of the form (11) under assump-
tions that allow the controllability of the variables yA by the first player and of yB

by the second player as in the ergodic games described in [3]. However, the run-
ning cost does not have a saddle and the system is completely fair, in the sense that
both groups of variables have the same dynamics. Here are the precise assump-
tions. Suppose first that the vector field fA is independent of b, fB does not depend
on a, and l depends only on the state y. Then the Isaacs condition (2) holds and
the Hamiltonian takes the split form:

H(y, p) := min
b∈B

max
a∈A

{−f(y, a, b) · p− l(y, a, b)}

= max
a∈A

{−fA(y, a) · pA} + min
b∈B

{−fB(y, b) · pB} − l(y), p = (pA, pB).

Assume further that A = B, mA = mB = m/2, and fA = fB =: g, so the
system takes the form (4). Then, if we define the reduced Hamiltonian

Hr(y, q) := max
a∈A

{−g(y, a) · q}, q ∈ R
m/2,

the Hamiltonian H becomes

H(y, p) = Hr(y, pA) −Hr(y,−pB) − l(y), p = (pA, pB). (18)

We will also take the running cost of the form

l(y) = n(yA − yB) + h(yA, yB), y = (yA, yB), (19)

and make assumptions of the functions n : R
m/2 → R and h : R

m → R.

Theorem 3.1. Assume the Hamiltonian H has the form (18) with running cost
of the form (19) and n, h bounded and uniformly continuous. If

suph− inf h < supn− inf n, (20)

then the lower and the upper game are not ergodic.

Proof. We explain first the idea in the special case h ≡ 0, n ∈ C1. In this case,
u(t, y) := t n(yA − yB) solves the Hamilton-Jacobi-Isaacs equation:

ut +Hr(y,DyAu) −Hr(y,−DyBu) = n(yA − yB).

If v(t, y) is the value function of the finite horizon game, then tv(t, y) solves the
partial differential equation in viscosity sense [20,9] and takes the same initial
value 0 at t = 0. By the uniqueness of the viscosity solution to the Cauchy problem
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[9], tv(t, y) = u(t, y). Then v(t, y) = n(yA −yB) does not converge to a constant
as t → ∞ because n is not constant.

The general case is a perturbation of the preceding one. Take a mollification
nε ∈ C1 of n such that nε → n as ε → 0 uniformly in R

m/2. Consider u(t, y) :=
t nε(yA − yB) + tc, for a constant c to be determined. Then:

ut +Hr(y,DyAu) −Hr(y,−DyBu) = nε(yA − yB) + c (21)

and the right-hand side is ≥ n(yA − yB) + h(y) for c = suph + δ, δ > 0, if ε
is small enough. Therefore the comparison principle between viscosity sub- and
supersolutions [9] gives:

v(t, y) ≤ nε(yA − yB) + c, ∀ t, y,

and for y1 such that n(yA
1 − yB

1 ) is close to inf n and ε small enough

v(t, y1) ≤ inf n+ suph+ 2δ. (22)

On the other hand, the right-hand side of (21) is ≤ n(yA − yB) + h(y) for
c = inf h− δ and ε small enough. Then:

v(t, y) ≥ nε(yA − yB) + c, ∀ t, y

and
v(t, y2) ≥ supn+ inf h− 2δ, (23)

if n(yA
2 − yB

2 ) is close to supn and ε is small enough. By condition (20) we can
choose δ so that the right-hand side of (22) is smaller than the right-hand side
of (23). Then v(t, y) cannot converge to a constant as t → ∞. �

4 An example: the convex-concave eikonal equation

In this section we fix g : R
m → R Lipschitzean and such that g(y) ≥ go > 0,

and discuss the ergodicity of the games where the system is⎧⎪⎨⎪⎩
ẏA(t) = g(y(t))a(t), yA(0) = xA ∈ R

m/2, |a(t)| ≤ 1,
ẏB(t) = g(y(t))b(t), yB(0) = xB ∈ R

m/2, |b(t)| ≤ γ,

y(t) = (yA(t), yB(t)),
(24)

for all values of the parameter γ > 0. For a running cost l independent of the
controls, the finite horizon game has a value val(t, x) := l − val J(t, x) = u −
val J(t, x), and u(t, x) = t val(t, x) solves the Hamilton-Jacobi-Isaacs equation

ut + g(x)|DxAu| − γg(x)|DxBu| = l(x), u(0, x) = 0, (25)
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that we call the convex-concave eikonal equation. As in the preceding section we
take l of the form

l(y) = n(yA − yB) + h(yA, yB), y = (yA, yB).

We also need a compact state space, so we assume for simplicity that all data
g, n, h are Z

m periodic. We recall that the paper by Alvarez and the author
[3] covers only the case that n ≡ 0 and h has a saddle point, and then the
value of the LTAC game is λ = minyA∈Rm/2 maxyB∈Rm/2 h(yA, yB) =
maxyB∈Rm/2 minyA∈Rm/2 h(yA, yB).

Corollary 4.1. Under the preceding assumptions, the upper, lower, and LTAC
game are ergodic under either one of the following conditions:

i) γ < 1 and h = h(yB) is independent of yA, and in this case

lim
t→∞

v(t, x) = minn+ maxh;

ii) γ > 1 and h = h(yA) is independent of yB , and in this case

lim
t→∞

v(t, x) = maxn+ minh.

If, instead, γ = 1 and

suph− inf h < supn− inf n,

then the upper and lower game are not ergodic.

Proof. If γ < 1, since the dynamics of the yA and the yB variables is the same,
but the first player can drive yA at higher speed, for any fixed z ∈ R

m/2 the first
player can drive the system from any initial position to yA = yB + z in finite time
for all controls of the second player. Since T

m is compact this can be done in a
uniformly bounded time. In particular, the system is asymptotically controllable
by the first player to the set

Tn :=
{
(yA, yB) ∈ R

m : yA − yB ∈ argmin n
}
.

If h ≡ 0 we can conclude by Proposition 2.1. Note that in this case we do not need
the controllability of yB by the second player.

In the general case, we observe that Tn is a subset of the target T ∗ defined
by (12), because here:

max
yB∈Rm/2

min
yA∈Rm/2

l(yA, yB) = minn+ max
yB∈Rm/2

h(yB).

Therefore the system is asymptotically controllable to T ∗ by the first player.
On the other hand, the variables yB are bounded time controllable by the second

player to any point of R
m/2; therefore they are also asymptotically controllable to

TB . Then Proposition 2.2 gives the conclusion i).
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The statement ii) is proved in the same way by reversing the roles of the two
players. In this case:

min
yA∈Rm/2

max
yB∈Rm/2

l(yA, yB) = maxn+ min
yA∈Rm/2

h(yA).

Finally, the case γ = 1 follows immediately from Theorem 3.1. �
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Abstract
In this paper, using G. Leitmann’s direct sufficiency method, extended for

differential games, we present sufficient conditions for open loop strategies for
a class of continuous time variational games. The result presented here is an
extension of the classical Weierstrass sufficiency results for free problems in
the calculus of variations.
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1 Introduction

The study of calculus of variations is mainly focused on “single-player” games
and has not concerned itself, for the most part, with the case of n-player games.
The first exception to this case is the papers of C. F. Roos in the 1920’s, which
through a series of papers explored what we refer to here as variational games. In
particular, we mention his 1925 paper in which he considers the mathematical the-
ory of competition in the context of a dynamic economic growth model [13]. The
culmination of these works appears to be his 1927 paper “Generalized Lagrange
Problems in the Calculus of Variations” that appeared in the Transactions of the
American Mathematical Society [14]. In this latter paper, he considers a general
two-player game in the form of two coupled Lagrange problems in the calculus of
variations. He presents a rather complete theory for what we now call a Nash equi-
librium (some 25 years before Nash’s theorem!) providing analogues of the clas-
sical necessary conditions, including the Euler-Lagrange equations, Weierstrass
necessary conditions, Legendre conditions, as well as transversality conditions.
The paper concludes with analogues of the classical sufficient conditions in the
spirit of Weierstrass and Legendre for weak and strong local minimizers. Unfortu-
nately, he includes no examples illustrating the application of his work. Moreover,
with the advent of optimal control and differential games, much of this classical
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theory has been neglected. Indeed, the only reference I am aware of regarding
this early work is a reference to the 1925 paper in the textbook by Kamien and
Schwartz [9], although I am sure there are others.

In the work presented here, we consider a class of variational games with the
idea of presenting a version of Weierstrass’s sufficiency theorem and the classical
field theory. Our approach is to present, via the direct method of G. Leitmann, a
theorem which allows us to conclude that when a solution of the Euler-Lagrange
equations can be embedded in a family of extremals then it is indeed an open loop
Nash equilibrium. The direct method of G. Leitmann is a non-variational method
which utilizes coordinate transformations to construct an “equivalent variational
problem” for which the solution may be obtained easily (often by inspection).
Once the equivalent problem is solved, the inverse coordinate transformation gives
a solution to the original problem. The original formulation by Leitmann has been
generalized to dynamic games and additionally has incorporated the notion of an
equivalent problem arising in the work of C. Carathéodory for single-player games.

The plan of our paper is as follows. In Sec. 2 we introduce the class of variational
games we are concerned with. Section 3 introduces the direct method presenting
the fundamental lemma. In Sec. 4 we introduce the notion of a field of extremals
and present our sufficient conditions for an open loop Nash equilibrium. Section 5
we give a presentation of the “classical presentation” of field theory illustrating
the connections between the results of Sec. 4 with those of the classical variational
theory. Finally, in Sec. 6 we conclude with two elementary examples illustrating
our result.

2 The Class of Games Considered

We consider an N -person game in which the state of player j = 1, 2, . . . N is a
real-valued function xj(·) : [a, b] → R with fixed initial value xj(a) = xaj and
fixed terminal value xj(b) = xbj . The objective of each player is to minimize a
Lagrange type functional,

Ij(x(·)) =
∫ b

a

Lj(t,x(t), ẋj(t)) dt, (1)

over all of his possible admissible strategies (see below), ẋj(·). The notation used
here is that x = (x1, x2, . . . xN ) ∈

∏N
j=1 R

.= R
N . We assume that Lj : Aj → R

is a continuous function defined on the open set Aj ⊂ R × R
N × R with the

additional properties thatLj(t, ·, ·) is twice continuously differentiable onAj(t)
.=

{(x, pj) : (t,x, pj) ∈ Aj}.
Clearly, the strategies of the other players influences the decision of the j-

th player and so each player is unable to minimize independently of the other
players. As a consequence, the players seek to play a Nash equilibrium instead.
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To introduce this concept we first introduce the following notation. For each fixed
j = 1, 2, . . . , N , x = (x1, x2, . . . , xN ) ∈ R

N , and yj ∈ R we use the notation,

[xj , yj ]
.= (x1, x2, . . . , xj−1, yj , xj+1, . . . xN ).

With this notation we have the following definitions.

Definition 2.1. We say a function x(·) = (x1(·), x2(·), . . . , xN (·)) : [a, b] →
R

N is admissible if it is continuous, has a piecewise continuous first derivative,
satisfies the fixed initial and terminal conditions

xj(a) = xaj and xj(b) = xbj , j = 1, 2, . . . N, (2)

and (t, xj(t), ẋj(t)) ∈ Aj for all t ∈ [a, b].

Definition 2.2. Given an admissible function x(·) we say a function yj(·) :
[a, b] → R is admissible for player j relative to x(·) if the function [xj , yj ](·) is
admissible.

With these definitions we can now give the definition of a Nash equilibrium.

Definition 2.3. An admissible function x∗(·) : [a, b] → R
N is a Nash equilib-

rium if for each player j = 1, 2, . . . N and each function yj(·) : [a, b] → R that is
admissible for player j relative to x∗(·) one has:

Ij(x∗(·)) =
∫ b

a

Lj(t,x∗(t), ẋ∗
j (t)) dt

≤
∫ b

a

Lj(t, [x∗(t)j , yj(t)], ẏj(t)) dt

= Ij([x∗j , yj ](·)). (3)

Remark 2.1. From the above definition it is clear that when all of the players
“play” a Nash equilibrium, then each player’s strategy is his best response to that
of the other players. In other words, if player j applies any other strategy, than the
equilibrium strategy, his cost functional will not decrease.

Remark 2.2. The above dynamic game clearly is not the most general structure
one can imagine, even in a variational framework. In particular, the cost functionals
are coupled only through their state variables and not through their strategies.
While not the most general, one can argue that this form is general enough to cover
many cases of interest since in a “real-world setting,” an individual player will not
know the strategies of the other players (see e.g., Dockner and Leitmann [8]).

The similarity of the above dynamic game to a free problem in the calculus of
variations begs the question as to how much of the classical variational theory
can be extended to this setting. It is indeed one aspect of this question that partly
motivates this paper. We first recall the classical first-order necessary condition for
this problem, giving the following theorem.
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Theorem 2.1. If x∗(·) is a Nash equilibrium, then the following system of Euler-
Lagrange equations are satisfied:

d

dt

∂Lj

∂ẋj

(
t,x∗(t), ẋ∗

j (t)
)

=
∂Lj

∂xj

(
t,x∗(t), ẋ∗

j (t)
)
, t ∈ [a, b]. (4)

Proof. The proof follows directly from the classical theory of the calculus of
variations upon the recognition that for each j = 1, 2 . . . N the trajectory x∗

j (·)
minimizes the functional,

Ij [x∗j , yj ](·)) =
∫ b

a

Lj(t, [x∗j(t), yj(t)], ẏj(t)) dt

over all continuous functions with piecewise continuous derivatives, yj(·) :
[a, b] → R satisfying the fixed end conditions given by (2). �

Clearly, this is a set of standard necessary conditions and as such only provides
candidates (i.e., the usual suspects!) for a Nash equilibrium. To insure that the can-
didate is indeed a Nash equilibrium, one must show that it satisfies some additional
conditions. In the classical variational theory, these conditions typically mean that
one has to show that the candidate can be embedded in a field of extremals and that
some additional convexity conditions are also satisfied. As we shall see shortly, an
analogous theory can also be developed here.

3 Leitmann’s Direct Method

In this section we briefly outline a coordinate transformation method originally
developed for single-player games in [10] and [11] (see also [2]), and further
extended to N -player games in [8] and [3] which will enable us to derive our
results. In particular, in Leitmann [12] (see also Carlson and Leitmann [3]) we
have the following theorem.

Lemma 3.1. For j = 1, 2, . . . , N let xj = zj(t, x̃j) be a transformation of class
C1 having a unique inverse x̃j = z̃j(t, xj) for all t ∈ [a, b] such that there is
a one-to-one correspondence x(t) ⇔ x̃(t), for all admissible trajectories x(·)
satisfying the boundary conditions (2) and for all x̃(·) satisfying:

x̃j(a) = z̃j(a, xaj) and x̃j(b) = z̃j(b, xbj)

for all j = 1, 2, . . . , N . Further for each j = 1, 2, . . . , N , let L̃j(·, ·, ·) : [a, b] ×
R

N × R → R be a given integrand having the same properties as Lj(·, ·, ·). For a
given admissible x∗(·) : [a, b] → R

N , suppose the transformations xj = zj(t, x̃j)
are such that there existC1 functionsGj(·, ·) : [a, b]×R → R so that the functional
identities

Lj(t, [x∗(t)j , xj(t)], ẋj(t)) − L̃j(t, [x∗(t)j , x̃j(t)], ˙̃xj(t))

=
d

dt
Gj(t, x̃j(t)) (5)
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hold on [a, b]. If x̃∗
j (·) yields an extremum of Ĩj([x∗j(·), ·]) with x̃∗

j (·) satisfying
the transformed boundary conditions, then x∗

j (·) with x∗
j (t) = zj(t, x̃∗(t)) yields

an extremum for Ij([x∗j(·), ·]) with the boundary conditions (2).
Moreover, the function x∗(·) is an open-loop Nash equilibrium for the varia-

tional game.

Proof. Leitmann [12]. �

Remark 3.1. This result has been successfully applied to a number of examples
having applications in mathematical economics and we refer the reader to the
references. Additionally, this lemma has been extended to include various classes
of control systems (e.g., affine in the strategies) [6], infinite horizon models [5],
as well as multiple integral problems [4].

Two immediate and useful corollaries are as follows.

Corollary 3.1. The existence of Gj(·, ·), j = 1, 2 . . . , N , in (5) imply that the
following identities hold for (t, x̃j) ∈ (a, b) × R and q̃j ∈ R for j = 1, 2, . . . , N :

Lj

(
t, [x∗j(t), zj(t, x̃j)],

∂zj(t, x̃j)
∂t

+
∂zj(t, x̃j)
∂x̃j

q̃j

)
− L̃j(t, [x∗j(t), x̃j ], q̃j)

≡ ∂Gj(t, x̃j)
∂t

+
∂Gj(t, x̃j)

∂x̃j
q̃j . (6)

Corollary 3.2. For each j = 1, 2, . . . , N the left-hand side of the identity, (6) is
linear in q̃j , that is, it is of the form,

θj(t, x̃j) + ψj(t, x̃j)q̃j

and,
∂Gj(t, x̃j)

∂t
= θj(t, x̃j) and

∂Gj(t, x̃j)
∂x̃j

= ψ(t, x̃j)

on [a, b] × R.

The utility of the above lemma rests in being able to choose not only the trans-
formation z(·, ·) but also the integrand L̃(·, ·, ·). It is this flexibility that will enable
us to extend the classical calculus of variations theory to the class of dynamic
games considered here.

4 A Direct Method Proof of a Classical Sufficiency Condition

In this section we demonstrate how the direct method described above can be used
to extend a classical result from the calculus of variations to the class of variational
games considered here. Moreover, the approach presented here further provides
an elementary proof of this result in the single-player case. We begin by extending
the notion of a field of extremals beginning with the following definition.
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Definition 4.1. For j = 1, 2, . . . N , let ξj(·, ·) : [a, b] × R → R be a set of
twice continuously differentiable functions and put ξ(·, ·) = (ξ1(·, ·), ξ2(·, ·), . . . ,
ξN (·, ·)) : [a, b] × R

N → R
N . We say that ξ(·, ·) is a family of extremals for the

differential game if for each constant vector β = (β1, β2, . . . , βN ) ∈ R
N one has

that the functions t → ξj(t, βj) satisfies the Euler-Lagrange equations

d

dt

∂Lj

∂ẋj
(t, ξ(t, β),

∂ξj(t, βj)
∂t

) =
∂Lj

∂xj
(t, ξ(t, β),

∂ξj(t, βj)
∂t

), t ∈ [a, b], (7)

and that (t, ξj(t, βj),
∂ξj(t,βj)

∂t ) ∈ Aj for t ∈ [a, b] and j = 1, 2 . . . N .

When given a game to solve, one naturally makes an effort to solve the correspond-
ing necessary conditions to obtain candidates of optimality. For the case considered
here, these necessary conditions are the system of Euler-Lagrange equations (4).
Consequently, suppose that we have a candidate for a Nash equilibrium, say x∗(·)
that satisfies the Euler-Lagrange equations as well as the fixed end conditions (2).
The following theorem gives additional conditions that allow us to determine when
this candidate is an open-loop Nash equilibrium

Theorem 4.1. In addition to the hypotheses given in Sec. 1, assume that for each
j = 1, 2, . . . N the functions pj → Lj(t,x, pj) are convex on Aj(t,x) = {pj ∈
R : (x, pj) ∈ Aj(t)}. Furthermore, let x∗(·) be an admissible function for the
dynamic game which satisfies the Euler-Lagrange equation (4) and assume that
there exists a family of extremals, ξ(·, ·) having the following properties.

(1) The transformations xj = ξj(t, βj) are of class C2 with a unique inverse
βj = ξ̃j(t, xj).

(2) There exists a constant vector β∗ ∈ R
N such that x∗

j (t) = ξj(t, β∗
j ) for

t ∈ [a, b] .
(3) The partial derivatives ∂

∂βj
ξj(t, βj) are nonzero for all (t, βj).

Then x∗(·) is an open-loop Nash equilibrium for the dynamic game.

Remark 4.1. To put the above theorem into a classical context, in the one-player
game the family of extremals, assumed to exist in the above theorem, is referred to
as a “field of extremals” in the classic book by Bolza [1] and in this case we have
a direct comparison to the classical sufficiency condition due to Weierstrass and
Hilbert. In the next section we will explore this relationship further by presenting
these results in a more classical manner.

Remark 4.2. A family of extremals satisfying the conditions indicated above
defines a one-to-one correspondence between the admissible trajectories of the
dynamic game considered, say x(·), and a set of functions x̃(·) satisfying the
boundary conditions:

x̃j(a) = ξ̃j(a, xaj) = β∗
j and x̃j(b) = ξ̃(b, xbj) = β∗

j .
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To see this we notice that if x(·) is admissible for the original problem then we have
the function x̃(·) : [a, b] → R

N defined component-wise by x̃j(t) = ξ̃j(t, xj(t)),
for j = 1, 2, . . . N , satisfies the fixed-end conditions

x̃j(a) = ξ̃j(a, xaj) and x̃j(b) = ξ̃j(b, xbj).

Further, since β∗
j = ξ(t, x∗

j (t)) for all t ∈ [a, b], it follows immediately that

β∗
j = ξ̃(a, xaj) = ξ̃(b, xbj) as desired.

Proof of Theorem 4.1. To begin, we note that by Taylor’s theorem, for each
t ∈ [a, b], β ∈ R

N , p̃ = (p̃1, p̃2, . . . p̃N ) ∈ R
N and j = 1, 2, . . . , N there exists

γj(t, β, p̃j) ∈ [0, 1] such that:

Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj) +
∂ξj
∂βj

(t, βj)p̃j

)
=

Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

+
∂Lj

∂pj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)
∂ξj
∂βj

(t, βj)p̃j (8)

+
1
2
∂2Lj

∂p2
j

∣∣∣∣∣(
t,ξ(t,β),

∂ξj
∂t (t,βj)+γj(t,β,p̃j)

∂ξj
∂βj

(t,βj)p̃j

)

(
∂ξj
∂βj

(t, βj)
)2

p̃j
2.

Now define L̃j(·, ·, ·) : [a, b] × R
N × R → R by the formula,

L̃j(t, β, p̃j) =
1
2
∂2Lj

∂p2
j

(
∂ξj
∂βj

(t, βj)
)2

p̃j
2,

in which the second partial derivative of Lj in the above is evaluated at(
t, ξ(t, β),

∂ξj
∂t

(t, βj) + γj(t, β, p̃j)
∂ξj
∂βj

(t, βj)p̃j

)
,

and let θ(·, ·) : [a, b] × R
N → R and ψ(·, ·) : [a, b] × R

N → R be given by

θ(t, β) = Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

and

ψ(t, β) =
∂

∂pj
Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)
∂ξj
∂βj

(t, βj).

Observe that (8) may now be compactly written as:

Lj(t, ξ(t, β),
∂ξj(t, βj)

∂t
+
∂ξj(t, βj)
∂βj

p̃j) − L̃j(t, β, p̃j)

= θ(t, [βj , βj ]) + ψ(t, [βj , βj ])p̃j . (9)



26 D. Carlson

To apply the direct method we must show that the right-hand side in (9) is exact,
when viewed as a function of the variables (t, βj). To do this it is sufficient to show
that we have:

∂

∂βj
θ(t, [βj , βj ]) =

∂

∂t
ψ(t, [βj , βj ]).

To this end we observe that since ξj(·, ·), j = 1, 2, . . . N , is a family of extremals
we have:

∂

∂βj
θ(t, [βj , βj ]) =

∂Lj

∂xj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂ξj
∂βj

(t, βj)

+
∂Lj

∂pj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂2ξj
∂βj∂t

(t, βj)

=
∂

∂t

[
∂Lj

∂pj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
]
∂ξj
∂βj

(t, βj)

+
∂Lj

∂ξj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂2ξj
∂βj∂t

(t, βj)

=
∂

∂t

[
∂

∂ξj
Lj(t, ξ(t, β),

∂ξj
∂t

(t, βj))
]
∂ξj
∂βj

(t, βj)

+
∂

∂ξj
Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

∂2ξj
∂t∂βj

(t, βj)

=
∂

∂t
ψ(t, [βj , βj ]),

where we have used the fact that the family of extremals is twice continuously
differentiable. From this we can conclude that there exists a function Gj(·, ·) :
[a, b] × R

N → R such that:

Lj(t, ξ(t, β),
∂ξj
∂t

(t, x̃j) +
∂ξj
∂xj

(t, x̃j)p̃j) − L̃j(t, β, p̃j)

=
∂Gj

∂t
(t, [βj , x̃j ]) +

∂Gj

∂x̃j
(t, [βj , x̃j ])p̃j .

Thus, for the trajectory x∗(·) = ξ(·, β∗) and any function xj(·) that is admissible
for player j relative to x∗(·) for player j, we have:

Lj(t, [x(t)∗j , xj(t)], ẋj(t)) − L̃j(t, [β∗j , x̃j(t)], ˙̃xj(t)) =
d

dt
G(t, [β∗j , x̃j(t)]),

in which x̃j(·) : [a, b] → R is defined by x̃j(·) = ξ̃j(·, xj(·)). This is precisely
Eq. (5) so that we can apply the direct method. To this end we consider the following
N auxiliary problems of minimizing the functionals:

Ĩj(x̃j(·)) =
∫ b

a

L̃j(t, [β∗j , x̃j(t)], ˙̃xj(t)) dt (10)
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subject to the fixed (constant) end conditions

x̃j(a) = x̃j(b) = β∗
j . (11)

Observe that since Lj is convex in its last argument we have (t, x̃j , p̃j) →
L̃j(t, [β∗j , x̃j ], p̃j) is non-negative and assumes the value zero whenever p̃j = 0.
This means that minimizers for each of the N auxiliary problems are given by
x̃∗

j (t) ≡ β∗
j for j = 1, 2, . . . N . Thus an application of the direct method gives us

that the trajectory x∗(·) is an open-loop Nash equilibrium for the original dynamic
game. �.

5 The Classical Approach to Sufficient Conditions

As indicated earlier, Bolza [1] referred to a family of extremals satisfying the
hypotheses of Theorem 2 as a field of extremals. In other treatments, the notion of
a field of extremals (see e.g., Cesari [7]) is defined in terms of a “slope function.”
To see how this concept arises, suppose that we have a candidate for a Nash equi-
librium, say x∗(·) = (x∗

1(·), . . . , x∗
N (·)), and a family of extremals {ξj(·, ·)}N

j=1
satisfying the following properties.
(i) There is a vector β∗ = (β∗

1 , . . . β
∗
N ) ∈ R

N such that for each j = 1, 2, . . . N
and all for t ∈ [a, b] one has x∗

j (t) = ξj(t, β∗
j ).

(ii) For each j = 1, 2 . . . N , there exists a set Sj that is a subset of a set of the form
{(t, xj) : t ∈ [a, b], x∗

j (t)−k < xj < x∗
j (t)+k, k ∈ R+} such that the equation

xj = ξj(t, x̃j) implicitly defines a function x̃j : Sj → R having continuous first
partial derivatives on S (i.e. x̃j = ξ̃j(t, xj)).
(iii) For each j = 1, 2, . . . N the functions ξj(·, ·) are twice continuously differ-
entiable in an interval of the form [a, b]× [Aj , Bj ] such that β∗

j is an interior point
of [Aj , Bj ].
For each j, we view the function ξj(·, βj) as a set of curves that cover Sj with
exactly one curve through each point of Sj .

Now define a family of slope functions πj : Sj → R, j = 1, 2, . . . N by the
equations:

πj(t, xj) =
∂ξj
∂t

(t, ξ̃j(t, xj)), (t, xj) ∈ Sj , j = 1, 2, . . . N. (12)

Observe that at a point (t, xj) ∈ Sj , πj(t, xj) is a tangent vector of the unique
curve ξj(·, βj) that passes through the point (t, xj). Hence, one has

πj(t, ξj(t, βj)) =
∂ξj
∂t

(t, βj), (13)

which, as a consequence of (iii), implies that πj has continuous first partial deriva-
tives. Differentiating (13) yields:

∂πj

∂t
(t, ξj(t, βj)) +

∂πj

∂xj
(t, ξj(t, βj))

∂ξj
∂t

(t, βj) =
∂2ξj
∂t2

(t, ξj(t, βj)) (14)
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which becomes, via (13),

∂πj

∂t
(t, xj) + πj(t, xj)

∂πj

∂xj
(t, xj) =

∂2ξj
∂t2

(t, xj). (15)

Letting S = S1 ×· · ·SN and π(·, ·) = (π1(·, ·), . . . πN (·, ·)) (viewed as a function
from [a, b] × S into R

N ) we refer to the pair (S, π) as a field F about x∗(·) and
say that the trajectory x∗(·) is embedded in the field F . To continue this further,
and to recapture Hilbert’s theory we assume that the integrands Lj are smooth
enough so that all the partial derivatives taken below exist and are continuous.
Let x∗(·) be a twice continuously differentiable function that is embedded in field
F and consider the functionals, for j = 1, 2, . . . N , Jj defined on Yj = {y ∈
C2([a, b]; R) : (t, [x∗j(t), y(t)], ẏ(t)) ∈ Aj , a ≤ t ≤ b} by

Jj(y(·)) =
∫ b

a

{
Lj(t, [x∗(t)j , y(t)], πj(t, y(t)))

+[ẏ(t) − πj(t, y(t))]
∂Lj

∂pj
(t, [x∗(t)j , y(t)], πj(t, y(t)))

}
dt

=
∫

σ

{
Lj(t, [x∗(t)j , y], πj(t, y))

−πj(t, y)
∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
dt

+
∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y)) dy (16)

in which σ = {(t, y(t)) : a ≤ t ≤ b} ⊂ R
2 is viewed as a curve in the plane and

the last integral is interpreted as a line integral. From classical calculus, this line
integral is path independent (i.e., depends only endpoints (a, y(a)), (b, y(b)) ∈ R

2

if and only if one has:

∂

∂xj

{
Lj(t, [x∗(t)j , y], πj(t, y)) − πj(t, y)

∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂

∂t

{∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
. (17)

Expanding the left side of the above gives us:

∂

∂xj

{
Lj(t, [x∗(t)j , y], πj(t, y)) − πj(t, y)

∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂Lj

∂xj
− πj

[
∂2Lj

∂xj∂pj
+
∂2Lj

∂p2
j

∂πj

∂xj

]
(18)

in which (t, [x∗(t)j , y], πj(t, y)) are the arguments ofLj and its partial derivatives
(t, y) are the arguments πj and its partial derivatives. Similarly, expanding the
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right side gives us:

∂

∂t

{∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂2Lj

∂t∂pj
+
∑
i�=j

∂2Lj

∂xi∂pj
ẋ∗

j (t) +
∂2Lj

∂p2
j

∂πj

∂t
,

(19)
with the same convention regarding arguments as above. In view of the compu-
tations regarding the field, for each (t, y) ∈ Sj there is a parameter β so that
y = ξj(t, β) and πj(t, y) = ∂ξj

∂t (t, β). Moreover, we also have for each i �= j
that ẋ∗

i (t) = πi(t, x ∗i (t)). Thus, using these facts, by equating (18) and (19) and
arranging terms we arrive at the fact that (17) is equivalent to having,

∂Lj

∂xj
=

∂2Lj

∂t∂pj
+
∑
i�=j

∂2Lj

∂xi∂pj

∂ξi
∂t

(t, β∗
i ) +

∂2Lj

∂xj∂pj

∂ξj
∂t

(t, β)

+
∂2Lj

∂p2
j

∂2ξj
∂t2

(t, β)

=
d

dt

∂Lj

∂pj
(t, [x∗(t)j , ξj(t, β)],

∂ξj
∂t

(t, β)), (20)

which holds since we are assuming that ξ(·, ·) is a field of extremals. In the above
computations we have used Eq. (15). Thus, in this setting we have shown the
following version of the Hilbert invariant integral theorem.

Theorem 5.1. Let x∗(·) be any trajectory that can be embedded in a field F , and
suppose that for j = 1, 2, . . ., fixed we have two piecewise smooth functions y1(·)
and y2(·) such that the plane curves (t, yi(t)) ∈ Sj for i = 1, 2 have common
endpoints. Then it is the case that Jj(y1(·)) = Jj(y2(·)).

Now define, for a fixed trajectory x∗(·) embedded in a field F , the “Weierstrass
excess functions” Ej(·, ·, ·, ·) : Sj × R × R → R by the formula:

Ej(t, y, q, p) = Lj(t, [x∗(t)j , y], p) − Lj(t, [x∗(t)j , y], q)

−(p− q)
∂Lj

∂pj
(t, [x∗(t)j , y], q). (21)

Using this notation one can easily show the following result.

Theorem 5.2. Let x∗(·) be a smooth admissible trajectory embedded in a field
F = (S, π) and for each j = 1, 2, . . . , N let yj(·) be any function defined on
[a, b] such that (t, yj(t)) ∈ Sj for all t ∈ [a, b] and such that yj(a) = x∗

j (a) and
yj(b) = x∗

j (b) (i.e., yj(·) is admissible for player j relative to x∗(·)). Then one
has:

Ij([x∗(·)j , yj(·)]) − Ij(x∗(·)) =
∫ b

a

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) dt.
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Proof. We first observe that from the definition of the Weierstrass excess func-
tions we immediately have for each j = 1, 2, . . . N that Jj(x∗

j (·)) = Ij(x∗(·))
since, ẋ∗

j (·) = πj(·, x∗
j (·)). Further, from the above theorem we also have that

Jj(yj(·)) = Jj(x∗
j (·)). Thus we have:

Ij([x∗(·)j , yj(t)]) − Ij(x∗(·)) = Ij([x∗(·)j , yj(t)]) − Jj(x∗
j (·))

= Ij([x∗(·)j , yj(t)]) − Jj(yj(·))

=
∫ b

a

Lj(t, [x∗(t)j , yj(t)], ẏj(t)) dt−∫ b

a

{
Lj(t, [x∗(t)j , y(t)], πj(t, y(t)))

+ [ẏ(t) − πj(t, y(t))]
∂Lj

∂pj
(t, [x∗(t)j , y(t)], πj(t, y(t)))

}
dt

=
∫ b

a

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) dt,

as desired. �

From this last theorem we immediately have the following game-theoretic ver-
sion of the classical Weierstrass-Hilbert sufficiency theorem.

Theorem 5.3. If x∗(·) is a smooth admissible trajectory of the variational game
(1)–(2) which can be embedded in a field F = (S,p), and if for each j =
1, 2, . . . , N and yj : [a, b] → R that is admissible for player j relative to x∗(·)
one has

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) ≥ 0 for all t ∈ [a, b],

then Ij(x∗(·)) ≤ Ij([x∗(·)j , yj(t)]), which implies that x∗(·) is an open-loop
Nash equilibrium for the game (1)–(2).

Proof. The proof follows immediately from the previous theorem. �

Remark 5.1. To compare the Weierstrass-Hilbert sufficiency theorem to our
result in the previous section we observe that Eq. (8) may be rewritten, for βi = β∗

i

for i �= j as:

Ej

(
t, ξj(t, βj),

∂ξj
∂t

(t, βj),
∂ξj
∂t

(t, βj) +
∂ξj
∂βj

(t, βj)p̃j

)
=

1
2
∂2Lj

∂p2
j

∣∣∣∣∣(
t,ξ(t,β),

∂ξj
∂t (t,βj)+γj(t,β)

∂ξj
∂βj

(t,βj)p̃j

)

(
∂ξj
∂βj

(t, βj)
)2

p̃2
j

≥ 0

due to our convexity assumption on the integrand pj → Lj(t,x, pj).
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Remark 5.2. Generally speaking, embedding a candidate for a Nash equilib-
rium, say x∗(·), satisfying the Euler-Lagrange equations into a field F can only
be guaranteed locally. As a consequence, the resulting sufficient condition only
yields a local open-loop Nash equilibrium. In practice, for elementary examples it
is possible to construct “global fields” which allows one to conclude that the can-
didate is a global Nash equilibrium. Sufficient conditions that insure the existence
of an appropriate field for open-loop dynamic games are presently unavailable.
We conjecture that theorems similar to those from the classical variational calcu-
lus can be appropriately modified to provide such conditions. One concept which
will need to be addressed in this regard will be the notion of conjugate points. We
leave these ideas for future research.

6 Examples

In this section we present several examples illustrating the above, theory beginning
first with a one-player game (i.e., a calculus of variations problem).

6.1 Example

Consider the problem:

minimize J(x(·)) =
∫ b

a

ẋ(t)4 dt (22)

over all piecewise smooth functions x(·) : [a, b] → R satisfying the fixed-end
conditions:

x(a) = xa and x(b) = xb. (23)

The Euler-Lagrange equation in this case is:

d

dt
4ẋ(t)3 = 0

which gives rise to the extremals x(t) = αt + β for constants α, β ∈ R. The
candidate for optimality is given as x∗(t) = α∗t + β∗ in which α∗ and β∗ are
chosen so that x∗(·) satisfies the end conditions (22). Explicitly, it is easy to check
thatα∗ = (xa−xb)/(a−b) and thatβ∗ = xa−α∗a = b(xb−xa)/(a−b) = −bα∗.
From this two-parameter family of extremals we must choose a one-parameter
family. The one to choose is to let ξ(t, β) = α∗t+β. Geometrically, the family of
equations x = α∗t+ β is a family of parallel lines that cover the tx-plane with a
unique line (i.e., extremal) passing through each point of the plane. Furthermore,
this gives rise to the desired one-to-one correspondence for the trajectories of the
original problem (i.e., those that satisfy the end conditions (23)) and the piecewise
trajectories x̃(·) : [a, b] → R that satisfy the fixed-end conditions:

x̃(a) = β∗ and x̃(b) = β∗. (24)
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To see, this observe that if x(·) is a trajectory for the original problem then define
x̃(·) by the formula

x̃(t) = x(t) − α∗t, t ∈ [a, b],

and observe that we have x̃(a) = xa − α∗a = β∗ and x̃(b) = xb − α∗b = β∗.
Conversely, if x̃(·) satisfies (24) then we have that:

x(t) = α∗t+ x̃(t)

satisfies x(a) = α∗a + x̃(b) = α∗a + β∗ = xa and x(b) = α∗b + x̃(b) =
α∗b+ β∗ = xb as desired.

Now the Weierstrass sufficiency theorem tells us thatx∗(·) is an optimal solution.
What is new here is our proof of that fact, which is based on the direct method.
To see how this works out in the example, observe that for L(t, x, p) = p4 and
ξ(t, β) = α∗t+ β we have by Taylor’s formula:

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)p̃) = L(t, z(t, β), ξt(t, β))

+
∂L

∂z
(t, ξ(t, β), ξt(t, β))ξβ(t, β)p̃ (25)

+
1
2
∂2L

∂z2 (t, ξ(t, β), ξt(t, β) + γ(t, β, p̃)ξβ(t, β)p̃)ξβ(t, β)2p̃2,

where γ(t, β, p̃) ∈ [0, 1]. Here the subscripts ξt(·, ·) and ξβ(·, ·) are partial deriva-
tives. From the above we want to choose L̃(·, ·, ·) to be

L̃(t, β, p̃) =
1
2
∂2L

∂p2 (t, ξ(t, β), ξt(t, β) + γ(t, β, p̃)ξβ(t, β)p̃)ξβ(t, β)2p̃2

so that the auxiliary problem becomes:

minimize J̃(x̃(·)) =
∫ b

a

L̃(t, x̃(t), ˙̃x(t)) dt

over all trajectories x̃(·) : [a, b] → R satisfying the end conditions (24). Further
from the above we have the following:

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)p̃) − L̃(t, β, p̃) =

L(t, ξ(t, β), ξt(t, β)) +
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)p̃.

To apply the direct method we must show that there exists a functionG(t, β) such
that

Gt(t, β) = L(t, ξ(t, β), ξt(t, β))

and

Gβ(t, β) =
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)
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both hold. A necessary and sufficient condition for this to hold is thatGtβ(t, β) =
Gβt(t, β) or equivalently that

∂

∂β
L(t, ξ(t, β), ξt(t, β)) =

∂

∂t

(
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)

)
.

To see that this is the case we observe that (where we have suppressed the (t, β)
arguments for brevity):

∂

∂β
L(t, ξ(t, β), ξt(t, β)) =

∂L

∂x
(t, ξ, ξt) · ξβ +

∂L

∂p
(t, ξ, ξt) · ξtβ

=
∂

∂t

(
∂L

∂x
(t, ξ, ξt)

)
ξβ +

∂L

∂p
(t, ξ, ξt) · ξtβ

=
∂

∂t

(
∂L

∂ξ
(t, ξ(t, β), ξt(t, β))ξβ(t, β)

)
.

The second line in the above is a consequence of the fact that t → ξ(t, β) solves
the Euler-Lagrange equation for each β and the last line is just the product rule.
This means we do indeed have the desired function G(·, ·) so that we can write

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)q̃) − L̃(t, β, p̃) = Gt(t, β) +Gβ(t, β)p̃

which gives the fundamental identity

L(t, x(t), ẋ(t)) + L̃(t, x̃(t), ˙̃x(t))

= Gt(t, x̃(t)) +Gβ(t, x̃(t)) ˙̃x(t) =
d

dt
G(t, x̃(t)),

for each pair of trajectories {x(·), x̃(·)} related through x(t) = ξ(t, x̃(t)). For the
simple example considered here we can explicitly determine all of these functions.
Indeed, since ξt = α∗, ξβ = 1, Lp = 4p3, and Lpp = 12p2 we have that (25)
becomes

(α∗ + p̃)4 = (α∗)4 + 4(α∗)3p̃+
1
2
12(α∗ + γ(t, β, p̃)p̃)2p̃2.

Expanding this last statement and collecting terms it is easy to see that γ =
γ(t, β, p̃) satisfies the quadratic equation

6p̃γ2 + 12α∗p̃γ − p̃2 − 4α∗p̃ = 0

from which γ is easily determined by the quadratic formula. In addition, we also
must haveG(·, ·) satisfyGt(t, β) = (α∗)4 andGβ(t, β) = 4(α∗)3 so that from the
first we must have G(t, β) = (α∗)4t + g(β) so that g′(β) = Gβ(t, β) = 4(α∗)3

which implies that g(β) = 4(α∗)3β + C where C is an arbitrary constant. Thus,
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we have G(t, β) = (α∗)4t + 4(α∗)3β + C for any constant C. Furthermore, we
have that the auxiliary problem consists of minimizing

Ĩ(x̃(·)) =
∫ b

a

6(α∗ + γ(t, x̃(t), ˙̃x(t)) ˙̃x(t))2 ˙̃x(t)2 dt

over all piecewise smooth trajectories x̃(·) : [a, b] → R satisfying the fixed-end
conditions

x̃(a) = β∗ = x̃(b).

Clearly, the integrand is non-negative for all choices of x̃(·) and, moreover, is
identically zero when ˙̃x(t) ≡ 0. Thus, x̃∗(t) ≡ β∗ is an optimal solution and by
the direct method we have x∗(t) = α∗t+β∗ is an optimal solution of the original
problem.

6.2 Example

In this example we consider a two-player game in which the objective of player
j = 1, 2 is to maximize the objective functional

Ij(x1(·), x2(·)) =
∫ 1

0

√
ẋj(t) − x1(t) − x2(t) dt

with the fixed-end conditions

xj(0) = xj0 and xj(1) = xj1.

We first observe that for each j = 1, 2 we have pj → Lj(x1, x2, pj) =√
pj − x1 − x2 is a concave function for fixed (x1, x2) since we have

∂2Lj

∂p2
j

=
−1

4(pj − x1 − x2)
3
2
< 0,

so that our hypotheses apply. In addition, the Euler-Lagrange equations take the
form

d

dt

1√
ẋj(t) − x1(t) − x2(t)

= − 1√
ẋj(t) − x1(t) − x2(t)

, j = 1, 2.

To solve this pair of coupled equations we observe that if we let vj(t) = (ẋj(t) −
x1(t)−x2(t))−1/2 we see that v̇j(t) = −vj(t) which gives us that vj(t) = Aje

−t

for each j = 1, 2. Thus, we have

ẋj(t) − x1(t) − x2(t) = αje
2t, j = 1, 2,

whereαj ≥ 0 is otherwise an arbitrary constant. Adding the two equation together
gives us:

ẋ1(t) + ẋ2(t) − 2(x1(t) + x2(t)) = (α1 + α2)e2t
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which has the general solution

x1(t) + x2(t) = (α1 + α2)te2t + Ce2t,

where C is a constant of integration. From this it follows that for each j = 1, 2 we
have:

ẋj(t) = (αj + C)e2t + (α1 + α2)te2t,

giving us

xj(t) =
[
1
2
(αj + C) +

α1 + α2

2
t− α1 + α2

4

]
e2t + βj ,

in which βj is an arbitrary constant of integration. ChoosingC = α1+α2
2 we obtain

xj(t) =
1
2

[αj + (α1 + α2)t] e2t + βj .

To get a candidate for optimality we need to choose αj and βj so that the fixed-end
conditions are satisfied. It is easy to see that this gives a linear system of equations
for the four unknown constants α1, α2, β1, β2 which is uniquely solvable for any
set of boundary conditions. This means we can find α∗

1, α
∗
2, β

∗
1 , β

∗
2 to give us a

candidate for the optimal solution given by:

x∗
j (t) =

1
2
[
α∗

j + (α∗
1 + α∗

2)t
]
e2t + β∗

j .

From this it is easy to see that if we choose

ξj(t, βj) =
1
2
[
α∗

j + (α∗
1 + α∗

2)t
]
e2t + βj

we obtain a one-parameter family of extremals for the dynamic game which allows
us to conclude that x∗(·) = (x∗

1(·), x∗
2(·)) is an open loop Nash equilibrium for

this dynamic game.
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Abstract
In this paper, we review some basic results on linear quadratic differential

games. We consider both the cooperative and non-cooperative case. For the
non-cooperative game we consider the open-loop and (linear) feedback infor-
mation structure. Furthermore, the effect of adding uncertainty is considered.
The overview is based on [9]. Readers interested in detailed proofs and addi-
tional results are referred to this book.

Key words. Linear-quadratic differential games, Nash equilibrium, affine
systems, solvability conditions, Riccati equations.

AMS Subject Classifications. Primary 49N70; Secondary 49N90, 49N10,
49K15.

1 Introduction

Many situations in economics and management are characterized by multiple deci-
sion makers/players and enduring consequences of decisions. The theory which
conceptualizes problems of this kind is dynamic games. Dynamic game theory
tries to arrive at appropriate models describing the process. Depending on the spe-
cific problem this model sometimes can be used by an individual decision maker
to optimize his performance. In other cases, it may serve as a starting point to
introduce new communication lines which may help to improve upon the outcome
of the current process. Furthermore it is possible by the introduction as “nature"
as an additional player in games, which is trying to work against the other deci-
sion makers in a process, to analyze the robustness of strategies of players w.r.t.
worst-case scenarios.

Examples of dynamic games in economics and management science can be
found, e.g., in [8], [19], and [27].

In this paper, we consider a special class of dynamic games. We study games
where the process can be modeled by a set of linear differential equations and
the preferences are formalized by quadratic utility functions. The so-called linear
quadratic differential games. These games are very popular in literature and a
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recent exposition (and additional references) of this theory can be found in [9]. The
popularity of these games is caused, on the one hand, by practical considerations.
To some extent these kinds of differential games are analytically and numerically
solvable. On the other hand, this linear quadratic setting naturally appears if the
decision makers’ objective is to minimize the effect of a small perturbation of
their optimally controlled nonlinear process. By solving a linear quadratic control
problem, and using the optimal actions implied by this problem, players can avoid
most of the additional cost incurred by this perturbation.

In a dynamic game, information available to the players at the time of their
decisions plays an important role and, therefore, has to be specified before one can
analyze these kind of games appropriately. We will distinguish two cases: the open-
loop and feedback information case, respectively. In the open-loop information
case, it is assumed that all players know just the initial state of the process and
the model structure. More specifically, it is assumed that players simultaneously
determine their actions for the whole planning horizon of the process before it
starts. Next they submit their actions to some authority who then enforces these
plans as binding commitments. So players cannot react on any deviations occurring
during the evolution of the process. In the feedback information case, it is assumed
that all players can observe at every point in time the current state of the process
and determine their actions based on this observation.

In this paper, we will review some main results for linear quadratic differential
games. Both the case when players cooperate in order to achieve their objectives
and the case when players do not cooperate with each other are considered. The
reason that players do not cooperate may be caused by individual motivations or
physical reasons. We will take these reasons for granted. In the case when players
do not cooperate, it seems reasonable that all players individually will try to play
actions which are optimal for themselves. That is, for actions they cannot improve
upon themselves. If there exists a set of actions such that none of the players has
an incentive to deviate from his action (or stated otherwise, given the actions of
the other players his choice of action is optimal), we call such a set of actions a
Nash1 equilibrium of the game. In general, a game may either have none, one,
or more than one Nash equilibrium. This leads, on the one hand, to the question
under which conditions these different situations will occur, and on the other hand,
in case there is more than one equilibrium solution, whether there are additional
motivations to prefer one equilibrium outcome to another.

As already indicated above, linear quadratic differential games have been stud-
ied a lot in the past. We will review some basic results and algorithms to compute
equilibria, for the cooperative case as well as the open-loop and feedback infor-
mation case. The outline of the rest of the paper is as follows. Sec. 2 considers
the cooperative case, Sec. 3 the open-loop information case, and Sec. 4 the feed-
back information case. Section 5 recalls some results for the case when the system

1This after J.F. Nash who proved in a number of papers from 1950-1953 the existence of
such equilibria.
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is corrupted by noise. Finally, Sec. 6 reviews some extensions that can be found
elsewhere in literature.

For ease of exposition we will just deal with the two-player case. Throughout
this paper we will assume that each player has a (quadratic) cost function (1) he
wants to minimize given by:

Ji(u1, u2) =
∫ T

0
{xT (t)Qix(t) + uT

i (t)Riiui(t) + uT
j (t)Rijuj(t)}dt+

xT (T )QT,ix(T ), i = 1, 2, j �= i. (1)

Here the matricesQi, Rii, andQT,i are assumed to be symmetric andRii positive
definite (denoted as Rii > 0). Sometimes some additional positive definiteness
assumptions are made w.r.t. the matricesQi andQT,i. In the minimization, a state
variable x(t) occurs. This is a dynamic variable that can be influenced by both
players. Its dynamics are described by:

ẋ(t) = Ax(t) +B1u1 +B2u2, x(0) = x0, (2)

where A and Bi, i = 1, 2, are constant matrices, and ui is a vector of variables
which can be manipulated by player i. The objectives are possibly conflicting. That
is, a set of policies u1 which is optimal for player one, may have rather negative
effects on the evolution of the state variable x from another player’s point of view.

2 The Cooperative Game

In this section we assume that players can communicate and can enter into binding
agreements. Furthermore it is assumed that they cooperate in order to achieve their
objectives. However, no side-payments take place. Moreover, it is assumed that
every player has all information on the state dynamics and cost functions of his
opponents and all players are able to implement their decisions. Concerning the
strategies used by the players we assume that there are no restrictions. That is,
every ui(.) may be chosen arbitrarily from a set U which is chosen such that we get
a well-posed problem (in particular, it is chosen such that the differential Eq. (2)
has a unique solution for every initial state).

By cooperation, in general, the cost one specific player incurs is not uniquely
determined anymore. If all players decide, e.g., to use their control variables to
reduce the cost of player 1 as much as possible, a different minimum is attained for
player 1 then in the case when all players agree collectively to help a different player
in minimizing his cost. So, depending on how the players choose to "divide" their
contol efforts, a player incurs different "minima". Consequently, in general, each
player is confronted with a whole set of possible outcomes from which somehow
one outcome (which in general does not coincide with a player’s overall lowest
cost) is cooperatively selected. Now, if there are two strategies, γ1 and γ2, such
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that every player has a lower cost if strategy γ1 is played, then it seems reasonable
to assume that all players will prefer this strategy. We say that the solution induced
by strategy γ1 dominates in that case the solution induced by the strategy γ2. So,
dominance means that the outcome is better for all players. Proceeding in this
line of thinking, it seems reasonable to consider only those cooperative outcomes
which have the property that if a different strategy than the one corresponding
with this cooperative outcome is chosen, then at least one of the players has higher
costs. Or, stated differently, to consider only solutions that are such that they can
not be improved upon by all players simultaneously. This motivates the concept
of Pareto efficiency.

Definition 2.1. A set of actions (û1, û2) is called Pareto efficient if the set of
inequalities Ji(u1, u2) ≤ Ji(û1, û2), i = 1, 2, where at least one of the inequali-
ties is strict, does not allow for any solution (u1, u2) ∈ U . The corresponding point
(J1(û1, û2), J2(û1, û2)) ∈ R

2 is called a Pareto solution. The set of all Pareto
solutions is called the Pareto frontier. �

A Pareto solution is therefore never dominated, and for that reason called an undom-
inated solution. Typically, there is always more than one Pareto solution, because
dominance is a property which generally does not provide a total ordering.

It turns out that if we assume Qi ≥ 0, i = 1, 2, in our cost functions (1) that
there is a simple characterization for all Pareto solutions in our cooperative linear
quadratic game. Below we will adopt the notation

u := (u1, u2) and A := {α = (α1, α2)|αi ≥ 0 and
2∑

i=1

αi = 1}.

Theorem 2.2. Assume Qi ≥ 0. Let αi > 0, i = 1, 2, satisfy
2∑

i=1

αi = 1. If

û ∈ arg minu∈U{
∑2

i=1 αiJi(u)}, then û is Pareto efficient.
Moreover, if U is convex, then for all Pareto efficient û there exist α ∈ A, such
that û ∈ arg minu∈U{

∑2
i=1 αiJi(γ)}. �

Theorem 2.2 shows that to find all cooperative solutions for the linear quadratic
game one has to solve a regular linear quadratic optimal control problem which
depends on a parameter α. The existence of a solution for this problem is related to
the existence of solutions of Riccati equations. In Lancaster et al. [22, Section 11.3],
it is shown that if the parameters appearing in an algebraic Riccati equation are, e.g.,
differentiable functions of some parameterα (or, more general, depend analytically
on a parameter α), and the maximal solution exists for all α in some open set V ,
then this maximal solution of the Riccati equation will be a differentiable function
of this parameter α too on V (c.q., depend analytically on this parameter α too).
Since in the linear quadratic case the parameters depend linearly on α, this implies
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that in the infinite horizon case the corresponding Pareto frontier will be a smooth
function of α (provided the maximal solution exists for all α). A similar statement
holds for the finite planning horizon case. In case for all α ∈ V the cooperative
linear quadratic differential game has a solution or, equivalently, the corresponding
Riccati differential equations have a solution, then (see e.g., Perko [26, Theorem
2.3.2] for a precise statement and proof) the solution of the Riccati differential
equation is a differentiable function of α, since all parameters in this Riccati
differential equation are differentiable functions of α.

The Pareto frontier does not always have to be a one-dimensional surface in R
2,

like in the above corollary. This is, e.g., already illustrated in the two-player case
when both players have the same cost function. In that case the Pareto frontier
reduces to a single point in R

2.

Example 2.3. Consider the following differential game on government debt sta-
bilization (see van Aarle et al. [1]). Assume that government debt accumulation,
ḋ(t), is the sum of interest payments on government debt, rd(t), and primary fiscal
deficits, f(t), minus the seignorage i.e., the issue of base money) m(t). So:

ḋ(t) = rd(t) + f(t) −m(t), d(0) = d0.

Here, d(t), f(t), and m(t) are expressed as fractions of GDP and r represents the
rate of interest on outstanding government debt minus the growth rate of output.
The interest rate r > 0 is assumed to be exogenous. Assume that fiscal and mon-
etary policies are controlled by different institutions, the fiscal authority, and the
monetary authority, respectively, which have different objectives.
The objective of the fiscal authority is to minimize a sum of time pro-
files of the primary fiscal deficit, base-money growth, and government debt:
J1 =

∫∞
0 e−δt{f2(t) + ηm2(t) + λd2(t)}dt. The parameters, η and λ express

the relative priority attached to base-money growth and government debt by the
fiscal authority.
The monetary authorities are assumed to choose the growth of base money such
that a sum of time profiles of base-money growth and government debt is mini-
mized. That is, J2 =

∫∞
0 e−δt{m2(t) + κd2(t)}dt. Here, 1/κ can be interpreted

as a measure for the conservatism of the central bank w.r.t. the money growth.
Furthermore, all variables are normalized such that their targets are zero, and all
parameters are positive.

Introducing d̃(t) := e− 1
2 δtd(t), m̃ := e− 1

2 δtm(t) and f̃ := e− 1
2 δtf(t) the

above model can be rewritten as:

˙̃
d(t) = (r − 1

2
δ)d̃(t) + f̃(t) − m̃(t), d̃(0) = d0.

Where the cost functions of both players are:

J1 =
∫ ∞

0
{f̃2(t) + ηm̃2(t) + λd̃2(t)}dt and J2 =

∫ ∞

0
{m̃2(t) + κd̃2(t)}dt.
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Figure 1: Pareto frontier Example 2.3 if η = 0.1; λ = 0.6; κ = 0.5; r = 0.06; and
δ = 0.04.

If both the monetary and fiscal authority agree to cooperate in order to reach their
goals, by Theorem 2.2 the set of all Pareto solutions is obtained by considering
the simultaneous minimization of

Jc(α) := αJ1 + (1 − α)J2 =
∫ ∞

0
{αf̃2(t) + β1m̃

2(t) + β2d̃
2(t)}dt,

where β1 = 1 + α(−1 + η) and β2 = κ + α(λ − κ). This cooperative game
problem can be reformulated as the minimization of

Jc(α) =
∫ ∞

0
{β2d̃

2(t) + [f̃ m̃]
[
α 0
0 β1

] [
f̃
m̃

]
}dt,

subject to ˙̃
d(t) = (r − 1

2δ)d̃(t) + [1 − 1]
[
f̃
m̃

]
, d̃(0) = d0.

In Fig. 1 we plotted the set of Pareto solutions in case η = 0.1; λ = 0.6; κ = 0.5;
r = 0.06; and δ = 0.04. �

As Theorem 2.2 already indicates, in general, there are a lot of Pareto solutions.
This raises the question which one is the "best". By considering this question we
enter the arena of what is called bargaining theory.

This theory has its origin in two papers by Nash [24] and [25]. In these papers
a bargaining problem is defined as a situation in which two (or more) individuals
or organizations have to agree on the choice of one specific alternative from a set
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Figure 2: The bargaining game.

of alternatives available to them, while having conflicting interests over this set
of alternatives. Nash proposes in [25] two different approaches to the bargaining
problem, namely the axiomatic and strategic approach. The axiomatic approach
lists a number of desirable properties the solution must have, called the axioms. The
strategic approach on the other hand, sets out a particular bargaining procedure and
asks what outcomes would result from rational behavior by the individual players.

So, bargaining theory deals with the situation in which players can realize—
through cooperation—other (and better) outcomes than the one which becomes
effective when they do not cooperate. This non-cooperative outcome is called the
threatpoint. The question is to which outcome the players may possibly agree.

In Fig. 2 a typical bargaining game is sketched (see also Fig. 1). The inner part
of the ellipsoid marks out the set of possible outcomes, the feasible set S, of the
game. The point d is the threatpoint. The edge P is the set of individually rational
Pareto-optimal outcomes.

We assume that if the agents unanimously agree on a point x = (J1, J2) ∈ S,
they obtain x. Otherwise, they obtain d. This presupposes that each player can
enforce the threatpoint, when he does not agree with a proposal. The outcome x
the players will finally agree on is called the solution of the bargaining problem.
Since the solution depends on the feasible set S as well as the threatpoint d, it will
be written as F (S, d). Notice that the difference for player i between the solution
and the threatpoint, Ji − di, is the reduction in cost player i incurs by accepting
the solution. In the sequel, we will call this difference the utility gain for player i.
We will use the notation J := (J1, J2) to denote a point in S and x � y(x ≺ y)
to denote the vector inequality, i.e., xi > yi(xi < yi), i = 1, 2. In axiomatic
bargaining theory a number of solutions have been proposed. In Thomson [28], a
survey is given on this theory. We will present here the three most commonly used
solutions: the Nash bargainig solution, the Kalai-Smorodinsky solution, and the



44 J. Engwerda

J1

J2 P

d

N

A

B

Figure 3: The Nash Bargaining solution N(S, d).

Egalitarian solution.
The Nash bargaining solution, N(S, d), selects the point of S at which the

product of utility gains from d is maximal. That is:

N(S, d) = arg max
J∈S

N∏
i=1

(Ji − di), for J ∈ S with J � d.

In Fig. 3 we sketched theN solution. Geometrically, the Nash Bargaining solution
is the point on the edge of S (that is a part of the Pareto frontier) which yields the
largest rectangle (N,A,B, d).

The Kalai-Smorodinsky solution,K(S, d), sets utility gains from the threatpoint
proportional to the player’s most optimistic expectations. For each agent, the most
optimistic expectation is defined as the lowest cost he can attain in the feasible set
subject to the constraint that no agent incurs a cost higher than his coordinate of
the threatpoint. Defining the ideal point as

I(S, d) := max{Ji | J ∈ S, J � d},

the Kalai-Smorodinsky solution is then

K(S, d) := maximal point of S on the segment connecting d to I(S, d).

In Fig. 4 the Kalai-Smorodinsky solution is sketched for the two-player case.
Geometrically, it is the intersection of the Pareto frontier P with the line which
connects the threatpoint and the ideal point. The components of the ideal point are
the minima each player can reach when the other player is fully altruistic under
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Figure 4: The Kalai-Smorodinsky solution K(S, d).

cooperation.

Finally, the Egalitarian solution, E(S, d), represents the idea that gains should
be equal divided between the players. Formal, E(S, d) := maximal point in S for
which

Ei(S, d) − di = Ej(S, d) − dj , i, j = 1, · · · , N.

Again, we sketched this solution for the two-player case. In Fig. 5 we observe that
geometrically this Egalitarian solution is obtained as the intersection point of the
45◦-line through the threatpoint d with the Pareto frontier P .

Notice that, in particular, in contexts where interpersonal comparisons of utility
is inappropriate or impossible, the first two bargaining solutions still make sense.

As already mentioned above, these bargaining solutions can be motivated using
an "axiomatic approach". In this case, some people prefer to speak of an arbitration
scheme instead of a bargaining game. An arbiter draws up the reasonable axioms
and depending on these axioms, a solution results.

Algorithms to calculate the first two solutions numerically are outlined in [9].
The calculation of the Egalitarian solution requires the solution of one nonlinear
constrained equations problem. The involved computer time to calculate this E-
solution approximately equals that of calculating the N -solution.

3 The Open-Loop Game

In the rest of this paper we consider the case when players do not cooperate in
order to realize their goals. In this section we will be dealing with the open-loop
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Figure 5: The Egalitarian solution E(S, d).

information structure. That is, the case where every player knows at time t ∈ [0, T ]
just the initial state x0 and the model structure. This scenario can be interpreted as
when the players simultaneously determine their actions and submit their actions
to some authority who then enforces these plans as binding commitments. For the
game (1),(2) we will study the set of Nash equilibria. A formal Nash equilibrium
is defined as follows.

Definition 3.1. An admissible set of actions (u∗
1, u

∗
2) is a Nash equilibrium for

the game (1),(2), if for all admissible (u1, u2) the following inequalities hold:
J1(u∗

1, u
∗
2) ≤ J1(u1, u

∗
2) and J2(u∗

1, u
∗
2) ≤ J2(u∗

1, u2). �

Here admissibility is meant in the sense that ui(.) belongs to some restricted set,
where this set depends on the information players have on the game, the set of
strategies the players like to use to control the system, and the system (2) must
have a unique solution.

So, the Nash equilibrium is defined such that it has the property that there is
no incentive for any unilateral deviation by any one of the players. Notice that in
general one cannot expect to have a unique Nash equilibrium. Moreover, it is easily
verified that whenever a set of actions (u∗

1, u
∗
2) is a Nash equilibrium for a game

with cost functions Ji, i = 1, 2, these actions also constitute a Nash equilibrium
for the game with cost functions αiJi, i = 1, 2, for every choice of αi > 0.

Using the shorthand notation Si := BiR
−1
ii B

T
i , we have the following theorem

in case the planning horizon T is finite.

Theorem 3.2. Consider matrix

M :=

⎡⎣ A −S1 −S2
−Q1 −AT 0
−Q2 0 −AT

⎤⎦ . (3)
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Assume that the two Riccati differential equations,

K̇i(t) = −ATKi(t) −Ki(t)A+Ki(t)SiKi(t) −Qi, Ki(T ) = QiT , i = 1, 2,
(4)

have a symmetric solution Ki(.) on [0, T ].
Then, the two-player linear quadratic differential game (1)–(2) has an open-loop
Nash equilibrium for every initial state x0 if and only if matrix

H(T ) := [I 0 0]e−MT

⎡⎣ I
Q1T

Q2T

⎤⎦ (5)

is invertible. Moreover, if for every x0 there exists an open-loop Nash equilibrium,
then the solution is unique. The unique equilibrium actions as well as the associated
state trajectory can be calculated from the linear two-point boundary value problem

ẏ(t) = My(t), with Py(0) +Qy(T ) = [xT
0 0 0]T . (6)

Here P =

⎡⎣ I 0 0
0 0 0
0 0 0

⎤⎦ and Q =

⎡⎣ 0 0 0
−Q1T I 0
−Q2T 0 I

⎤⎦.

Denoting [yT
0 (t), yT

1 (t), yT
2 (t)]T := y(t), with y0 ∈ R

n, and yi ∈ R
mi , i = 1, 2,

the state and equilibrium actions are:

x(t) = y0(t) and ui(t) = −R−1
ii B

T
i yi(t), i = 1, 2, respectively. �

Assumption (4) is equivalent to the statement that for both players a with this game
problem associated linear quadratic control problem should be solvable on [0, T ].
That is, the optimal control problem that arises in case the action of his opponent(s)
would be known must be solvable for each player. Generically, one may expect
that, if there exists an open-loop Nash equilibrium, the set of Riccati differential
Eqs. (4) will have a solution on the closed interval [0, T ] (see [9, p.269]).

Next consider the set of coupled asymmetric Riccati-type differential equations:

Ṗ1 = −ATP1 − P1A−Q1 + P1S1P1 + P1S2P2; P1(T ) = Q1T (7)

Ṗ2 = −ATP2 − P2A−Q2 + P2S2P2 + P2S1P1; P2(T ) = Q2T . (8)

Existence of a Nash equilibrium is closely related to the existenc of a solution of
the above set of coupled Riccati differential equations. The next result holds.

Theorem 3.3. The following statements are equivalent:
a) For allT ∈ [0, t1) there exists for all x0 a unique open-loop Nash equilibrium

for the two-player linear quadratic differential game (1)–(2).
b) The next two conditions hold on [0, t1).

1. H(t) is invertible for all t ∈ [0, t1).
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2. The two Riccati differential Eqs. (4) have a solution Ki(0, T ) for all
T ∈ [0, t1).

c) The next two conditions hold on [0, t1).
1. The set of coupled Riccati differential Eqs. (7),(8) has a solution

(P1(0, T ), P2(0, T )) for all T ∈ [0, t1).
2. The two Riccati differential Eqs. (4) have a solution Ki(0, T ) for all
T ∈ [0, t1).

Moreover, if either one of the above conditions is satisfied the equilibrium is unique.
The set of equilibrium actions is in that case given by:

u∗
i (t) = −R−1

ii B
T
i Pi(t)Φ(t, 0)x0, i = 1, 2.

Here, Φ(t, 0) satisfies the transition equation:

Φ̇(t, 0) = (A− S1P1 − S2P2)Φ(t, 0); Φ(t, t) = I. �

Note that there are situations where the set of Riccati differential Eqs. (7),(8) does
not have a solution, while there does exist an open-loop Nash equilibrium for the
game. With

P :=
[
P1
P2

]
; D :=

[
AT 0
0 AT

]
; S := [S1 S2] ; and Q :=

[
Q1
Q2

]
,

the set of coupled Riccati Eqs. (7),(8) can be rewritten as the non-symmetric matrix
Riccati differential equation:

Ṗ = −DP − PA+ PSP −Q; PT (T ) = [Q1T , Q2T ].

The solution of such a Riccati differential equation can be obtained by solving a
set of linear differential equations. In particular, if this linear system of differential
Eqs. (9), below, can be analytically solved we also obtain an analytic solution for
(P1, P2) (see e.g. [2]). Due to this relationship it is possible to compute solutions
of (7),(8) in an efficient reliable way using standard computer software packages
like, e.g., MATLAB. We have the following result.

Proposition 3.4. The set of coupled Riccati differential Eqs. (7),(8) has a solution
on [0, T ] if and only if the set of linear differential equations⎡⎣ U̇(t)

V̇1(t)
V̇2(t)

⎤⎦ = M

⎡⎣ U(t)
V1(t)
V2(t)

⎤⎦ ;

⎡⎣ U(T )
V1(T )
V2(T )

⎤⎦ =

⎡⎣ I
Q1T

Q2T

⎤⎦ (9)

has a solution on [0, T ], with U(.) non-singular.
Moreover, if (9) has an appropriate solution (U(.), V1(.), V2(.)), the solution
of (7),(8) is obtained as Pi(t) := Vi(t)U−1(t), i = 1, 2. �
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Next we consider the infinite planning horizon case. That is, the case that the
performance criterion player i = 1, 2, likes to minimize is:

lim
T→∞

Ji(x0, u1, u2, T ) (10)

where

Ji =
∫ T

0
{xT (t)Qix(t) + uT

i (t)Riiui(t) + uT
j (t)Rijuj(t)}dt,

subject to the familiar dynamic state Eq. (2). We assume that the matrix pairs
(A,Bi), i = 1, 2, are stabilizable. So, in principle, each player is capable to
stabilize the system on his own.

Since we only like to consider those outcomes of the game that yield a finite
cost to both players and the players are assumed to have a common interest in
stabilizing the system, we restrict ourselves to functions belonging to the set:

Us(x0) =
{
u ∈ L2 | Ji(x0, u) exists in R ∪ {−∞,∞}, lim

t→∞
x(t) = 0

}
.

A similar remark as for the finite planning horizon case applies here. That is, the
restriction to this set of control functions requires some form of communication
between the players.
To find conditions under which this game has a unique equilibrium the next alge-
braic Riccati equations play a fundamental role:

0 = ATP1 + P1A+Q1 − P1S1P1 − P1S2P2, (11)

0 = ATP2 + P2A+Q2 − P2S2P2 − P2S1P1; (12)

and

0 = ATKi +KiA−KiSiKi +Qi, i = 1, 2. (13)

Notice that the Eqs. (13) are just the ordinary Riccati equations that appear in the
regulator control problem.

Definition 3.5. A solution (P1, P2) of the set of algebraic Riccati Eqs. (11),(12)
is called:

a. stabilizing, if σ(A− S1P1 − S2P2) ⊂ C
−;

b. strongly stabilizing if
i. it is a stabilizing solution, and

ii.

σ

([
−AT + P1S1 P1S2

P2S1 −AT + P2S2

])
⊂ C

+
0 . (14)

Here C
− denotes the left open half of the complex plane and C

+
0 its complement. �
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The next theorem gives an answer under which conditions the set of algebraic
Riccati equations has a unique strongly stabilizing solution. One of these conditions

is that a certain subspace should be a graph subspace. A subspace V = Im
[
X1
X2

]
,

with Xi ∈ R
n×n, which has the additional property that X1 is invertible is called

a graph subspace (since it can be "visualized" as the graph of the map: x →
X2X

−1
1 x).

Theorem 3.6.
1. The set of algebraic Riccati Eqs. (11),(12) has a strongly stabilizing solution

(P1, P2) if and only if matrixM has an n-dimensional stable graph subspace
and M has 2n eigenvalues (counting algebraic multiplicities) in C

+
0 .

2. If the set of algebraic Riccati Eqs. (11),(12) has a strongly stabilizing solution,
then it is unique.

Then we have the following main result (see also [11]).

Theorem 3.7. The linear quadratic differential game (2),(10) has a unique open-
loop Nash equilibrium for every initial state if and only if:

1. The set of coupled algebraic Riccati Eqs. (11),(12) has a strongly stabilizing
solution, and

2. the two algebraic Riccati Eqs. (13) have a stabilizing solution.
Moreover, the unique equilibrium actions are given by:

u∗
i (t) = −R−1

ii B
T
i PiΦ(t, 0)x0, i = 1, 2. (15)

Here, Φ(t, 0) satisfies the transition equation:

Φ̇(t, 0) = (A− S1P1 − S2P2)Φ(t, 0); Φ(t, t) = I. �

To calculate the unique equilibrium numerically one can use the next algorithm.

Algorithm 3.8.

1: Calculate the eigenstructure of Hi :=
[

A −Si

−Qi −AT

]
.

If Hi, i = 1, 2, has an n-dimensional stable graph subspace, then proceed.
Otherwise go to 5.

2: Calculate matrixM :=

⎡⎣ A −S1 −S2
−Q1 −AT 0
−Q2 0 −AT

⎤⎦. Next calculate the spectrum

ofM . If the number of eigenvalues having a strict negative real part (counted
with algebraic multiplicities) differs from n, go to 5.

3: Calculate the n-dimensional M -invariant subspace for which Re λ < 0 for
all λ ∈ σ(M). That is, calculate the subspace consisting of the union of all
(generalized) eigenspaces associated with each of these eigenvalues. Let P
denote this invariant subspace. Calculate 3n×nmatricesX, Y , and Z such
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that Im

⎡⎣ XY
Z

⎤⎦ = P .

Verify whether matrix X is invertible. If X is not invertible go to 5.

4: Denote P1 := Y X−1 and P2 := ZX−1. Then
u∗

i (t) := −R−1
ii B

T
i Pie

Acltx0
is the unique open-loop Nash equilibrium strategy for every initial state of the
game. Here, Acl := A− S1P1 − S2P2. The spectrum of the corresponding
closed-loop matrix Acl equals σ(M |P). The involved cost for player i is
xT

0 Mix0, where Mi is the unique solution of the Lyapunov equation:
AT

clMi +MiAcl +Qi + PT
i SiPi + PjB

T
j R

−1
jj RijR

−1
jj BjPj = 0.

5: End of algorithm. �

Step 1 in the algorithm verifies whether the two algebraic Riccati Eqs. (13) have a
stabilizing solution. Steps 2 and 3 verify whether matrix M has an n-dimensional
stable graph subspace. Finally, Step 4 determines the unique equilibrium.

The next example illustrates the algorithm.

Example 3.9.
1. Consider the system ẋ(t) = −2x(t) + u1(t) + u2(t), x(0) = x0;
and cost functions

J1 =
∫ ∞

0
{x2(t) + u2

1(t)}dt and J2 =
∫ ∞

0
{4x2(t) + u2

2(t)}dt.

Then, M =

⎡⎣ −2 −1 −1
−1 2 0
−4 0 2

⎤⎦.

The eigenvalues of M are {−3, 2, 3}. An eigenvector corresponding with the
eigenvalue −3 is [5, 1, 4]T .
So, according to Theorem 3.6 item 1, the with this game corresponding set of
algebraic Riccati Eqs. (11),(12) has a strongly stabilizing solution. Furthermore,
since qi > 0, i = 1, 2, the two algebraic Riccati Eqs. (13) have a stabilizing
solution. Consequently, this game has a unique open-loop Nash equilibrium for
every initial state x0.
The equilibrium actions are:

u∗
1(t) =

−1
5
x∗(t), u∗

2(t) =
−4
5
x∗(t), where ẋ∗(t) = −3x∗(t).

The corresponding cost are J1 = 13
75x

2
0, J2 = 58

75x
2
0.

2. Reconsider the game from item 1, but with the system dynamics replaced by
ẋ(t) = 2x(t) + u1(t) + u2(t), x(0) = x0.
The with this game corresponding matrix M has the eigenvalues {−3,−2, 3}.
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Since M has two stable eigenvalues, it follows from Theorem 3.6 item 1 that the
with this game corresponding set of algebraic Riccati Eqs. (11),(12) does not have
a strongly stabilizing solution. So, see Theorem 3.7, the game does not have for
every initial state a unique open-loop Nash equilibrium.
It can be shown (see [9]) that in this example for every initial state there are actually
an infinite number of open-loop Nash equilibria. �

4 The Feedback Game

It is often argued that weak time consistency is a minimal requirement for the
credibility of an equilibrium solution. That is, if the advertised equilibrium action
of, say, player one is not weakly time consistent, player one would have an incentive
to deviate from this action during the course of the game. For the other players,
knowing this, it is therefore rational to incorporate this defection of player one
into their own actions, which would lead to a different equilibrium solution. On
the other hand, the property that the equilibrium solution does not have to be
adapted by the players during the course of the game, although the system evolutes
not completely as expected beforehand, is generally experienced as a very nice
property. Since the open-loop Nash equilibria in general do not have this property,
the question arises whether there exist strategy spaces Γi such that if we look for
Nash equilibria within these spaces, the equilibrium solutions do satisfy this strong
time consistency property.

Since the system we consider is linear, it is often argued that the equilibrium
actions should be a linear function of the state too. This argument implies that we
should consider either a refinement of the feedback Nash equilibrium concept, or,
strategy spaces that only contain functions of the above mentioned type. The first
option amounts to consider only those feedback Nash equilibria which permit
a linear feedback synthesis as being relevant. For the second option, one has to
consider the strategy spaces defined, for i = 1, 2, by Γlfb

i :=

{ui(0, T )|ui(t) = Fi(t)x(t) where Fi(.) is a piecewise continuous function},

and consider Nash equilibrium actions (u∗
1, u

∗
2) within the strategy space

Γlfb
1 × Γlfb

2 .
It turns out that both equilibrium concepts yield the same characterization of

these equilibria for the linear quadratic differential game, which will be presented
below in Theorem 4.5. Therefore, we will define just one equilibrium concept here.

Definition 4.1. The set of control actions u∗
i (t) = F ∗

i (t)x(t) constitute a linear
feedback Nash equilibrium solution if both

J1(u∗
1, u

∗
2) ≤ J1(u1, u

∗
2) and J2(u∗

1, u
∗
2) ≤ J1(u∗

1, u2), for all ui ∈ Γlfb
i . �
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Remark 4.2. In the sequel, with some abuse of notation, sometimes the pair
(F ∗

1 (t), F ∗
2 (t)) will be called a (linear) feedback Nash equilibrium. �

Similar as with open-loop Nash equilibria, it turns out that linear feedback Nash
equilibria can be explicitly determined by solving a set of coupled Riccati equa-
tions.

Theorem 4.3. The two-player linear quadratic differential game (1),(2) has for
every initial state a linear feedback Nash equilibrium if and only if the next set of
coupled Riccati differential equations has a set of symmetric solutions K1,K2 on
[0, T ]:

K̇1(t) = −(A− S2K2(t))TK1(t) −K1(t)(A− S2K2(t)) +K1(t)S1K1(t)
−Q1 −K2(t)S21K2(t), K1(T ) = Q1T (16)

K̇2(t) = −(A− S1K1(t))TK2(t) −K2(t)(A− S1K1(t)) +K2(t)S2K2(t)
−Q2 −K1(t)S12K1(t), K2(T ) = Q2T . (17)

Moreover, in that case there is a unique equilibrium. The equilibrium actions are:

u∗
i (t) = −R−1

ii B
T
i Ki(t)x(t), i = 1, 2.

The cost incurred by player i is xT
0 Ki(0)x0, i = 1, 2. �

Next we consider the infinite planning horizon case. Like in the open-loop case,
we consider the minimization of the performance criterion (10). In line with our
motivation for the finite-planning horizon, it seems reasonable to study Nash equi-
libria within the class of linear time-invariant state feedback policy rules. There-
fore, we shall restrain our set of permitted controls to the constant linear feedback
strategies. That is, to ui = Fix, with Fi ∈ R

mi×n, i = 1, 2, and where (F1, F2)
belongs to the set

F := {F = (F1, F2) | A+B1F1 +B2F2 is stable}.

The stabilization constraint is imposed to ensure the finiteness of the infinite-
horizon cost integrals that we will consider. This assumption can also be justified
from the supposition that one is studying a perturbed system which is temporarily
out of equilibrium. In that case, it is reasonable to expect that the state of the
system remains close to the origin. Obviously, the stabilization constraint is a
bit unwieldy since it introduces dependence between the strategy spaces of the
players. So, it presupposes that there is at least the possibility of some coordination
between both players. This coordination assumption seems to be more stringent
in this case than for the equilibrium concepts we introduced before. However, the
stabilization constraint can be motivated from the supposition that both players
have a first priority in stabilizing the system. Whether this coordination actually
takes place depends on the outcome of the game. Only in case when the players
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have the impression that their actions are such that the system becomes unstable,
will they coordinate their actions in order to realize this meta-objective and adapt
their actions accordingly. Probably for most games the equilibria without this
stabilization constraint coincide with the equilibria of the game if one does consider
this additional stabilization constraint. That is, the stabilization constraint will be
in most cases not active. But there are games where it does play a role.

To make sure that our problem setting makes sense, we assume that the set F is
non-empty. A necessary and sufficient condition for this to hold is that the matrix
pair (A,

[
B1, B2

]
) is stabilizable.

Summarizing, we define the concept of a linear feedback Nash equilibrium on
an infinite-planning horizon as follows.

Definition 4.4. (F ∗
1 , F

∗
2 ) ∈ F is called a stationary linear feedback Nash equi-

librium if the following inequalities hold:

J1(x0, F
∗
1 , F

∗
2 ) ≤ J1(x0, F1, F

∗
2 ) and J2(x0, F

∗
1 , F

∗
2 ) ≤ J2(x0, F

∗
1 , F2)

for each x0 and for each state feedback matrix Fi, i = 1, 2 such that
(F ∗

1 , F2) and (F1, F
∗
2 ) ∈ F . �

Unless stated differently, the phrases “stationary" and “linear" in the notion of
stationary linear feedback Nash equilibrium are dropped. It is clear from the context
here which equilibrium concept we are dealing with.

Next, consider the set of coupled algebraic Riccati equations:

0 = −(A− S2K2)TK1 −K1(A− S2K2) +K1S1K1

−Q1 −K2S21K2, (18)

0 = −(A− S1K1)TK2 −K2(A− S1K1) +K2S2K2

−Q2 −K1S12K1. (19)

Theorem 4.5 below states that feedback Nash equilibria are completely character-
ized by stabilizing solutions of (18),(19) that is, by solutions (K1,K2) for which
the closed-loop system matrix A− S1K1 − S2K2 is stable.

Theorem 4.5. Let (K1,K2) be a stabilizing solution of (18),(19) and define
F ∗

i := −R−1
ii B

T
i Ki for i = 1, 2. Then (F ∗

1 , F
∗
2 ) is a feedback Nash equilib-

rium. Moreover, the cost incurred by player i by playing this equilibrium action is
xT

0 Kix0, i = 1, 2.
Conversely, if (F ∗

1 , F
∗
2 ) is a feedback Nash equilibrium, there exists a stabilizing

solution (K1,K2) of (18),(19) such that F ∗
i = −R−1

ii B
T
i Ki. �

Theorem 4.5 shows that all infinite-planning horizon feedback Nash equilibria
can be found by solving a set of coupled algebraic Riccati equations. Solving
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the system (18),(19) is, in general, a difficult problem. To get some intuition for
the solution set we next consider the scalar two-player game, where players are
not interested in the control actions pursued by the other player. In that case,
it is possible to derive some analytic results. In particular, it can be shown that
in this game never more than three equilibria occur. Furthermore, a complete
characterization of parameters which give rise to either 0, 1, 2, or 3 equilibria is
possible.

So, consider the game:

Ji(x0, u1, u2) =
∫ ∞

0
{qix2(t) + riu

2
i }dt, i = 1, 2, (20)

subject to the dynamical system

ẋ(t) = ax(t) + b1u1(t) + b2u2(t), x(0) = x0. (21)

The associated relevant algebraic Riccati equations are obtained from (18),(19)
by substitution of R21 = R12 = 0, A = a, Bi = bi, Qi = qi, Rii = ri, and
si := b2i /ri, i = 1, 2, into these equations. By Theorem 4.5, then a pair of control
actions f∗

i := − bi

ri
ki, constitute a feedback Nash equilibrium if and only if the

next equations have a solution xi = ki, i = 1, 2 :

s1x
2
1 + 2s2x1x2 − 2ax1 − q1 = 0 (22)

s2x
2
2 + 2s1x1x2 − 2ax2 − q2 = 0 (23)

a− s1x1 − s2x2 < 0. (24)

Geometrically, Eqs. (22) and (23) represent two hyperbolas in the (x1, x2) plane,
whereas the inequality (24) divides this plane into a “stable” and an “anti-stable”
region. So, all feedback Nash equilibria are obtained as the intersection points of
both hyperbolas in the “stable” region. Example 4.6 illustrates the situation.

Example 4.6. Consider a = bi = ri = 1, i = 1, 2, q1 = 1
4 , and q2 = 1

5 . Then
the hyperbola describing (22),(23) are:

x2 = 1 − 1
2
x1 +

1
8x1

, and x1 = 1 − 1
2
x2 +

1
10x2

, respectively.

Both hyperbola, as well as the "stability-separating" line x2 = 1 − x1, are plotted
in Fig. 6. From the plot we see that both hyperbola have three intersection points
in the stable region. So, the game has three feedback Nash equilibria. �
Next, introduce σi := siqi and for all x > 0, satisfying x2 ≥ σ1, the functions:

f1(x) = x−
√
x2 − σ1 −

√
x2 − σ2 (25)

f2(x) = x+
√
x2 − σ1 −

√
x2 − σ2 (26)

f3(x) = x−
√
x2 − σ1 +

√
x2 − σ2 (27)

f4(x) = x+
√
x2 − σ1 +

√
x2 − σ2. (28)
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x1

x2

1 2 3 4−1−2−3−4−5

1

2

3

−1

−2

−3

−4

x2 = 1 − 1
2x1 + 1

8x1
x1 = 1 − 1

2x2 + 1
10x2

x2 = 1 − x1

Figure 6: A game with three feedback Nash equilibria: a = bi = ri = 1, q1 = 1
4 , q2 = 1

5 .

The number of equilibria coincides with the total number of intersection points all
of the functions fi(x), i = 1, · · · , 4, have with the horizontal line a (see Fig. 7).
Elaboration of this property yields the following result.

Theorem 4.7. Consider the differential game (20)–(21), with σi = b2i qi

ri
, i =

1, 2. Assume, without loss of generality, that σ1 ≥ σ2. Moreover, let fi(x), i =
1, · · · , 4, be defined as in (25)–(28). Then, if:
1a. σ1 > 0 and σ1 > σ2, the game has

- one equilibrium if −∞ < a < min f3(x)
- two equilibria if a = min f3(x)
- three equilibria if a > min f3(x).

1b. σ1 = σ2 > 0 the game has
- one equilibrium if a ≤ √

σ1
- three equilibria if a >

√
σ1.

2a. σ1 < 0 and σ1 > σ2, the game has
- no equilibrium if max f1(x) < a ≤

√
−σ1 −

√
−σ2

- one equilibrium if either
i) a = max f1(x);
ii) a ≤ −

√
−σ1 −

√
−σ2, or

iii) −
√

−σ1 −
√

−σ2 < a ≤
√

−σ1 +
√

−σ2
- two equilibria if either
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Figure 7: The curves fi for σ1 = 9; σ2 = 1.

i) −
√

−σ1 −
√

−σ2 < a < max f1(x), or
ii) −

√
−σ1 +

√
−σ2 < a ≤

√
−σ1 +

√
−σ2

- three equilibria if a >
√

−σ1 +
√

−σ2.
2b. σ1 = σ2 < 0 the game has

- no equilibrium if −
√

−3σ < a ≤ 0,
- one equilibrium if a ≤ −2

√
−σ,

- two equilibria if −2
√

−σ < a ≤ −
√

−3σ and 0 < a ≤ 2
√

−σ,
- three equilibria if a > 2

√
−σ. �

Example 4.8. Take a = 3, bi = ri = 1, i = 1, 2, q1 = 9 and q2 = 1. Then,
σ1 = 9 > 1 = σ2. Furthermore, f3(x) − 3 = x − 3 −

√
x2 − 9 +

√
x2 − 1 >

0, if x ≥ 3. So, min
x≥3

f3(x) > 3, and therefore −∞ < a < min f3(x). According

Theorem 4.7, item 1a, the game has one feedback Nash equilibrium. In Fig. 7 one
can also see this graphically. �

Below we present a numerical algorithm to calculate all feedback Nash equilibria
of the two-player scalar game (20)–(21). This algorithm can be generalized for
the correspondingN -player scalar game (see [9]). The algorithm follows from the
next result.
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Theorem 4.9.
1. Assume that (k1, k2) is a feedback Nash equilibrium strategy. Then the

negative of the corresponding closed-loop system parameter λ := −a +∑2
i=1 siki > 0 is an eigenvalue of the matrix

M :=

⎡⎢⎢⎣
−a s1 s2 0
q1 a 0 −s2
q2 0 a −s1
0 1

3q2
1
3q1

1
3a

⎤⎥⎥⎦ . (29)

[1, k1, k2, k1k2]T is a corresponding eigenvector and λ2 ≥ σmax.
2. Assume that [1, k1, k2, k3]T is an eigenvector corresponding to a positive

eigenvalue λ of M , satisfying λ2 ≥ σmax, and that the eigenspace corre-
sponding with λ has dimension one. Then, (k1, k2) is a feedback Nash equi-
librium. �

Algorithm 4.10. The following algorithm calculates all feedback Nash equilib-
ria of the linear quadratic differential game (20),(21).

1: Calculate matrix M in (29) and σ := maxi
b2i qi

ri
.

2: Calculate the eigenstructure (λi,mi), i = 1, · · · , k, of M , where λi are the
eigenvalues and mi the corresponding algebraic multiplicities.

3: For i = 1, · · · , k repeat the following steps:
3.1) If (i) λi ∈ IR; ii) λi > 0 and iii) λ2

i ≥ σ then proceed with Step 3.2 of
the algorithm. Otherwise, return to 3.

3.2) If mi = 1 then
3.2.1) calculate an eigenvector v corresponding withλi ofM . Denote the

entries of v by [v0, v1, v2]T . Calculate kj := vj

v0
and fj := − bjkj

rj
.

Then, (f1, f2) is a feedback Nash equilibrium and Jj = kjx
2
0,

j = 1, 2. Return to 3.
If mi > 1 then

3.2.2) Calculate σi := b2i qi

ri
.

3.2.3) For all 4 sequences (t1, t2), tk ∈ {−1, 1},
(i) calculate yj := λi + tj

√
λ2

i − σj , j = 1, 2.
ii) If λi = −a +

∑2
j=1 yj then calculate kj := yjrj

b2j
and fj :=

− bjkj

rj
. Then, (f1, f2) is a feedback Nash equilibrium and Jj =

kjx
2
0, j = 1, 2.

4: End of the algoritm. �

Example 4.11. Reconsider Example 3.9 where, for a = −2; bi = rii = q1 = 1,
and q2 = 4, i = 1, 2, we calculated the open-loop Nash equilibrium for an
infinite planning horizon. To calculate the feedback Nash equilibria for this game,
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according Algorithm 4.10, we first have to determine the eigenstructure of matrix:

M :=

⎡⎢⎢⎣
2 1 1 0
1 −2 0 −1
4 0 −2 −1
0 4

3
1
3

−2
3

⎤⎥⎥⎦ .
Using Matlab, we find the eigenvalues {−2.6959,−1.4626 ± 0.7625i, 2.9543}.
Since the square of 2.9543 is larger than σ := 4, we have to process Step 3 of
the algorithm for this eigenvalue. Since its algebraic multiplicity is 1, we cal-
culate an eigenvector v corresponding with this eigenvalue 2.9543. Choosing
vT = [v0, v1, v2 v3] := [0.7768, 0.1355, 0.6059, 0.1057] yields

k1 :=
v1
v0

= 0.1744 and k2 :=
v2
v0

= 0.7799.

This gives the feedback Nash equilibrium actions;

u1(t) = −b1k1

r1
x(t) = −0.1744x(t) and u2(t) = −b2k2

r2
x(t) = −0.7799x(t).

The corresponding closed-loop system and cost are:

ẋ(t) = −2.9543x(t), x(0) = x0; and J1 = 0.1744x2
0, J2 = 0.7799x2

0.

Note that these cost almost coincide with the open-loop case. �

5 The Uncertain Non-cooperative Game

Dynamic game theory brings together three features that are key to many situations
in economy, ecology, and elsewhere: optimizing behavior, presence of multiple
agents, and enduring consequences of decisions. In this section, we add a fourth
aspect, namely robustness with respect to variability in the environment. In our
formulation of dynamic games, so far, we specified a set of differential equations
including input functions that are controlled by the players, and players are assumed
to optimize a criterion over time. The dynamic model is supposed to be an exact
representation of the environment in which the players act; optimization takes
place with no regard of possible deviations. It can safely be assumed, however, that
agents in reality follow a different strategy. If an accurate model can be formed at
all, it will in general be complicated and difficult to handle. Moreover, it may be
unwise to optimize on the basis of a too detailed model, in view of possible changes
in dynamics that may take place in the course of time and that may be hard to
predict. It makes more sense for agents to work on the basis of a relatively simple
model and to look for strategies that are robust with respect to deviations between
the model and reality. In an economic context, the importance of incorporating
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aversion to specification uncertainty has been stressed, for instance, by Hansen et
al. [18].

In control theory, an extensive theory of robust design is already in place; see,
e.g., Başar [6]. We use this background to arrive at suitable ways of describing
aversion to model risk in a dynamic game context. We assume linear dynamics
and quadratic cost functions. These assumptions are reasonable for situations of
dynamic quasi-equilibrium, where no large excursions of the state vector are to be
expected.

Following a pattern that has become standard in control theory, two approaches
can be considered. The first one is based on a stochastic approach. This approach
assumes that the dynamics of the system are corrupted by a standard Wiener
process (white-noise). Basic assumptions are that the players have access to the
current value of the state of the system and that the positive definite covariance
matrix does not depend on the state of the system. Basically, it turns out that under
these assumptions the feedback Nash equilibria also constitute an equilibrium in
such an uncertain environment. For that reason we will not elaborate that case here
any further. In the second approach, a malevolent disturbance input is introduced
which is used in the modeling of aversion to specification uncertainty. That is, it
is assumed that the dynamics of the system are corrupted by a deterministic noise
component, and that each player has his own expectation about this noise. This
is modeled by adapting for each player his cost function accordingly. The players
cope with this uncertainty by considering a worst-case scenario. Consequently,
in this approach the equilibria of the game, in general, depend on the worst-case
scenario expectations about the noise of the players.

In this section we restrict the analysis to the infinite-planning horizon case. We
will first consider the open-loop one-player case.

Consider the problem to find

inf
u∈Us

sup
w∈Lq

2(0,∞)

∫ ∞

0
{xT (t)Qx(t) + uT (t)Ru(t) − wT (t)V w(t)}dt, (30)

subject to

ẋ(t) = Ax(t) +Bu(t) + Ew(t), x(0) = x0, (31)

where R > 0, V > 0 and A is stable.
This problem formulation originates from theH∞ disturbance attenuation con-

trol problem and is in literature known (see [4]) as the soft-constrained open-loop
differential game. Since no definiteness assumptions were made in Sec. 2 w.r.t. the
matrices Qi, one can use the in that section obtained results directly to derive the
next result.

Corollary 5.1. Consider problem (30),(31). Let S := BR−1BT and M :=
EV −1ET . This problem has a solution for every initial state x0 if:
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1. The coupled algebraic Riccati equations
ATP1 + P1A+Q− P1SP1 − P1MP2 = 0,
ATP2 + P2A−Q− P2MP2 − P2SP1 = 0,

have a strongly stabilizing solution; and
2. The two algebraic Riccati equations

ATK1 +K1A−K1SK1 +Q = 0,
ATK2 +K2A−K2MK2 −Q = 0,

have a symmetric solutionKi, such thatA−SK1 andA−MK2 are stable.
Moreover, a worst-case control for the player is u∗(t) = −R−1BTP1x(t).
The corresponding worst-case disturbance is w∗(t) = −V −1ETP2x(t).
Here, x(t) satisfies the differential equation;

ẋ(t) = (A− SP1 −MP2)x(t); x(0) = x0. �

In case one additionally assumes that Q ≥ 0, the above result simplifies even
further and one gets the next result. More results (and, in particular, converse
statements) on the soft-constrained open-loop differential game can be found in
[4, Section 4.2.1 and Theorem 9.6] and in [21] some preliminary results for the
multi-player case.

Corollary 5.2. Consider problem (30),(31). This problem has a solution for
every initial state x0 if the algebraic Riccati equations

ATP + PA+Q− P (S −M)P = 0 and ATK +KA+KMK +Q = 0

have a solution P̄ and K̄, respectively, such that A − (S −M)P̄ and A +MK̄
are stable.
Furthermore, a worst-case control for the player is u∗(t) = −R−1BT P̄ x(t).
The corresponding worst-case disturbance is w∗(t) = V −1ET P̄ x(t).
Here, x(t) satisfies the differential equation

ẋ(t) = (A− (S −M)P̄ )x(t); x(0) = x0.

Moreover, J̄ = xT
0 P̄ x0. �

From the above corollary we infer, in particular, that if x0 = 0, the best open-
loop worst-case controller is u = 0, whereas the worst-case signal in that case is
w = 0. This independent of the choice of V , under the supposition that the Riccati
equations have an appropriate solution. So if a stable system is in equilibrium
(i.e., x0 = 0), in this open-loop framework the best reaction to potential unknown
disturbances is not to react.

Next we consider the corresponding problem within a feedback information
framework. That is, consider
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ẋ = (A+BF )x+ Ew, x(0) = x0, (32)

with (A,B) stabilizable, F ∈ F and

J(F,w, x0) =
∫ ∞

0
{xT (Q+ FTRF )x− wTV w}dt. (33)

The matrices Q,R, and V are symmetric, R > 0 and V > 0. The problem is to
determine for each x0 ∈ R

n the value

inf
F∈F

sup
w∈Lq

2(0,∞)
J(F,w, x0). (34)

Furthermore, if this infimum is finite, we like to know whether there is a feedback
matrix F̄ ∈ F that achieves the infimum, and to determine all matrices that have
this property. This soft-constrained differential game can also be interpreted as a
model for a situation where the controller designer is minimizing the criterion (33)
by choosing an appropriate F ∈ F , while the uncertainty is maximizing the same
criterion by choosing an appropriate w ∈ Lq

2(0,∞).
A necessary condition for the expression in (34) to be finite is that the supremum

sup
w∈Lq

2(0,∞)
J(F,w, x0)

is finite for at least one F ∈ F . However, this condition is not sufficient. It may
happen that the infimum in (34) becomes arbitrarily small. Below we present a
sufficient condition under which the soft-constrained differential game has a saddle
point.

Theorem 5.3. Consider (32)–(33) and letS andM be as defined before. Assume
that the algebraic Riccati equation

Q+ATX +XA−XSX +XMX = 0 (35)

has a stabilizing solution X i.e., A − SX + MX stable) and that, additionally,
A − SX is stable. Furthermore, assume that there exists a real symmetric n × n
symmetric matrix Y that satisfies the matrix inequality:

Q+ATY + Y A− Y SY ≥ 0. (36)

Define F̄ := −R−1BTX and w̄(t) := V −1ETXe(A−SX+MX)tx0. Then the
matrix F̄ belongs to F̄ , the function w̄ is in Lq

2(0,∞), and for all F ∈ F and
w ∈ Lq

2(0,∞):

J(F̄ , w, x0) ≤ J(F̄ , w̄, x0) ≤ J(F, w̄, x0).

Moreover, J(F̄ , w̄, x0) = xT
0 Xx0. �
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If Q ≥ 0, condition (36) is trivially satisfied by choosing Y = 0. Corollary 5.4,
below, summarizes the consequences of Theorem 5.3 for problem (34).

Corollary 5.4. Let the assumptions of Theorem 5.3 hold and letX , F̄ , and w̄ be
as in that theorem. Then,

min
F∈F

sup
w∈Lq

2(0,∞)
J(F,w, x0) = max

w∈Lq
2(0,∞)

J(F̄ , w, x0) = xT
0 Xx0

and max
w∈Lq

2(0,∞)
inf

F∈F
J(F,w, x0) = min

F∈F
J(F, w̄, x0) = xT

0 Xx0. �

Next we consider the multi-player soft-constrained differential game. That is, we
consider

ẋ(t) = (A+B1F1 +B2F2)x(t) + Ew(t), x(0) = x0, (37)

with (A, [B1, B2]) stabilizable, (F1, F2) ∈ F and Ji(F1, F2, w, x0) =∫ ∞

0
{xT (t)(Qi + FT

1 Ri1F1 + FT
2 Ri2F2)x(t) − wT (t)Viw(t)}dt. (38)

Here the matrices Qi, Rij , and Vi are symmetric, Rii > 0, Vi > 0, and

F := {(F1, F2)|A+B1F1 +B2F2 is stable}.

For this game we want to determine all soft-constrained Nash equilibria. That is,
to find all (F̄1, F̄2) ∈ F such that

sup
w∈Lq

2(0,∞)
J1(F̄1, F̄2, w, x0) ≤ sup

w∈Lq
2(0,∞)

J1(F1, F̄2, w, x0), ∀(F1, F̄2) ∈ F

(39)
and

sup
w∈Lq

2(0,∞)
J2(F̄1, F̄2, w, x0) ≤ sup

w∈Lq
2(0,∞)

J2(F̄1, F2, w, x0), ∀(F̄1, F2) ∈ F ,

(40)
for all x0 ∈ R

m.
Because the weighting matrix Vi occurs with a minus sign in (38), this matrix

constrains the disturbance vector w in an indirect way so that it can be used to
describe the aversion to model risk of player i. Specifically, if the quantitywTViw
is large for a vector w ∈ R

q, this means that player i does not expect large
deviations of the nominal dynamics in the direction ofEw. Furthermore, the larger
he chooses Vi, the closer the worst-case signal he can be confronted with in this
model will approach the zero input signal (that is: w(.) = 0).
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From Corollary 5.4, a sufficient condition for the existence of a soft-constrained
feedback Nash equilibrium follows in a straightforward way. Using the shorthand
notation

Si := BiR
−1
ii B

T
i , Sij := BiR

−1
ii RjiR

−1
ii B

T
i , i �= j, and Mi := EV −1

i ET ,

we have the next result.

Theorem 5.5. Consider the differential game defined by (37)–(40). Assume
there exist real symmetric n× n matrices Xi, i = 1, 2, and real symmetric n× n
matrices Yi, i = 1, 2, such that:

− (A− S2X2)TX1 −X1(A− S2X2) +X1S1X1 −Q1−
X2S21X2 −X1M1X1 = 0, (41)

− (A− S1X1)TX2 −X2(A− S1X1) +X2S2X2 −Q2−
X1S12X1 −X2M2X2 = 0, (42)

A− S1X1 − S2X2 +M1X1 and A− S1X1 − S2X2 +M2X2 are stable,
(43)

A− S1X1 − S2X2 is stable (44)

− (A− S2X2)TY1 − Y1(A− S2X2) + Y1S1Y1 −Q1 −X2S21X2 ≤ 0, (45)

− (A− S1X1)TY2 − Y2(A− S1X1) + Y2S2Y2 −Q2 −X1S12X1 ≤ 0. (46)

Define F = (F 1, F 2) by F i := −R−1
ii B

T
i Xi, i = 1, 2.

Then F ∈ F , and F is a soft-constrained Nash equilibrium. Furthermore, the
worst-case signal w̄i from player i′s perspective is:

w̄(t) = V −1
i ETXie

(A−S1X1−S2X2+MiXi)tx0.

Moreover, the cost for player i under his worst-case expectations are:

J
SC

i (F 1, F 2, x0) = xT
0 Xix0, i = 1, 2.

Conversely, if (F̄1, F̄2) is a soft-constrained Nash equilibrium, the Eqs. (41)–(44)
have a set of real symmetric solutions (X1, X2). �

Again, notice that if Qi ≥ 0, i = 1, 2, and Sij ≥ 0, i, j = 1, 2, the matrix
inequalities (45)–(46) are trivially satisfied with Yi = 0, i = 1, 2. So, under these
conditions the differential game defined by (37)–(40) has a soft-constrained Nash
equilibrium if and only if the Eqs. (41)–(44) have a set of real symmetric n × n
matrices Xi, i = 1, 2.

Theorem 5.5 shows that the Eqs. (41)–(44) play a crucial role in the question
whether the game (37)–(38) will have a soft-constrained Nash equilibrium. Every
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soft-constrained Nash equilibrium has to satisfy these equations. So, the question
arises under which conditions (41)–(44) will have one or more solutions and, if
possible, to calculate this (these) solution(s). This is a difficult open question.
Similar remarks apply here as were made in Sec. 4 for solving the corresponding set
of algebraic Riccati equations to determine the feedback Nash equilibria. But, again
for the scalar case, one can devise an algorithm to calculate all soft-constrained
Nash equilibria. This algorithm is in the spirit of Algorithm 4.10 and will be
discussed now.

As in in Sec. 4, we will consider here just the two-player case under the sim-
plifying assumptions that bi �= 0 and players have no direct interest in eachothers
control actions i.e., Sij = 0, i �= j). For more details and the general N -player
case, we refer again to the literature ([9], [12]). Again, lower-case notation will
be used to stress the fact that we are dealing with the scalar case. For notational
convenience let Ω denote either the set {1}, {2}, or {1, 2}. Furthermore, let:

τi := (si +mi)qi, τmax := max
i
τi, ρi :=

si

si +mi
, (47)

γi := −1 + 2ρi =
si −mi

si +mi
and γΩ := −1 + 2

∑
i∈Ω

ρi.

With some small abuse of notation for a fixed index set Ω, γΩ will also be denoted
without brackets and comma’s. That is, if e.g., Ω = {1, 2}, γΩ is also written as
γ12.

An analogous reasoning as in Theorem 4.9 gives the next Theorem.

Theorem 5.6.
1. Assume that (x1, x2) solves (41),(42),(44) and γi �= 0, i = 1, 2, 12.

Then λ := −a+
∑2

i=1 sixi > 0 is an eigenvalue of the matrix

M :=

⎡⎢⎢⎣
−a s1 s2 0
ρ1q1
γ1

a
γ1

0 − s2
γ1

ρ2q2
γ2

0 a
γ2

− s1
γ2

0 ρ2q2
γ12

ρ1q1
γ12

a
γ12

⎤⎥⎥⎦ ; (48)

[1, x1, x2, x1x2]T is a corresponding eigenvector and λ2 ≥ τmax.
2. Assume that [1, x1, x2, x3]T is an eigenvector corresponding to a positive

eigenvalue λ of M , satisfying λ2 ≥ τmax, and that the eigenspace corre-
sponding with λ has dimension one. Then, (x1, x2) solves (41),(42),(44). �

Using this result we can calculate soft-constrained feedback Nash equilibria by
implementing the next numerical algorithm.

Algorithm 5.7. Let si := b2i
ri

and mi := e2

vi
. Assume that for every index set Ω,

γΩ �= 0. Then, the following algorithm calculates all solutions of (41),(42),(44).
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1: Calculate matrix M in (48) and τ := max
i

(si +mi)qi.

2: Calculate the eigenstructure (λi, ni), i = 1, · · · , k, of M , where λi are the
eigenvalues and ni the corresponding algebraic multiplicities.

3: For i = 1, · · · , k repeat the following steps:
3.1) If (i) λi ∈ IR; ii) λi > 0 and iii) λ2

i ≥ τ then proceed with Step 3.2 of
the algorithm. Otherwise, return to 3.

3.2) If ni = 1 then
3.2.1) calculate an eigenvector z corresponding withλi ofM . Denote the

entries of z by [z0, z1, z2]T . Calculate xj := zj

z0
. Then, (x1, x2)

solve (41),(42),(44). Return to 3.
If ni > 1 then

3.2.2) Calculate τi := siqi.
3.2.3) For all 4 sequences (t1, t2), tk ∈ {−1, 1},

(i) calculate yj := λi + tj
si

si+mi

√
λ2

i − σj , j = 1, 2.

ii) Ifλi = −a+
2∑

j=1

yj then calculatexj := yj

sj+mj
. Then, (x1, x2)

solves (41),(42),(44).
4: End of the algorithm. �

Example 5.8. Reconsider Example 3.9. That is, consider the two-player scalar
game with a = −2, bi = e = 1, rii = 1, vi = 1

9 , i = 1, 2, q1 = 1, and q2 = 4.
To calculate the soft-constrained Nash equilibria of this game, we first determine
all solutions of (41),(42),(44). According Algorithm 5.7, we first have to determine
the eigenstructure of the next matrix:

M :=

⎡⎢⎢⎣
2 1 1 0

−1/8 5/2 0 5/4
−1/2 0 5/2 5/4

0 −4/42 −1/42 20/42

⎤⎥⎥⎦ .
Using Matlab, we find that M has the eigenvalues {2.4741, .5435, 2.2293 ±
0.7671i}. Since none of the positive eigenvalues squared is larger than τ = 40,
the game has no equilibrium.
Next, consider the case vi = 2. In that case, numerical computations show that
M has the eigenvalues {−6.8522,−5.67222,−1.7290, 3.0535}. The only posi-
tive eigenvalue which is squared larger than τ = 6 is λ = 3.0535. So we have
to process Step 3 of the algorithm for this eigenvalue. Since this eigenvalue has
a geometric multiplicity of one, there is one solution satisfying (41),(42),(44).
From the corresponding eigenspace one obtains the solution tabulated below (with
acl = a− s1x1 − s2x2 = −eigenvalue):
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eigenvalue (x1, x2) acl +m1x1 acl +m2x2

3.0535 (0.1954,0.8581) -2.9558 -2.6244

From the last two columns of this table we see that the solution satisfies the
additional conditions (43). Since qi > 0, and thus (45),(46) are satisfied with
yi = 0, it follows that this game has one soft-constrained Nash equilibrium. The
with this equilibrium corresponding equilibrium actions are:

u∗
1(t) = −0.1954x(t) and u∗

2(t) = −0.8581x(t).

Assuming that the initial state of the system is x0, the worst-case expected cost by
the players are J∗

1 = 0.1954x2
0 and J∗

2 = 0.8581x2
0, respectively.

Compared to the noise-free case we see that player one’s cost increases by
12.75% and player two incurs a cost increase of 10.97%. �

6 Concluding Remarks

In this paper we reviewed some main results in the area of linear quadratic differ-
ential games. For didactical reasons, the results were presented for the two-player
case. The exposition is based on [9] where one can find also additional results
for the N -player case, proofs, references, and a historical perspective for further
reading. In particular, this book also contains results on convergence properties of
the finite planning horizon equilibria in case the planning horizon is extended to
infinite. An issue that has not been addressed here.

For the cooperative game, one can find an extension of results from Sec. 2 to
more general cost functions (like, e.g., indefinite Qi matrices) in [14].

For the non-cooperative game, results generalizing on the cost functions consid-
ered here can be found for the open-loop information case in more detail in [10].
For the feedback information case in [13]: the existence of equilibria was consid-
ered if players can not observe the state of the system directly and use static output
feedback to control the system.

A review on computational aspects involved with the calculation of the various
equilibria can be found in [16], whereas [15] describes a numerical toolbox that
is available on the web to calculate the unique open-loop Nash equilibrium for an
infinite planning horizon.

For the infinite planning horizon case both in the open-loop and the feedback
information case, the number of equilibria the game may have can vary between
zero and infinity. Theorem 3.7 presents both necessary and sufficient conditions
under which the game has a unique equilibrium for the open-loop information
case. An open problem is whether one can also find for the feedback information
case conditions that are both necessary and sufficient for the existence of a unique
equilibrium. Under such conditions the numerical calculation of this equilibrium
is then possible using one of the algorithms proposed in the literature as described,
e.g., in [16].
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Several special cases of LQ differential games have been considered in literature.
We like to mention here two cases where also recently new numerical results were
reported.
First, the set of weakly coupled large-scale systems has been studied extensively by,
e.g., Mukaidani in a number of papers (see, e.g. [23]). This are systems where each
player controls a set of states which are only marginally affected by other players.
So, the corresponding LQ game almost equals an ordinary optimal LQ control
problem. It can be shown that under the assumption that the coupling between the
various “subsystems" is marginal the LQ game will have a unique equilibrium.
In [3], the set of positive systems has recently been considered. That is, the case
that both the state and used controls should be positive at any point in time. In
this paper conditions are stated under which such a system has an equilibrium and
some algorithms are devised to calculate an equilibrium.

We hope this survey convinced the reader that the last decennia progress has
been made in the theory about linear quadratic differential games and that there are
many challenges left in this area for research. We would not be complete, if we did
not mention the following important references that contributed to this research
during the last decennium: Feucht [17], Weeren [29], Başar and Bernhard [4],
Başar and Olsder [5], Kun [21], van den Broek [7], and Kremer [20].
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Problems, Birkhäuser, Boston (1995).
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[6] Başar T., Paradigms for robustness in controller and filter design, In: Neck
(Ed.) Modeling and Control of Economic Systems 2002, Elsevier, (2003),
1–13.

[7] Broek W.A. van den, Uncertainty in Differential Games, PhD. Thesis, Cen-
tER Dissertation Series, Tilburg University, The Netherlands (2001).



Linear Quadratic Differential Games: An Overview 69

[8] Dockner E., Jørgensen S., Long N. van and Sorger G., Differential Games
in Economics and Management Science, Cambridge University Press, Cam-
bridge (2000).

[9] Engwerda J.C., LQ Dynamic Optimization and Differential Games, Wiley
Chichester, (2005).

[10] Engwerda J.C., Uniqueness conditions for the infinte-planning horizon lin-
ear quadratic differential game, Automatica 44(2) (2008), 504–511, online
available as: http://dx.doi.org/10.1016/j.automatica.2007.06.006.

[11] Engwerda J.C., The open-loop linear Quadratic Differential game revisited,
CentER DP 2005-34, Tilburg University, The Netherlands (2005).

[12] Engwerda J.C., 2006, A numerical algorithm to find soft-constrained Nash
equilibria in scalar LQ-games, International Journal of Control 79 (2006),
592–603.

[13] Engwerda J.C. and Weeren A.J.T.M., Output feedback Nash equilibria in LQ
games, Automatica 44(1) (2008), 265–271, online available as:
http://dx.doi.org/10.1016/j.automatica.2007.04.025.

[14] Engwerda J.C., A note on cooperative linear quadratic con-
trol, CentER DP 2007-15, online available as: http: //grey-
www.kub.nl:2080/greyfiles/center/ctr py 2007.html (2007).

[15] Engwerda J.C., Michalak T. and Plasmans J.E.J., A numerical toolbox to
solve theN -player affine LQ open-loop differential game, under construction,
Dept. of Econometrics and O.R., Tilburg University, The Netherlands (2007).

[16] Engwerda J.C., Algorithms for computing Nash equilibria in LQ games,
Computational Management Science 4 (2007), 113–140.

[17] Feucht M., Linear-quadratische Differentialspiele und gekoppelte Riccatis-
che Matrixdifferentialgleichungen, Ph.D. Thesis, Universität Ulm, Germany
(1994).

[18] Hansen L.P., Sargent T.J. and Tallarini Jr. T.D., Robust permanent income
and pricing, Review of Economic Studies 66 (1999), 873–907.

[19] Jørgensen S. and Zaccour G., Differential Games in Marketing, Kluwer,
Deventer (2004).

[20] Kremer D., Non-Symmetric Riccati Theory and Noncooperative Games,
Ph.D. Thesis, RWTH-Aachen, Germany (2002).

[21] Kun G., Stabilizability, Controllability, and Optimal Strategies of Linear
and Nonlinear Dynamical Games, PhD. Thesis, RWTH-Aachen, Germany
(2001).



70 J. Engwerda

[22] Lancaster, P. and Rodman, L., Algebraic Riccati Equations, Oxford, Oxford
University Press (1995).

[23] Mukaidani H., A numerical analysis of the Nash strategy for weakly coupled
large-scale systems, IEEE Trans. Aut. Control 51 (2006), 1371–1377.

[24] Nash J., The bargaining problem, Econometrica, 18 (1950), 155–162.

[25] Nash J., Two-person cooperative games, Econometrica, 21 (1953), 128–140.

[26] Perko L.,Differential Equations and Dynamical Systems, Springer-Verlag,
Berlin (2001).

[27] Plasmans J., Engwerda J., Aarle B. van, Bartolomeo G. di, Michalak T.,
Dynamic Modeling of Monetary and Fiscal Cooperation Among Nations,
Springer-Verlag, Berlin (2006).

[28] Thomson W., 1994, Cooperative models of bargaining, in Aumann and Hart
(Eds.), Handbook of Game Theory 2 (1994), Elsevier Science, 1238–1277.

[29] Weeren A.J.T.M., Coordination in Hierarchical Control, Ph.D. Thesis,
Tilburg University, The Netherlands, (1995).



A Neumann Boundary Control for Multidimensional

Parabolic “Minmax” Control Problems

Andrzej Nowakowski
Faculty of Mathematics

University of Lodz
Lodz, Poland

annowako@math.uni.lodz.pl

Abstract
In this paper, the optimal control problems of “minmax” type, governed by

parabolic equations with the second control on the boundary (Neumann condi-
tion), are considered. We apply a new dual dynamic programming approach to
derive sufficient optimality conditions for such problems. The idea is to move
all the notions from a state space to a dual space and to obtain a new verifica-
tion theorem providing the conditions which should be satisfied by a solution
of the dual partial differential equation of dynamic programming. We also give
sufficient optimality conditions for the existence of an optimal dual feedback
control.

Key words. Dual dynamic programming, dual feedback control, parabolic
equation, dynamic game, Neumann boundary control, verification theorem.

AMS Subject Classifications. Primary 49K20, 49K35, 49N35; Secondary
49J45.

1 Introduction

Consider the following optimal control problem (P):

minu maxv J(x, u, v) =
∫

[0,T ]×Ω
L(t, z, x(t, z), u(t, z))dtdz

+
∫

Ω
l (x (T, z)) dz +

∫
Σ
h(t, z, v(t, z))dtdz

subject to

xt (t, z) + Δzx(t, z) = f(t, z, x(t, z), u(t, z)) a. e. on [0, T ] × Ω, (1)

x (0, z) = ϕ (0, z) on Ω, (2)
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∂νx(t, z) = v (t, z) on (0, T ) × Γ, (3)

u(t, z) ∈ U a. e. on (0, T ) × Ω, (4)

v(t, z) ∈ V on (0, T ) × Γ, (5)

where Ω ⊂Rn, is bounded withC2 boundary Γ = ∂Ω, ∂ν is the normal derivative
to Γ ,U ⊂ Rm, and V ⊂ R are given nonempty sets;L, f : [0, T ]×Ω×R×Rm →
R, l : R → R,h : [0, T ]×Ω̄×R → R, andϕ : Rn+1 → R are given functions;x :
[0, T ]×Ω → R,x ∈ W 2,2([0, T ]×Ω)∩C([0, T ];L2(Ω)) andu : [0, T ]×Ω → Rm

v : [0, T ]×Γ → R are Lebesgue measurable functions in suitable sets. We assume
that for each s inR, the functions (t, z, u) → L(t, z, s, u), (t, z, u) → f(t, z, s, u)
are (L×B)-measurable, whereL×B is theσ -algebra of subsets of [0, T ]×Ω×Rm

generated by products of Lebesgue measurable subsets of [0, T ]×Ω and Borel sub-
sets ofRm, and for each (t, z, u) ∈ [0, T ]×Ω×Rm, the functions s → L(t, z, s, u),
s → f(t, z, s, u) are continuous. Moreover, we assume that (t, z, v) → h(t, z, v)
is Borel measurable in [0, T ]×Ω×V. We call a triox(t, z), u(t, z), v(t, z) admissi-
ble if it satisfies (1)–(5) andL(t, z, x(t, z), u(t, z)), h(t, z, v(t, z)) and l (x (T, z))
are summable; then the corresponding trajectory x(t, z) is said to be admissible.
In this paper, we assume that system (1)–(5) admits at least one solution belonging
to W 2,2((0, T ) × Ω) ∩ C([0, T ];L2(Ω)).

The aim of this paper is to present “minmax” sufficient optimality conditions for
problem (P) in terms of dynamic programming conditions directly. In the literature,
there is no work in which problem (P) is studied directly by the dynamic program-
ming method. The only results known to the author (see, e.g., [1]–[12], [14], [16],
and references therein) treat problem (P) as an abstract problem with an abstract
evolution equation (1) with one control and later derive from abstract Hamilton-
Jacobi equations the suitable sufficient optimality conditions for problem (P).
We propose an almost direct method to study (P) by a dual dynamic program-
ming approach following the method described in [17] for the one-dimensional
case and in [10] for the multidimensional case. We move all notions of dynamic
programming to a dual space (the space of multipliers) and then develop a dual
dynamic approach together with a dual Bellman-Isaacs equation and, as a conse-
quence, sufficient optimality conditions for (P). We also define an optimal dual
feedback control in the terms of which we formulate sufficient conditions for opti-
mality. Such an approach allows us to weaken significantly the assumptions on
the data. This paper was motivated first by the paper [15] where minimax con-
trol of parabolic systems with Dirichlet boundary conditions is investigated from
the point of view of existence of solutions. The second motivation is the follow-
ing. It is well known that each Hamilton-Jacobi equation can be considered as the
fundamental equation (Isaac equation) for the corresponding differential game.
This is why many results for Hamilton-Jacobi equation can be interpreted in the
framework of differential games and, conversely, many results and methods of dif-
ferential games have their applications in Hamilton-Jacobi equation. We briefly
sketch how the control u appears in (1) in a game theory framework. Let an initial
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position (t0, ·, x (t0, ·)) be given and a function U :[t0, T ] × Ω × R → U and a
division Θ = {t0 = τ0 < τ1 < ... < τk+1 = T}. The control u we define as:

u(t, ·) = U(τi, ·, x(τi, ·)), τi ≤ t ≤ τi+1, i = 0, 1, ..., k, (6)

together with arbitrarily control v(t, z) ∈ V on (0, T ) × Γ. Both controls define,
by (1)–(5), a trajectory with initial condition x (t0, ·) = x0(·). Denote this solution
by x (t, ·, t0, x0,U, v,Θ), t ∈ [t0, T ]. Usually it is called a movement position
and the set of all movement positions is extended to a set X (t0, x0,U,Θ) of all
solutions of (1)–(5) (x ∈ W 2,2([t0, T ] × Ω) ∩ C([t0, T ];L2(Ω))) with v ∈ coV
and u defined by (6). Of course,

{x (t, ·, t0, x0,U, v,Θ) , t ∈ [t0, T ] : v ∈ L1((0, T ) × Γ)} ⊂ X (t0, x0,U,Θ) .

Now, let us put

X (t0, x0,U) = LIMdiam(Θ)→0X (t0, x0,U,Θ) ,

where
diam(Θ) = max{(τi+1 − τi) : i = 0, 1, ..., k}.

The set X (t0, x0,U) contains elements which are limits x (t, ·), t ∈ [t0, T ] of
sequences xl (·, ·) ∈ X (t0, x0,U,Θl), l = 1, 2, ..., where diam(Θl) → 0 if
l → ∞. Having that, the function U :[t0, T ] × Ω ×R → U is called a positioning
strategy and elements of X (t0, x0,U) limit movements. Following this way, we
come to the theory of differential positioning game and value function (for minu

maxv J(x, u, v)) satisfying suitable Hamilton-Jacobi Equation (see, e.g., [18],
[19], [13] compare [4]).

2 A Dual Dynamic Programming

First we describe the idea of a dual dynamic approach to optimal control prob-
lems governed by parabolic equations with the second control on the boundary.
Let us recall what dynamic programming means. We have an initial condition
(t0, x0(t0, z)), z ∈ Ω for which we assume that we have an optimal solution
(x, u, v̄). Then by necessary optimality conditions there exists a conjugate function
p(t, z) = (y0, y(t, z)) on [0, T ] × Ω being a solution to the corresponding adjoint
system (see, e.g., [6], [12]). The element p = (y0, y) plays a role of multipliers
from the classical Lagrange problem with constraints (with the multiplier y0 cor-
responding to the functional, the y to the constraints). If we perturb (t0, x0), then,
assuming that the optimal solution exists for each perturbed problem, we also have
a conjugate function corresponding to it. Therefore, making perturbations of our
initial conditions we obtain two sets of functions: optimal trajectories x and corre-
sponding to them conjugate functions p. The graphs of optimal trajectories cover
some set in a state space (t, z, x), say a setX (in the classical calculus of variation
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it is called a field of extremals), and the graphs of the conjugate functions cover
some set in a conjugate space (t, z, p), say a set P (in classical mechanics it is
called the space of momentums). In the classical dynamic programming approach
we explore the state space (t, z, x), i.e., the set X (see, e.g., [1]), but in the dual
dynamic programming approach we explore the conjugate space (the dual space)
(t, z, p), i.e., the set P (see [17] for the one-dimensional case and [10] for the mul-
tidimensional case). It is worth noting that although in elliptic control optimization
problems we have no possibilities to perturb that problem, it is still possible to
apply dual dynamic programming (see [11]). It is natural that if we want to explore
the dual space (t, z, p) then we need a mapping between the set P and the set X:
P � (t, z, p) → (t, z, x̃(t, z, p)) ∈ X to have a possibility to formulate, at the end
of some consideration in P , any conditions for optimality in our original prob-
lem as well as on an optimal solution x. Of course, such a mapping should have
the property that for each admissible trajectory x(t, z) lying in X we must have a
function p(t, z) lying in P such that x(t, z) = x̃(t, z, p(t, z)). Hence, we conduct
all our investigations in a dual space (t, z, p), i.e., most of our notions concerning
the dynamic programming are defined in the dual space including a dynamic pro-
gramming equation which becomes now a dual dynamic programming equation.

Therefore, let P ⊂ Rn+3 be a set of the variables (t, z, p) = (t, z, y0, y),
(t, z) ∈ [0, T ] × Ω, y0 ≤ 0, y ∈ R. Let x̃ : P → R be a function such that for
each admissible trajectory x(t, z) there exists a function p(t, z) = (y0, y(t, z)),
p ∈ W 2,2([0, T ] × Ω), (t, z, p(t, z)) ∈ P satisfying

x(t, z) = x̃(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω. (7)

Now, let us introduce an auxiliary C2 function V (t, z, p) : P → R such that for
(t, z, p) ∈ P the following condition is satisfied:

V (t, z, p) = y0Vy0(t, z, p) + yVy(t, z, p) = pVp(t, z, p), (8)

∇zV (t, z, p)ν (z) = y0∇zVy0(t, z, p)ν(z), (9)

for (t, z) ∈ [0, T ] × ∂Ω, (t, z, p) ∈ P,

where ν(·) is the exterior unit normal vector to ∂Ω and ∇V (t, z, p) denotes the
gradient of the function z → V (t, z, p). Condition (8) is a generalization of
transversality condition known in classical mechanics as the orthogonality of the
momentum to the wave front. Condition (9) has the same meaning but taken on
the boundary. Similarly, as in classical dynamic programming, define at (t, p̃(·)),
where p̃(·) = (ỹ0, ỹ(·)) is any function p̃ ∈ W 2,2(Ω), (t, z, p̃(z)) ∈ P , a dual
value function SD by the formula

SD (t, p̃ (·)) := infu supv

{
−ỹ0

∫
[t,T ]×Ω L(τ, z, x(τ, z), u(τ, z))dτdz

−ỹ0
∫
Ω l (x (T, z)) dz − ỹ0

∫
[t,T ]×∂Ω h(τ, z, v(τ, z))dτdz

}
,

(10)
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where the supremum (infimum) is taken over all admissible pairs x(τ, ·), v(τ, ·),
τ ∈ [t, T ], (x(τ, ·), u(τ, ·), τ ∈ [t, T ]) satisfying:

x(t, z) = x̃(t, z, p̃(z)) for z ∈ Ω, (11)

∂ν x̃(t, z, p̃(z)) = v (t, z) for z ∈ ∂Ω, (12)

i.e., whose trajectories start at (t, x̃(t, ·, p̃(·)) and for which there exists such
a function p(τ, z) = (ỹ0, y(τ, z)), p ∈ W 2,2([t, T ] × Ω̄) ∩ C([t, T ];L2(Ω)),
(τ, z, p(τ, z)) ∈ P , that x(τ, z) = x̃(τ, z, p(τ, z)) for (τ, z) ∈ (t, T ) × Ω̄ and

y(t, z) = ỹ(z) for z ∈ Ω̄. (13)

Then, integrating (8) over Ω, for any function p(z) = (y0, y(z)), p ∈ W 2,2(Ω),
(t, z, p(z)) ∈ P , such that x(·, ·) satisfying x(t, z) = x̃(t, z, p(z)) for z ∈ Ω, is
an admissible trajectory, we also have the equality∫

Ω V (t, z, p(z))dz +
∫

∂Ω ∇zV (t, z, p(z))ν(z)dz

= −
∫

∂Ω y(z)∇x̃(t, z, p(z))ν(z)dz − SD (t, p (·))

(14)

with∫
Ω
ỹ0Vy0(t, z, p(z))dz + ỹ0

∫
∂Ω

∇zVy0(t, z, p(z))ν(z)dz = −SD (t, p (·)) ,
(15)

and assuming that x̃(t, z, p(z)) = −Vy(t, z, p(z)) for (t, z) ∈ [0, T ] × Ω,
(t, z, p(z)) ∈ P . Denote by the symbol Δzh the sum of the second partial deriva-
tives of the function h : P −→ R with respect to the variable zi, i = 1, ..., n, i.e.,

Δzh(t, z, p) :=
∑n

i=1

(
∂2/∂z2

i

)
h (t, z, p) . (16)

It turns out that the function V (t, z, p) being defined by (14), (15) satisfies the
second-order partial differential equation

Vt(t, z, p) + ΔzV (t, z, p) +H(t, z,−Vy(t, z, p), p) = 0, (17)

where

H(t, z, x, p) = y0L(t, z, x, u(t, z, p)) + yf(t, z, x, u(t, z, p)), (18)

HΣ(t, z, p) = y0h(t, z, v(t, z, p))

and u(t, z, p), v(t, z, p) are optimal dual feedback controls, and the dual second-
order partial differential equation of multidimensional dynamic programming
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(DSPDEMDP)

supu∈U {Vt(t, z, p) + ΔzV (t, z, p)

+y0L(t, z,−Vy(t, z, p), u) + yf(t, z,−Vy(t, z, p), u)
}

= 0,
infv∈V{−∇zV (t, z, p)ν(z) + y0h(t, z, v)} = 0,

(t, z) ∈ (0, T ) × ∂Ω, (t, z, p) ∈ P.

(19)

Let us note that the function x̃(t, z, p), introduced a little bit artificially at the
beginning of this section, is defined in fact by −Vy(t, z, p), where V is a solution
to (19), i.e., knowing the setP andVy we are able to describe the setX in which our
original problem we need to consider. The assumption that the auxiliary function
V (t, z, p) is of C2 is important in this paper and we cannot weaken it. However,
we would like to stress that it is only an auxiliary assumption and it is not put on
a value function which in our case need not to be even continuous.
Remark. We would like to stress that the duality which is sketched in this section
is not a duality in the sense of convex optimization. It is a new nonconvex duality,
first described in [17] and next developed in [10], for which we do not have the
relation sup(D) ≤ inf(P ) (D means a dual problem, P a primal one). But instead
of it we have other relations, namely (8) and (14), which are generalizations of
transversality conditions from classical mechanics. If we find a solution to (17)
then checking the relation (8) for concrete problems is not very difficult.

3 A Verification Theorem

The most important conclusion of dynamic programming is a verification theorem.
We present it in a dual form according to our dual dynamic programming approach
described in the previous section.

Theorem 3.1. Let x(t, z), u(t, z), (t, z) ∈ [0, T ] × Ω̄, v̄(t, z), (t, z) ∈ (0, T ) ×
∂Ω, be an admissible trio. Assume that there exists a C2 solution V (t, z, p) of
DSPDEMDP (19) on P such that (8), (9) hold. Let further p(t, z) = (y0, y(t, z)),
p ∈ W 2,2([0, T ]×Ω)∩C([0, T ];L2(Ω)), (t, z, p(t, z)) ∈ P be a function such that
x(t, z) = −Vy(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω, v̄(t, z) = −∂νVy(t, z, p̄(t, z))
for (t, z) ∈ (0, T ) × ∂Ω. Suppose that V (t, z, p) satisfies the boundary condition
for (T, z, p) ∈ P ,

y0
∫

Ω
Vy0(T, z, p)dz = y0

∫
Ω
l (−Vy (T, z, p)) dz. (20)

Moreover, assume that:

Vt(t, z, p(t, z)) + ΔzV (t, z, p(t, z)) + y0L(t, z,−Vy(t, z, p(t, z)), u(t, z))

+y(t, z)f(t, z,−Vy(t, z, p(t, z)), u(t, z)) = 0, for (t, z) ∈ (0, T ) × Ω,

− (∇z)V (t, z, p(t, z))ν(z) + y0h(t, z, v̄(t, z)) = 0, for (t, z) ∈ (0, T ) × ∂Ω.
(21)
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Then, x(t, z), u(t, z), (t, z) ∈ (0, T )×Ω, v̄(t, z), (t, z) ∈ (0, T )×∂Ω, is an opti-
mal trio relative to all admissible trios x(t, z), u(t, z), (t, z) ∈ [0, T ]×Ω, v(t, z),
(t, z) ∈ (0, T ) × ∂Ω, for which there exists a function p(t, z) = (y0, y(t, z)),
p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈
P , such that x(t, z) = −Vy(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω, v(t, z) =
−∂νVy(t, z, p(t, z)) for (t, z) ∈ (0, T ) × ∂Ω and

y(0, z) = y(0, z) for z ∈ Ω, (22)

y(t, z) = y(t, z) for (t, z) ∈ [0, T ] × ∂Ω. (23)

Proof. Let x(t, z), u(t, z), (t, z) ∈ [0, T ] × Ω, v(t, z), (t, z) ∈ (0, T ) × ∂Ω,
be an admissible trio for which there exists a function p(t, z) = (y0, y(t, z)),
p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈
P , such that x(t, z) = −Vy(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω, v̄(t, z) =
−∂νVy(t, z, p(t, z)) for (t, z) ∈ (0, T ) × ∂Ω and (22), (23) are satisfied. From
the transversality conditions (8), (9), we obtain that for (t, z) ∈ [0, T ] × Ω,

Vt (t, z, p(t, z)) + ΔzV (t, z, p(t, z))

= y0
[
(d/dt)Vy0(t, z, p(t, z)) + ΔzVy0(t, z, p(t, z))

]
+y(t, z) [(d/dt)Vy(t, z, p(t, z)) + ΔzVy(t, z, p(t, z))] ,

(24)

and for (t, z) ∈ (0, T ) × ∂Ω,

(∇z)V (t, z, p(t, z))ν (z) (25)

= y0 (∇z)Vy0(t, z, p(t, z))ν(z).

Since x(t, z) = −Vy(t, z, p(t, z)), for (t, z) ∈ [0, T ] × Ω, (1) shows that for
(t, z) ∈ [0, T ] × Ω,

(d/dt)Vy(t, z, p(t, z)) + ΔzVy(t, z, p(t, z))

= −f(t, z,−Vy(t, z, p(t, z)), u(t, z))
(26)

and boundary control (3) shows that, for (t, z) ∈ (0, T ) × ∂Ω,

−∂νVy(t, z, p(t, z)) = v(t, z).

Now define a function W (t, z, p(t, z)) on P by the following requirement for
(t, z) ∈ [0, T ] × Ω,

W (t, z, p(t, z)) = y0
[
(d/dt)Vy0(t, z, p(t, z))

+ΔzVy0(t, z, p(t, z)) + L(t, z,−Vy(t, z, p(t, z)), u(t, z))
] (27)

and for (t, z) ∈ (0, T ) × ∂Ω,

W (t, z, p(t, z)) = −y0 (∇z)Vy0(t, z, p(t, z))ν (z)
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+y0h(t, z, v(t, z)). (28)

We conclude from (24)–(27) that for (t, z) ∈ [0, T ] × Ω,

W (t, z, p(t, z)) = Vt (t, z, p(t, z)) + ΔzV (t, z, p(t, z))

+y0L(t, z,−Vy(t, z, p(t, z)), u(t, z))

+y(t, z)f(t, z,−Vy(t, z, p(t, z)), u(t, z))

(29)

and for (t, z) ∈ (0, T ) × ∂Ω,

W (t, z, p(t, z)) = − (∇z)V (t, z, p(t, z))ν (z)

+ȳ0h(t, z, v(t, z)); (30)

hence, by (19) and (29), that

W (t, z, p(t, z) ≤ 0 for (t, z) ∈ [0, T ] × Ω (31)

and by (23),
W (t, z, p(t, z) = 0 for (t, z) ∈ (0, T ) × ∂Ω; (32)

and finally, after integrating (31) and applying (27), that

y0 ∫
[0,T ]×Ω

[
(d/dt)Vy0(t, z, p(t, z)) + div∇zVy0(t, z, p(t, z))

]
dtdz

≤ −y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz.

(33)

Similarly, in the set (0, T ) × ∂Ω we have:

−y0 ∫
[0,T ]×∂Ω (∇z)Vy0(t, z, p(t, z))ν(z)dtdz

= −y0 ∫
[0,T ]×∂Ω h(t, z, v(t, z))dtdz.

(34)

Thus from (33), (20), (22), (23) and by the Green formula it follows that:

y0 ∫
Ω

[
l (−Vy(T, z, p(T, z))) − Vy0(0, z, y0, y(0, z))

]
dz

+y0 ∫
[0,T ]

(∫
∂Ω ∇zVy0(t, z, y0, y(t, z))ν(z)dz

)
dt

≤ −y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz.

(35)

So by (35) and (34) we get:

−y0 ∫
Ω Vy0(0, z, y0, y(0, z))dz ≤ −y0 ∫

[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz

−y0 ∫
Ω l(x(T, z))dz − y0 ∫

[0,T ]×∂Ω h(t, z, v(t, z))dtdz.
(36)
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In the same manner, applying (21) and (29) we have:

W (t, z, p(t, z) = 0 for (t, z) ∈ [0, T ] × Ω (37)

and
W (t, z, p(t, z) = 0 for (t, z) ∈ (0, T ) × ∂Ω.

Now from (37), (27), (20), and the Green formula we have:

y0 ∫
[0,T ]

(∫
∂Ω ∇zVy0(t, z, y0, y(t, z))ν(z)dz

)
dt

−y0 ∫
Ω Vy0(0, z, y0, y(0, z))dz

= −y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz − y0 ∫

Ω l(x(T, z))dz.

(38)

Combining (36) with (38) gives

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz − y0 ∫

Ω l(x(T, z))dz
−y0 ∫

[0,T ]×∂Ω h(t, z, v(t, z))dtdz ≤ −y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz

−y0 ∫
Ω l(x(T, z))dz − y0 ∫

[0,T ]×∂Ω h(t, z, v(t, z))dtdz,
(39)

which gives the right-hand side of the inequality for saddle point.
Starting at the beginning of the proof with an admissible trio x(t, z), u(t, z),

(t, z) ∈ [0, T ]×Ω, v(t, z), (t, z) ∈ [0, T ]×∂Ω, instead of x(t, z), u(t, z), (t, z) ∈
[0, T ]×Ω, v(t, z), (t, z) ∈ [0, T ]×∂Ω, and following the same way as above with
the inequality for v in (19), we come to the second inequality we need for saddle
point:

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz − y0 ∫

Ω l(x(T, z))dz
−y0 ∫

[0,T ]×∂Ω h(t, z, v(t, z))dtdz ≤ −y0 ∫
[0,T ]×Ω L(t, z, x(t, z), u(t, z))dtdz

−y0 ∫
Ω l(x(T, z))dz − y0 ∫

[0,T ]×∂Ω h(t, z, v(t, z))dtdz.
(40)

�

4 An Optimal Dual Feedback Control

In practice, a feedback control is more important than a value function. It turns
out that the dual dynamic programming approach allows one to also investigate a
kind of a feedback control which we call a dual feedback control. Surprisingly, it
can have better properties than the classical one— now our state equation depends
only on the parameter and not additionally on the state in a feedback function,
which makes the state equation difficult to solve.
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Definition 4.1. A pair of functions ũ = ũ(t, z, p), fromP of the points (t, z, p) =
(t, z, y0, y), (t, z) ∈ (0, T )×Ω, y0 ≤ 0, y ∈ R, intoU and ṽ(t, z, p) from a subset
P of those points (t, z, p) = (t, z, y0, y), (t, z) ∈ (0, T ) × ∂Ω, (t, z, p) ∈ P , into
V is called a dual feedback control, if there is any solution x̃(t, z, p), (t, z, p) ∈ P ,
of the partial differential equation

xt(t, z, p) + Δzx(t, z, p) = f(t, z, x(t, z, p), ũ(t, z, p)) (41)

satisfying Neumann boundary condition

∂ν x̃(t, z, p) = ṽ (t, z, p) on (0, T ) × Γ, (t, z, p) ∈ P ,

such that for each admissible trajectory x(t, z), (t, z) ∈ [0, T ] × Ω, there exists
a function p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)),
p ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈ P , such that (7) holds.

Definition 4.2. A dual feedback control u(t, z, p), v(t, z, p) is called an opti-
mal dual feedback control, if there exist a function x(t, z, p), (t, z, p) ∈ P , cor-
responding to u(t, z, p), v(t, z, p) as in Definition 4.1, and a function p(t, z) =
(y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)), p ∈ L2([0, T ] × ∂Ω),
(t, z, p(t, z)) ∈ P , (t, z, p(t, z)) ∈ P , such that dual value functionSD (see (10)) is
defined at (t, p (t, ·)) by u(τ, z, p), v(τ, z, p) and corresponding to them x(τ, z, p),
(τ, z, p) ∈ P , τ ∈ [t, T ], i.e.,

SD(t, p (t, ·)) =

−y0 ∫
[t,T ]×Ω L(τ, z, x(τ, z, p(τ, z)), u(τ, z, p(τ, z))))dτdz

−y0 ∫
Ω l (x(T, z, p(T, z))) dz − y0

∫
[t,T ]×∂Ω h(τ, z, v(τ, z, p(τ, z)))dτdz

(42)
and, moreover, there is V (t, z, p) satisfying (8) and (9) for which Vy0 satisfies the
equality

y0
∫

Ω
Vy0(t, z, p(t, z))dz + y0

∫
∂Ω

(∇z)Vy0(t, z, p(t, z))ν(z)dz

= −SD (t, p (t, ·)) (43)

and Vy satisfies

Vy(t, z, p) = −x(t, z, p) for (t, z) ∈ (0, T ) × Ω, (t, z, p) ∈ P , (44)

Vy(t, z, p) = −∂νx(t, z, p) for (t, z) ∈ (0, T ) × ∂Ω, (t, z, p) ∈ P.

The next theorem is nothing more that the verification theorem formulated in
terms of a dual feedback control.

Theorem 4.1. Let u(t, z, p), v(t, z, p) be a dual feedback control in P . Sup-
pose that there exists a C2 solution V (t, z, p) of DSPDEMDP (19) on P such
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that (8) and (20) hold. Let p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩
C([0, T ];L2(Ω)), p ∈ L2([0, T ]× ∂Ω), (t, z, p(t, z)) ∈ P be a function such that
(x(t, z), u(t, z)), where x(t, z) = x(t, z, p(t, z)) and u(t, z) = u(t, z, p(t, z)),
(t, z) ∈ [0, T ] × Ω, v̄(t, z) = v(t, z, p(t, z)), (t, z) ∈ (0, T ) × ∂Ω, is an admis-
sible trio with x(t, z, p), (t, z, p) ∈ P , corresponding to u(t, z, p), v(t, z, p) as in
Definition 4.1. Assume further that Vy and Vy0 satisfy:

Vy(t, z, p) = −x(t, z, p) for (t, z, p) ∈ P , (45)

Vy(t, z, p) = −∂νx(t, z, p) for (t, z) ∈ (0, T ) × ∂Ω, (t, z, p) ∈ P,

y0 ∫
Ω Vy0(t, z, p(t, z))dz

+y0 ∫
[0,T ]

(∫
∂Ω (∇z)Vy0(t, z, y0, y(t, z))ν(z)dz

)
dt

= −y0 ∫
[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz

−y0 ∫
Ω l (x(T, z, p(T, z))) dz

−y0 ∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz.

(46)

Then u(t, z, p), v(t, z, p) is an optimal dual feedback control.

Proof. Take any function

p(t, z) = (y0, y(t, z)), p ∈ W 2,2([0, T ] × Ω) ∩ C([0, T ];L2(Ω)),

p ∈ L2([0, T ] × ∂Ω), (t, z, p(t, z)) ∈ P,

such that x(t, z) = x(t, z, p(t, z)), u(t, z) = u(t, z, p(t, z)), (t, z) ∈ (0, T ) × Ω,
v(t, z) = v(t, z, p(t, z)), (t, z) ∈ [0, T ] × ∂Ω, is an admissible trio and (22), (23)
hold. By (45), it follows that x(t, z) = −Vy(t, z, p(t, z)) for (t, z) ∈ [0, T ] × Ω.
As in the proof of Theorem 3.1, (46) gives:

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz

−y0 ∫
Ω l (x(T, z, p(T, z))) dz − y0

∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz ≤

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z))dtdz

−y0 ∫
Ω l(x(T, z, p(T, z)))dz − y0

∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz,

(47)
and similarly,

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz

−y0 ∫
Ω l (x(T, z, p(T, z))) dz − y0

∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz ≤

−y0 ∫
[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z))dtdz

−y0 ∫
Ω l(x(T, z, p(T, z)))dz − y0

∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz.
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We conclude from (47) that:

SD(0, p (0.·)) =
−y0 ∫

[0,T ]×Ω L(t, z, x(t, z, p(t, z)), u(t, z, p(t, z)))dtdz
−y0 ∫

Ω l (x(T, z, p(T, z))) dz − y0
∫
[0,T ]×∂Ω h(t, z, v(t, z, p(t, z)))dtdz ,

(48)
and it is sufficient to show that u(t, z, p), v(t, z, p) is an optimal dual feedback
control, by Theorem 3.1 and Definition 4.2. �
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Abstract
In this paper we review some recent results on non-cooperative and semi-

cooperative differential games. For the n-person non-cooperative games in
one-space dimension, we consider the Nash equilibrium solutions. When the
system of Hamilton-Jacobi equations for the value functions is strictly hyper-
bolic, we show that the weak solution of a corresponding system of hyperbolic
conservation laws determines an n-tuple of feedback strategies. These yield a
Nash equilibrium solution to the non-cooperative differential game.

However, in the multi-dimensional cases, the system of Hamilton-Jacobi
equations is generically elliptic, and therefore ill posed. In an effort to obtain
meaningful stable solutions, we propose an alternative “semi-cooperative” pair
of strategies for the two players, seeking a Pareto optimum instead of a Nash
equilibrium. In this case, the corresponding Hamiltonian system for the value
functions is always weakly hyperbolic.

Key words. Non-cooperative differential games, Nash equilibrium, system of
Hamilton-Jacobi equations, hyperbolic system of conservation laws, BV solu-
tions, optimal control theory, discontinuous ODE, ill-posed Cauchy problem.

AMS Subject Classifications. Primary 91A23, 49N70, 93B52, 35L65;
Secondary 91A10, 49N90, 49N35, 49L20, 34A36.

1 Introduction

In this paper we review some recent results on non-cooperative differential games.
Non-cooperative games provide a mathematical model for the behavior of two
or more individuals, operating in the same environment with different (possibly
conflicting) goals. In the case of n players, the evolution of the system is governed
by system of differential equations of the form

ẋ(t) =
n∑

i=1

fi(x, ui), x(τ) = y. (1)
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Here the real-valued map t �→ ui(t) is the control implemented by the i-th player.
Together with (1) we consider the payoff functionals:

Ji = Ji(τ, y, u1, . . . , un) .= gi(x(T )) −
∫ T

τ

hi(x(t), ui(t)) dt, (2)

Notice that (2) is the sum of a terminal payoff gi, depending on the state of the
system at the final time T , and of a running cost hi, incurred while implementing
the control ui. The goal of the i-th player is to maximize Ji.

To see an example in economy, one can considern companies which are planning
to sell the same type of product. Letxi(t) be the market share of the i-th company at
time t. This can change in time, depending on the level of advertising (u1, . . . , un)
chosen by the various companies. At the final time T when the products are being
sold, the payoff Ji of the i-th company will depend on its market share xi(T ) and
on its total advertising cost, as in (2).

A major step toward the understanding of non-cooperative games with several
players was provided by the concept of Nash non-cooperative equilibrium, intro-
duced by J. Nash [26]. Roughly speaking, a set of strategies (U∗

1 , . . . , U
∗
n) consti-

tutes a Nash equilibrium if, whenever one single player modifies his strategy (and
the other players do not change theirs), his own payoff will not increase. This con-
cept was first formulated in the context of static games, where no time-evolution is
involved. It is natural to explore the relevance of Nash equilibria also in connection
with differential games.

Results on the existence of Nash equilibrium solutions for open-loop strategy
can be found in [17,32]. In this case, each player has knowledge only of the initial
state of the system. His strategy is thus a function of time only, say ui = Ui(t).

In this paper, we analyze the existence and stability of Nash equilibrium strate-
gies in feedback (closed-loop) form. Here, the players can directly observe the
state x(t) of the system at every time t ∈ [0, T ], therefore their strategies depend
on x. More precisely, an n-tuple of feedback strategies

ui = U∗
i (t, x), i = 1, . . . , n,

is called a Nash equilibrium solution if the following holds. For each i, if the i-th
player chooses an alternative strategy Ui, while every other player j �= i sticks to
his previous strategy U∗

j , then the i-th payoff does not increase:

Ji(τ, y, U∗
1 , . . . , U

∗
i−1, Ui, U

∗
i+1, . . . , U

∗
n)

≤ Ji(τ, y, U∗
1 , . . . , U

∗
i−1, U

∗
i , U

∗
i+1, . . . , U

∗
n).

Therefore, for the i-th player, the feedback strategy ui = U∗
i (t, x) provides the

solution to the optimal control problem

max
ui(·)

{
gi(x(T )) −

∫ T

τ

hi(x(t), ui(t)) dt

}
, (3)
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in connection with the system

ẋ = fi(x, ui) +
∑
j �=i

fj(x, U∗
j (t, x)) . (4)

Assuming that the dynamics of the system and the payoff functions are suffi-
ciently regular, the problem can be attacked using tools from P.D.E. theory. As in
the theory of optimal control, the basic objects of our study are the value functions
Vi. Roughly speaking, Vi(τ, y) denotes the payoff expected by the i-th player, if
the game were to start at time τ , with the system in the state x(τ) = y. As shown
in [17, p. 292], these value functions satisfy a system of first order partial differ-
ential equations with terminal data:

∂

∂t
Vi +Hi(x,∇V1, . . . ,∇Vn) = 0, Vi(T, x) = gi(x), i = 1, . . . , n. (5)

In the case of a two-person, zero-sum differential game, the value function is
obtained from the scalar Bellman-Isaacs equation [17]. The analysis can thus rely
on comparison principles and on the well-developed theory of viscosity solutions
for Hamilton-Jacobi equations; for example, see [2]. In our case, one has to study
a highly nonlinear system of Hamilton-Jacobi equations. Previous results in this
direction include only particular examples as in [3,13,14,27].

In the one-dimensional case, differentiating (5) one obtains a system of conser-
vation laws for the gradient functions pi

.= Vi,x, namely:

pi,t +Hi(x, p)x = 0. (6)

Under the assumption on strict hyperbolicity (which is discussed in more detail
in Sec. 2 the known results on systems of conservation laws can be applied. The
theorem of Glimm [19] or its more general versions [4,21,24] provide then the
existence of a global solution to the Hamilton-Jacobi equations for terminal data
gi whose gradients have sufficiently small total variation.

The Nash feedback strategies can then be recovered from the gradients of the
value functions. Establishing the optimality of this feedback strategy is a non-
trivial task due to lack of regularity. In Sec. 2, we prove the optimality by using
the special structure of solutions of hyperbolic systems of conservation laws.

However, when the state space is multi-dimensional, the corresponding system
of P.D.E’s is generically not hyperbolic, and the Cauchy problem is not well posed.
In Sec. 3, we study in detail a particular one-dimensional example where hyper-
bolicity fails, and construct a family of unstable, highly oscillatory solutions. Our
conclusion is that the concept of Nash equilibrium is not appropriate for the study
of feedback strategies for differential games in continuous time. Indeed, solutions
are extremely sensitive to small perturbations of the data, so that the mathematical
model has no predictive power.

To readdress the situation, one possibility is to introduce some stochasticity in
the system; see [18,25] and the references therein. The presence of random inputs,
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in the form of white noise, has a well-known stabilizing effect since it transforms
the system into a parabolic one. Another possibility, explained in more detail in
Sec. 3, is to allow some degree of cooperation among the players. As proved by
Smale in connection with the repeated prisoner’s dilemma [31], even if the players
do not communicate with each other, over a period of time they can devise strategies
converging to a Pareto optimum. In the setting of differential games we prove that,
if these semi-cooperative strategies are implemented, then the system of P.D.E’s
for the value functions turns out to be always hyperbolic, at least in a weak sense.
Partial cooperation thus removes the most severe instabilities found among Nash
non-cooperative equilibrium solutions.

2 Feedback Nash Equilibrium to Non-Cooperative
Differential Games

Consider a differential game for n players in one space dimension, with the simple
form:

ẋ = f0 +
∑

i

ui, x(τ) = y . (1)

Here the controls ui can be any measurable, real-valued functions, while f0 ∈ IR
is a fixed constant. The payoff functionals are given by:

Ji = Ji(τ, y, u1, . . . , un) = gi(x(T )) −
∫ T

τ

hi(ui(t)) dt . (2)

A key assumption, used throughout the paper, is that the cost functions hi are
smooth and strictly convex, with a positive second derivative

∂2

∂ω2hi(ω) > 0. (3)

The Hamiltonian functions Hi are thus defined as follows. By (3), for any
j = 1, . . . , n and any given gradient vector pj = ∇Vj ∈ IRm, there exist a unique
optimal control value u∗

j (pj) such that:

pj · u∗
j (pj) − hj(u∗(pj)) = max

ω∈IR
{pj · ω − hj(ω)} .= φj(pj) . (4)

Then

Hi(p1, . . . , pn) = pi ·

⎛⎝f0 +
∑

j

u∗
j (pj)

⎞⎠− hi(u∗
i (pi)). (5)

The corresponding Hamilton-Jacobi equation for Vi takes the form

Vi,t +Hi(V1,x, . . . , Vn,x) = 0, (6)
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with data given at the terminal time t = T :

Vi(T, x) = gi(x), i = 1, . . . , n. (7)

In turn, the gradients pi
.= Vi,x of the value functions satisfy the system of

conservation laws with terminal data

∂

∂t
pi +

∂

∂x
Hi(p1, . . . , pn) = 0, pi(T, x) = g′

i(x) . (8)

In recent years, considerable progress has been achieved in the understanding of
weak solutions to hyperbolic systems of conservation laws in one-space dimension.
In particular, entropy admissible solutions with small total variation are known to
be unique and depend continuously on the initial data [7,8]. Moreover, they can
be obtained as the unique limits of vanishing viscosity approximations [4]. We
apply these new results to prove the existence and stability of Nash equilibrium
solutions, in the context of differential games.

The key question is whether this system of conservation laws admits a solution.
Moreover, is this solution unique? How is it affected by small perturbations of the
data? Classical P.D.E. theory provides conditions under which the Cauchy problem
is “well posed”, i.e., it admits a unique solution depending continuously on the
initial data. The basic requirement is that the system should be hyperbolic. For a
given system of P.D.E’s, hyperbolicity amounts to an algebraic condition on the
matrices of coefficients and can be checked in practice.

2.1 Hyperbolicity conditions

Now we describe the hyperbolicity conditions for the system of conservation
laws (8). The Jacobian matric A(p) of this system, with entries Aij = ∂Hi/∂pj ,
takes the form:

A(p) =

⎛⎜⎜⎜⎜⎜⎝
ẋ p1φ

′′
2 p1φ

′′
3 · · · p1φ

′′
n

p2φ
′′
1 ẋ p2φ

′′
3 · · · p2φ

′′
n

p3φ
′′
1 p3φ

′′
2 ẋ · · · p2φ

′′
n

...
...

...
. . .

...
pnφ

′′
1 pnφ

′′
2 pnφ

′′
3 · · · ẋ

⎞⎟⎟⎟⎟⎟⎠ , (9)

where φj(pj) is defined in (4) and φ′′
j (pj) = −(h′′

j (u∗
j (pj)))−1 is always negative.

The system (8) is strictly hyperbolic at a point p = (p1, . . . , pn) if the Jacobian
matrix A(p) has n real distinct eigenvalues. Our first result provides a sufficient
condition for this to happen.

Lemma 2.1. Assume that all components pi, i = 1, . . . , n, have the same sign.
Moreover, assume that there are no distinct indices i �= j �= k such that:

piφ
′′
i = pjφ

′′
j = pkφ

′′
k . (10)
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Then the system (8) is strictly hyperbolic at p. Moreover, all eigenvalues λi(p) of
the matrix A(p) satisfy the inequality:

λi(p) �= ẋ = f0 +
∑

j

u∗
j (pj) i = 1, . . . , n . (11)

We note that if all the pi have the same sign, the eigenvalues will be real. The
further condition (10) ensures that they are all distinct. If this condition fails, say,
we have pi−1φ

′′
i−1 = piφ

′′
i = pi+1φ

′′
i+1, then −piφ

′′
i becomes a multiple zero of

det(B−λI). In this case, the system of conservation laws is only called hyperbolic
(not strictly hyperbolic). Furthermore, from (11), the characteristic wave speeds
λi are all different from the speed ẋ at which the state of the system changes. For
a proof of the above result, see [10]. We mention that, in the case of two-player
games, the condition p1p2 > 0 is also necessary for the strict hyperbolicity of
the system. However, one can give an example of a three-player game, where the
system (8) is strictly hyperbolic even without p1, p2, p3 having all the same sign.

2.2 Solutions of the hyperbolic system

Next, assume that the system of conservation laws (8) is strictly hyperbolic in
a neighborhood of a point p∗ = (p∗

1, . . . , p
∗
n). In this case, assuming that the

terminal conditions have small total variation, one can apply the following theorem
(cf. [4,7,8,19]) and obtain the global existence and uniqueness of a weak solution.

Proposition 1. Assume that the flux function H : IRn �→ IRn is smooth and
that, at some point p∗, the Jacobian matrix A(p∗) = DF (p∗) has n real distinct
eigenvalues. Then there exists δ > 0 for which the following holds. If

‖p̄(·) − p∗‖L∞ < δ, Tot.Var.{p̄} < δ, (12)

then the Cauchy problem

pt +H(p)x = 0, p(0, x) = p̄(x) (13)

admits a unique entropy weak solution p = p(t, x) defined for all t ≥ 0, obtained
as the limit of vanishing viscosity approximations.

2.3 Optimal trajectory; solutions of a discontinuous O.D.E.

In general, a weak solution of the hyperbolic system of conservation laws (8)
uniquely determines a family of discontinuous feedback controls U∗

i = U∗
i (t, x).

Inserting these feedback controls in (1), we obtain the O.D.E. for the optimal
trajectory:

ẋ(t) = f0 +
n∑

i=1

u∗
i (pi(t, x)) , x(τ) = y. (14)
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Note that the right-hand side of this ODE is discontinuous, due to the discontinuities
in the feedback controlsU∗

i = U∗
i (t, x). In spite of this, the solution of the Cauchy

problem (14) is unique and depends continuously on the initial data, thanks to the
special structure of the BV solutions of hyperbolic systems of conservation laws.
Indeed, every trajectory of (14) crosses transversally all lines of discontinuity in
the functions pi. Because of the bound on the total variation, the uniqueness result
in [6] can thus be applied. We explain the ideas below.

First, we observe that the solution p = p(t, x) of (8) has bounded direc-
tional variation along a cone Γ, strictly separated from all characteristic directions.
Indeed, by assumption, the matrixA(p∗) has distinct eigenvaluesλ∗

1 < λ∗
2 < · · · <

λ∗
n. By continuity, there exists ε > 0 such that, for all p in the ε-neighborhood

Ω∗
ε
.= {p; |p− p∗| ≤ ε},

the characteristic speeds range inside disjoint intervals

λj(p) ∈ [λ−
j , λ

+
j ]. (15)

Moreover, if p−, p+ ∈ Ω∗
ε are two states connected by a j-shock, the speed

λj(p−, p+) of the shock remains inside the interval [λ−
j , λ

+
j ].

Now consider an open cone of the form

Γ .= {(t, x); t > 0, a < x/t < b}. (16)

Following [6], we define the directional variation of the function (t, x) �→ p(t, x)
along the cone Γ as:

sup

{
N∑

i=1

|p(ti, xi) − p(ti−1, xi−1)|
}
, (17)

0 0 1 1 N , xN)
such that:

(ti − ti−1, xi − xi−1) ∈ Γ for every i = 1, . . . , N ; (18)

see Fig. 1. The next lemma shows that the weak solution p = p(t, x) has bounded
directional variation along a suitable cone Γ.

Lemma 2.2. Let p = p(t, x) be an entropy weak solution of (13) taking values
inside the domain Ω∗

ε . Assume that λ+
k−1 < a < b < λ−

k for some k. Then p has
bounded directional variation along the cone Γ in (16).

See [10] for a detailed proof. Together with Γ we now consider a strictly smaller
cone, say,

Γ′ .= {(t, x); t > 0, a′ < x/t < b′}, (19)

with a < a′ < b′ < b. A standard theorem in real analysis states that a BV function
of one real variable admits left and right limits at every point. An analogous result
for functions with bounded directional variation is proved in [10].

(t ,x ),(t , x ), . . . ,(twhere the supremum is taken over all finite sequences
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Figure 1: Directional variation along the cone Γ.

Lemma 2.3. Let p = p(t, x) be a function with bounded directional variation
along the cone Γ in (16), and consider the smaller cone Γ′ ⊂ Γ in (19), with
a < a′ < b′ < b. Then at every point P = (t, x) there exist the directional limits:

p+(P ) .= lim
Q→P, Q−P∈Γ′

p(Q), p−(P ) .= lim
Q→P, P−Q∈Γ′

p(Q). (20)

Now, due to the transversality condition and the bound on directional total
variation, the result in [6] can be applied, providing the uniqueness and continuous
dependence of trajectories of (14). We refer to [10] for more details.

2.4 Optimal feedback strategies

We see that from the gradients of the value functions one can recover the Nash feed-
back strategies for the various players. To obtain an existence result for solutions of
differential games, one has to show that, for each single player, the feedback strat-
egy corresponding to the solution of the Hamilton-Jacobi system actually provides
the optimal solution to the control problem (3)–(4). We remark that, if the value
functions Vi were smooth, the optimality would be an immediate consequence of
the equations. The main technical difficulty stems from the non-differentiability
of these value functions.

In the literature on control theory, sufficient conditions for optimality have been
obtained along two main directions. On one hand, there is the “regular synthesis”
approach developed by Boltianskii [5], Brunovskii [12], and Sussmann and Pic-
coli [29]. In this case, one typically requires that the value function be piecewise
C1 and satisfy the Hamilton-Jacobi equations outside a finite or countable number
of smooth manifolds Mi. On the other hand, one can use the Crandall-Lions the-
ory of viscosity solutions, and show that the value function is the unique solution
of the Hamilton-Jacobi equation in the viscosity sense [2].
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None of these approaches is applicable in the present situation because of lack
of regularity, for both the value functions and the system itself. Indeed, each player
now has to solve an optimal control problem for a system whose dynamics (deter-
mined by the feedbacks used by all other players) is discontinuous. Our proof of
optimality strongly relies on the special structure of BV solutions of hyperbolic
systems of conservation laws. In particular, the solution has bounded directional
variation along a cone Γ bounded away from all characteristic directions. As a
consequence, the value functions Vi always admit a directional derivative in the
directions of the cone Γ. For trajectories whose speed remains inside Γ, the opti-
mality can thus be tested directly from the equations. An additional argument,
using Clarke’s generalized gradients [15], rules out the optimality of trajectories
whose speed falls outside the above cone of directions. The following Theorem is
proved in [10].

Theorem 2.1. Consider the differential game (1)–(2), where the cost functions
hi are smooth and satisfy the convexity assumption (3). In connection with the
functions φj at (4), let p∗ .= (p∗

1, . . . , p
∗
n) be a point where the assumptions of

Lemma 2.1 are satisfied. Then there exists δ > 0 such that the following holds. If

‖g′
i − p∗

i ‖L∞ < δ , Tot.Var.{g′
i(·)} < δ , i = 1, . . . , n , (21)

then for any T > 0 the terminal value problem (8) has a weak solution p :
[0, T ] × IR �→ IRn. The (possibly discontinuous) feedback controls U∗

j (t, x) .=
u∗

j (pj(t, x)) implicitly defined by (4) provide a Nash equilibrium solution to the
differential game. The trajectories t �→ x(t) depend Lipschitz continuously on the
initial data (τ, y).

It is interesting to observe that the entropy admissibility conditions play no role
in our analysis. For example, a solution of the system of conservation laws consist-
ing of a single, non-entropic shock still determines a Nash equilibrium solution,
provided that the amplitude of the shock is small enough. There is, however, a
way to distinguish entropy solutions from all others that is also in the context of
differential games. Indeed, entropy solutions are precisely the ones obtained as
vanishing viscosity limits [4]. They can thus be derived from a stochastic differ-
ential game of the form

dx =
n∑

i=1

fi(x, ui) dt+ ε dw,

letting the white noise parameter ε → 0. Here, dw formally denotes the differential
of a Brownian motion. For a discussion of stochastic differential games we refer
to [18].
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3 Semi-Cooperative Differential Games

3.1 Lack of hyperbolicity in vector cases

Unfortunately, though strict hyperbolicity can usually be found in one-space
dimension, it is not the case in higher-space dimensions. When the state of the
system is described by a vector x ∈ IRm, m ≥ 2, the system of Hamilton-Jacobi
equations (5) for the value functions is generically not hyperbolic. For the reader’s
convenience, we recall here some basic definitions.

The linear multidimensional system with constant coefficients

∂

∂t
v +

m∑
α=1

Aα
∂

∂xα
v = 0 (1)

is said to be hyperbolic if, for each vector ξ = (ξ1, . . . , ξm) ∈ IRm, the matrix

A(ξ) .=
∑
α

ξαAα (2)

admits a basis of real eigenvectors [30]. We shall say that (1) is weakly hyperbolic
if all the eigenvalues of A(ξ) are real, for every ξ ∈ IRm.

Next, given a point (x, p) = (x, p1, . . . , pn) ∈ IR(1+n)m, with

x ∈ IRm, pi = ∇xVi = (pi1, . . . , pim) ∈ IRm ,

consider the linearized system

∂vi

∂t
+
∑
j,α

[
∂Hi

∂pjα
(x, p1, . . . , pn)

]
· ∂vj

∂xα
= 0 i = 1, . . . , n , (3)

where all derivatives are computed at the point (x, p). This is equivalent to (1), with

(Aα)ij =
∂Hi

∂pjα
(x, p1, . . . , pn) . (4)

We now say that the system in (5) is hyperbolic (weakly hyperbolic) on a domain
Ω ⊆ IR(1+n)m if, for every (x, p) ∈ Ω, the linearized system (3) is hyperbolic
(weakly hyperbolic, respectively).

To understand why the hyperbolicity condition fails, in a generic multi-
dimensional situation, consider, for example, a two-player game on IRm. In the
scalar case, we have seen that the 2 × 2 system of Hamiton-Jacobian equations
is not hyperbolic if the gradients of the value functions have opposite signs. In
the multidimensional case, whenever ∇V1,∇V2 ∈ IRm are not parallel to each
other, we can find a vector ξ such that ∇V1 · ξ < 0 and ∇V2 · ξ > 0; see Fig. 2.
In this case, the eigenvalues of the corresponding matrix A(ξ) in (2) and (4) are
complex, and the system is called elliptic.
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Figure 2: Hyperbolicity fails generically in multi-space dimensions.

3.2 Ill-posedness of the Cauchy problem

When the system is not hyperbolic, the Cauchy problem (5) is ill posed. See [16,23]
for recent discussion on this subject. Here we show a brief analysis on how vanish-
ing viscosity approximations can fail to converge to a well-defined solution. For
more details, see [11].

Consider a two-persons non-cooperative differential game in one-space dimen-
sion, with the simple dynamics

ẋ = u1 + u2 , x(τ) = y , (5)

and payoff functionals

Ji = Ji(τ, y, u1, u2) = gi

(
x(T )

)
−
∫ T

τ

u2
i

2
dt i = 1, 2.

Here, ui is the control implemented by the i-th player, while gi is his terminal
payoff. Let V1, V2 be the corresponding value functions, and call p1

.= V1,x and
p2

.= V2,x their spatial derivatives. The corresponding optimal feedback control
u∗

i for the i-th player is

u∗
i (pi) = arg max

ω

{
pi · ω − (ω2/2)

}
= pi , (6)

and the Hamiltonian functions are

Hi(p1, p2) = (p1 + p2)pi − p2
i /2, i = 1, 2 .

Therefore, p = (p1, p2) satisfies a 2 × 2 system of conservation laws, solved
backward in time

pi,t +Hi(p1, p2)x = 0, pi(x, T ) = gi,x(x) .

Setting τ = T − t, and still using t as time variable, we obtain a more standard
Cauchy problem, to be solved forward in time:{

p1,t − (p2
1/2 + p1p2)x = 0,

p2,t − (p2
2/2 + p1p2)x = 0,

(7)
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with the initial data

p1(0, x) = g1,x(x), p2(0, x) = g2,x(x). (8)

The system (7) can be written in quasi-linear form:

pt −A(p)px = 0, A(p) .=
(
p1 + p2 p1
p2 p1 + p2

)
. (9)

The eigenvalues of the matrixA(p) are real if p1p2 ≥ 0, and complex if p1p2 < 0.
Throughout the following, we focus our attention on solutions with p1p2 < 0,

so that hyperbolicity fails. As a first step, we add a small viscosity and consider
the parabolic system

pε
t −A(pε)pε

x = εpε
xx . (10)

This system is related to a stochastic differential game with dynamics

dx = (u1 + u2)dt+ ε dω ,

where ω denotes a standard Brownian motion, as in [18]. Observe that pε =
(pε

1, p
ε
2) provides a solution to (10) if and only if

pε(t, x) = p(t/ε, x/ε) ,

where p = (p1, p2) solves the system with unit viscosity{
p1,t − (p2

1/2 + p1p2)x = p1,xx ,

p2,t − (p2
2/2 + p1p2)x = p2,xx .

(11)

To achieve an understanding of solutions of (10), it thus suffices to study the
system (11). An interesting class of solutions of (11) are the traveling waves,
having the form p(t, x) = P (x − σt). The function P : IR �→ IR2 must then
satisfy the second-order O.D.E.

P ′′ = −[A(P ) + σI]P ′, (12)

where A = DH is the Jacobian matrix in (9) and I denotes the 2 × 2 identity
matrix.

Integrating equation (12) once, we obtain:

P ′ = (H(P ) + σP ) −
(
H(P ) + σP

)
,

where P = (p̄1, p̄2) is some constant vector. We are particularly interested in
periodic solutions of the O.D.E.:{

p′
1 = (p̄1p̄2 + p̄2

1/2) − (p1p2 + p2
1/2) − σ(p1 − p̄1) ,

p′
2 = (p̄1p̄2 + p̄2

2/2) − (p1p2 + p2
2/2) − σ(p2 − p̄2) ,

(13)
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taking values inside the elliptic region where p1p2 < 0. Linearizing (13) at the
equilibrium point (p̄1, p̄2), one gets:{

z′
1 = −(p̄1 + p̄2 + σ)z1 − p̄1z2 ,

z′
2 = −p̄2z1 − (p̄1 + p̄2 + σ)z2 .

(14)

Notice that, if one chooses σ = σ̄
.= −p̄1 − p̄2, then the two eigenvalues

λ1, λ2 = −(p̄1 + p̄2 + σ) ± i
√

−p̄1p̄2

are purely imaginary. By the Hopf bifurcation theorem [28], for every δ > 0
sufficiently small there exists a value σ = σ(δ) ≈ σ̄ such that the corresponding
system (14) has a periodic orbit passing through the point (p̄1 + δ , p̄2).

In this way, we obtain a family of periodic orbits for the system (13), depending
on the parameters p̄1, p̄2, and δ. If s �→

(
p1(s), p2(s)

)
is any such orbit, then(

p1(t, x), p2(t, x)
) .= (p1(x− σt), p2(x− σt)

)
(15)

yields a solution of the parabolic system (11) in the form of a periodic traveling
wave. In turn, the functions

(
pε
1(t, x), p

ε
2(t, x)

)
=
(
p1

(x− σt

ε

)
, p2

(x− σt

ε

))
(16)

provide a solution to the system (10) with small viscosity.
We now recall that, by (6), the corresponding dynamic of the system is:

ẋ(t) = u∗
1 + u∗

2 = p1

(x− σt

ε

)
+ p2

(x− σt

ε

)
.

In our construction,

p1 + p2 ≈ p̄1 + p̄2 �= σ ≈ −p̄1 − p̄2 .

As the viscosity parameter ε → 0+, along each trajectory the controls (u∗
1, u

∗
2) =

(pε
1, p

ε
2) are periodic functions of time with fixed amplitude and with period

approaching zero. Because of this oscillatory behavior, there is no strong limit
in L1. Yet, a weak limit exists and can be represented in terms of Young mea-
sures [30]. These oscillatory limits can now be interpreted as chattering feedback
controls. The limit trajectories cover the whole t-x plane. They all have the same
constant speed, determined by the weak limit of pε

1 + pε
2.

A further analysis in [11] shows that these viscous traveling waves have almost
the same instability properties as the constant states.
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3.3 Transition from Nash equilibrium to a Pareto optimum

The eventual conclusion of our analysis is that, except for the one-dimensional case,
the concept of Nash non-cooperative equilibrium is not appropriate to study games
with complete information, in continuous time. The highly unstable nature of the
solutions makes it impossible to extract useful information from the mathematical
model.

In the literature, various approaches have been proposed, to overcome this basic
difficulty. Following [3], one can study a special class of multi-dimensional games,
with linear dynamics and quadratic cost functionals. In this case, the system of
Hamilton-Jacobi equations (5) may be ill posed, but one can always find a unique
solution within the set of quadratic polynomial functions. An alternative strategy
is to add some random noise to the system. This leads to the analysis of a stochastic
differential game [18,25], with dynamics described by

dx = f(x, u1, . . . , un) dt+ ε dw ,

where dw is the differential of a Brownian motion. The corresponding system
describing the value functions is now parabolic, and admits a unique smooth solu-
tion. However, one should be aware that, as ε → 0, the solutions become more
and more unstable and may not approach a well-defined limit.

An entirely different approach was proposed in [11], where the authors explored
the possibility of partial cooperation among players. To explain the heart of the
matter, we first observe that the Hamiltonian functions at (5)–(4) are derived from
the following instantaneous optimization problem. Given p1, . . . , pn ∈ IRm, the
i-th player seeks a control value ui which maximizes his instantaneous payoff:

Yi = pi ·
(
f0 +

∑
j

uj

)
− hi(ui) . (17)

In the case of two players, the set of possible payoffs (Y1, Y2) attainable as
(u1, u2) ∈ IR2m corresponds to the shaded region in Fig. 3. The Nash equilibrium
strategy produces the payoffs at N, and corresponds to the Hamiltonian in (5)–(4).

In this context, it is interesting to examine alternative strategies for the two play-
ers, resulting in different Hamiltonian functions. If full cooperation were possible,
then the players would simply choose the strategy that maximizes the sum Y1 +Y2
of the two payoffs, i.e., the point C in Fig. 3. In this case, u1, u2 can be regarded
as components of one single control function. The optimization problem thus fits
entirely within the framework of optimal control theory. The only additional issue
arising from the differential game is the possible side payment that one of the
players should make to the other, to preserve fairness.

Alternatively, the players may choose strategiesu1, u2 corresponding to a Pareto
optimum P. See [1] for basic definitions. In the case where the two players
cannot communicate and are not allowed to make side payments, their behav-
ior can still drift away from a Nash equilibrium and approach a Pareto optimum
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Figure 3: From Nash equibrium to Pareto optimal.

which improves both of their payoffs. For a game modeling an iterated prisoner’s
dilemma, in [31] Smale introduced a class of “good” strategies, which induce the
other player to cooperate. Asymptotically for large times, the outcome of the game
thus drifts away from the Nash equilibrium, approaching a Pareto optimum. It is
remarkable that these strategies do not require any direct communication among
the players. These same ideas are appropriate also in continuous time.

Real life situations where such transition happens can often be observed. For
example, you were invited to a party. You went there, and it turned out to be very
boring. You wished you could leave but it would look bad if you were the first
to leave, so you stayed. Many of the other guests were having the same thoughts
as you, and they stayed also. This is a Nash Equilibrium of this non-cooperative
game. You were not discussing with other guests about leaving, but everybody had
the same intention. Then, if someone eventually got up and approached the host,
many other guests would join him, so the first person would not look bad to be the
first one to leave. So, suddenly everyone was leaving. This is a Pareto optimum.
The key in the transition is the willingness of each player to cooperative, even
though without actual cooperation.

A full description of such transition in differential games can be found in [11].
To illustrate the main ideas, let (UN

1 , U
N
2 ) and (Y N

1 , Y N
2 ) be the Nash strategies

and the gains for two players, respectively, and let (UP
1 , U

P
2 ) and (Y P

1 , Y P
2 ) be

the strategies and gains with some Pareto optimum that both players think is fair,
respectively. A strategy is called a good strategy for player 1 if the following three
conditions hold.
(C1) If the gain of the first player is smaller than what he gets by playing the Nash
strategy, then he leans back toward UN

1 .
(C2) If the second player is gaining more than his due profit Y P

2 , then the first
player should again lean back toward UN

2 .
(C3) If the second player is cooperating, then the first player should approach the
Pareto strategy.

Notice that the first two conditions say that player 1 should play “tough” when-
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ever the other player is taking advantage of him. The last condition implies that
he should play “soft” when the game goes in his favor or when the other player is
cooperating.

For a given Pareto optimum (UP
1 , U

P
2 ), the definition of a good strategy for

player 2 is completely analogous. One can now envision a situation where each
player adopts a partially cooperative strategy, based on the behavior of the other
player. In [11], we showed that if both players adopt good strategies, then the
outcome of the game will approach the Pareto optimum.

3.4 A smart anti-cheating strategy

Assume that the first player adopts a good strategy, expecting the payoffs
(Y P

1 , Y P
2 ). It is possible for the second player to “out-smart” him and gain more

than his fair share Y P
2 . Indeed, assume p1, p2 > 0, and two players are semi-

cooperating, so the system is moving toward the Pareto optimum P. See Fig. 4.

N

P

B

A

D

E 

F 

G 

Y1 

Y2 

Figure 4: A possible “cheating cycle” by player 2.

At a point D, close to P, player 2 can quickly change his control, moving close to
the Nash equilibrium. The payoffs (Y1, Y2) will move fromY D toY E , favoring the
second player. Of course player 1 doesn’t like it, and will move towards his Nash
equilibrium. As a consequence, the payoff of the second player will now decrease.
When the payoffs reach a point Y E such that Y F

2 = Y P
2 , player 2 decides to

cooperate again, setting his control back to UP
2 , reaching the pointing G. Now the

new payoffs (Y G
1 , Y G

2 ) are in favor of the first player, so he decides to cooperate,
and the system is moving toward the Pareto optimum. The whole cycle can then
be repeated.

Notice now, in this cycle, player 2 can make the transition from D to E, and
from F to G very quickly. Along the arc from E to F, player 2 gains more than his
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fair share Y P
2 , while along the arc from G to D, player 2 gains less than Y P

2 . If the
time spent along the first arc is longer compared with the time spend on the latter,
his strategy will be profitable in a long run.

Based on this analysis, player 1 could design his counter-strategy, making it a
smart anti-cheating one. In order to discourage the above behavior, player 1 should
quickly go back to his Nash strategy when the other player is not cooperating, and
approach the Pareto optimum slowly in the cooperative case. In other words, if
player 2 tries to cheat, player 1 should not be too quick in restoring cooperation.
By doing so, the gain of player 2 in the long run will not be more than his fair
share Y P

2 . Again, see [11] for details.

3.5 Weak hyperbolicity of the semi-cooperative games

If, for any given p1, p2, the players choose control values ui(p1, p2) which yield
some Pareto optimum, we say that their strategy is semi-cooperative. When these
strategies are implemented, the value functions will satisfy a different system of
Hamilton-Jacobi equations.

Consider a two-person game with the dynamic

ẋ = u1 + u2 .

The instantaneous gain functionals Y1, Y2 become:

Y1(p1, p2, u1, u2) = p1 · (u1 + u2) − h1(u1),

Y2(p1, p2, u1, u2) = p2 · (u1 + u2) − h2(u2).

LetUP
i (p1, p2, s) denote the Pareto optimum that maximizes the combined payoff

sY1 + Y2 for some s > 0, and let’s write

Y P
i

(
p1, p2, s)

.= Yi

(
p1, p2, U

P
1 (p1, p2, s), UP

2 (p1, p2, s)
)
.

Assume that the players adopt feedback strategies of the form

u1 = u∗
1(p1, p2) , u2 = u∗

1(p1, p2) ,

then the value functionsV1, V2 will satisfy the system of Hamilton-Jacobi equations{
V1,t +H1(∇xV1, ∇xV2) = 0,

V2,t +H2(∇xV1, ∇xV2) = 0,

with
H1(p1, p2) = Y1(p1, p2, u

∗
1(p1, p2), u∗

2(p1, p2)) ,

H2(p1, p2) = Y2(p1, p2, u
∗
1(p1, p2), u∗

2(p1, p2)) .

A remarkable fact, proved in [11], is that the above system is always weakly
hyperbolic for a very general class of strategies u∗

i (p1, p2), under the only assump-
tion that they achieve Pareto optima (Y P

1 , Y P
2 ). In particular, this includes the
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semi-cooperative strategy (u∗
1, u

∗
2) = (UP

1 , U
P
2 ) considered in this paper. This

means that the Jacobian matrix of the Hamiltonian functions has real (possibly
coinciding) eigenvalues. The result is true for both one-dimensional and multi-
dimensional cases. This looks promising in connection with the Cauchy prob-
lem (5) for the value functions. Indeed, our semi-cooperative solutions will not
experience the severe instabilities of the Nash solutions. It is thus expected that
some existence theorem should hold in greater generality.
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Abstract
Pursuit-evasion games with simple motion on bounded surfaces in 3D space,

like ellipsoids of revolution or two-sided plane ellipses, are considered. In each
case, we state the existence conditions for singular trajectories and specify
the domain of problem parameters where the optimal phase-portrait does not
contain singular trajectories and is similar to the case of Euclidean plane.

Key words. Pursuit-evasion games, calculus of variations.

AMS Subject Classifications. Primary 49N75; Secondary 49Q20.

1 Introduction

In this paper we consider differential games on bounded 2D manifolds in 3D
Euclidean space like ellipsoids of revolution or two-sided plane ellipses. Dynam-
ics is simple. This means that the players control their velocity by choosing its
value and direction. The constraints on the control parameters are symmetric and
spherical. The game payoff function is the time required to the pursuer to cap-
ture the evader. Thus, we study here pursuit-evasion games with simple dynamics
and zero capture radius. Moreover, both players have complete information on the
position of each other at each moment of time.

Differential games on various surfaces (manifolds) have been the subject of
investigation in a number of publications. In [1], a pursuit-evasion game on the
plane has been formulated in the presence of obstacle (two ships in a sea with a
circular island). Its complete solution has been obtained later in [2,3]. The dif-
ferential games on 2D manifolds in the Euclidean space have been investigated
lately: in [4]-[8] (on cone, hyperboloid of revolution), in [9] (on multidimensional
spheres), in [10] (on two-sided plane figures). Some review of such games one can
find in [11].

Note that the motion of players along the same shortest geodesic line is an opti-
mal one in the greater part of the game space (called primary domain). Generally, a
secondary non-empty domain can also exist. Starting at the points of the secondary
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domain the pursuer can guarantee a better result comparing with the pursuit along
the geodesic lines. The secondary domain arises due to the existence of two or
more different geodesic lines of the equal length for some positions of the players
on the surface. For the case of the bounded surfaces, the secondary domain can be
empty for some parameters of the game and thus the primary strategies of players
will be optimal in the whole space.

Differential games of simple pursuit on 2D manifolds are of a certain interest
because in some cases they can be a good approximation to more complicated
models, or can serve as test examples for numerical computations.

The game on two-sided plane ellipse is a limit case for the game on a triaxial
ellipsoid, when one of the axes is arbitrary small. Thus, its consideration is impor-
tant for understanding of the game properties in general case. In its turn, a game on
a triaxial ellipsoid (or on a bounded convex surface) can be regarded as a subgame
for a pursuit-evasion game in 3D space with obstacle (state constraint).

2 Problem formulation

Let the motion of players P (pursuer) and E (evader) occurs along the bounded
surface M in R

3. Dynamics is described by the following equations:

ẋ = u, ẏ = v, x(0) = x0, y(0) = y0, x, y, u, v ∈ R
2 (1)√

〈G(x)u, u〉 ≤ 1,
√

〈G(y)v, v〉 ≤ ν < 1 ,

where 〈·, ·〉 is the scalar product in Euclidean space,x = (x1, x2), and y = (y1, y2)
are the local coordinates of the players P andE on the surface M. The 2x2 matrix
G(ξ) is symmetric, positive definite, detG(ξ) �= 0. It is called the metric tensor of
the manifold M and locally described by the coordinates ξ ∈ R

2. The matrix G
is said to determine the Riemannian metric on the manifold M with the element
of the arc length ds:

ds2 = 〈G(ξ)dξ, dξ〉, ds =
√

〈G(ξ)ξ̇, ξ̇〉dt .

For a differential game on a Euclidean plane, the metric tensor is an identity matrix
and the expression for the control constraints has the most simple form

u2
1 + u2

2 ≤ 1, v2
1 + v2

2 ≤ ν2 .

The value of ν can be considered here as the ratio of the velocities of the pursuer
and the evader.

The end of the game will take place when we have the coordinate coincidence
of the players

t = T : x(T ) = y(T ) , (2)

where the optimal time T is regarded as the game value.
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3 Game space

Consider the above-formulated differential game on a Euclidian plane, where coor-
dinates of the players P and E are defined through a couple of Cartesian coordi-
nates. In this case, the optimal behavior of the players is the motion along the line
PE and the game value can be written in the form

V1(x, y) =
L(x, y)
1 − ν

, (3)

whereL(x, y) = LPE is the length of the segment PE. Turning back to our initial
game problem on 2D surface M in R

3, let’s do the following partition of the phase
space D = M × M. Let’s say that the point of the phase space belongs to the
primary domain D1 if and only if the game value has the same structure as in
the game on a Euclidian plane (3). Now the function L(x, y) is the length of the
shortest geodesic line connecting players. The value of L can be defined from the
corresponding problem of the calculus of variations:

L(x, y) = min
ξ(·)

t1∫
t0

√
〈G(ξ)ξ̇, ξ̇〉 dt, ξ(t0) = x, ξ(t1) = y . (4)

As mentioned above, the optimal behavior of players in D1 is the motion along
the geodesic line. Therefore, the value of the controls parameters of the players
should be taken in the (feedback) form; see [12, p. 139]:

u(x, y) = −a(x, y) = −G−1(x) ∂L/∂x

v(x, y) = νb(x, y) = νG−1(y) ∂L/∂y .

Here, a and b are the unit tangent vectors to the geodesic line at the end points P
and E correspondingly; see Fig. 1:

|a|2x = 〈G(x)a, a〉 = 1, |b|2y = 〈G(y)b, b〉 = 1 .

Note that the game value at any initial position can not be greater than the time
of motion along the shortest geodesic line connecting the initial positions of the
players [11].

The subdomainD2 ⊂ M × M is called the secondary domain if the following
condition is fulfilled for any position of the players from D2

V (x, y) < V1(x, y) .

We can see that the whole phase space is a sum of the primary and secondary
domain D = D1 +D2.

Note the following important property of the games on manifolds. There are
some positions of the players on the manifold such that two or more different
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Figure 1: Geometry of geodesic lines on manifolds.

geodesic lines (extremals of the variational problem mentioned above) can connect
them. In this case, the shortest geodesic line is the extremal with minimal length

L(x, y) = min
α∈A

Lα(x, y) = Lα̃(x, y), α̃ ∈ A∗ ⊂ A ,

where A is a set of all extremals of (4), A∗ is a set of the minimal extremals with
equal length. In general, the set A∗ does not consist only of one element. For the
wide variety of manifolds we can restrict ourself to the consideration of the set A
consisted of two elements A = {+,−}. In this case,

L(x, y) = min[L+(x, y), L−(x, y)] . (5)

Let’s denote Γ the domain consisted of all positions of the players with two
different geodesic lines with equal length

(x, y) ∈ Γ : L+(x, y) = L−(x, y) . (6)

As was shown earlier [11], the primary strategies are still optimal if the following
condition holds:

|a+ + a−| − ν|b+ + b−| < 2(1 − ν) . (7)

Therefore, the edge of the secondary domain on the intersection with the domain
Γ can be defined through the conditions:

(x, y) ∈ B : |a++a−|−ν|b++b−| = 2(1−ν), L+(x, y) = L−(x, y) . (8)

The aim of the following investigation is the consideration of differential games
on ellipsoids of revolution and two-sided plane ellipses. We will try to find the
boundary of the domain Γ, build it in some special coordinates, and construct the
edgeB of the secondary domain when it is not empty. One of the most interesting
questions is to study the value of parameters when the secondary domain arises.
In this case, singular characteristics are appeared in the phase space and the study
of differential games requires more detailed consideration.
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4 Differential games on 2D bounded surfaces

4.1 Game on the ellipsoid of revolution

Construction of the geodesic lines. Consider the ellipsoid of revolution about the
major axis (oblate spheroid). Without loss of generality, take the semiminor axis
equal to the one and eccentricity ε as a parameter defined the surface M. Then the
semimajor axis of ellipsoid equals to a = 1/

√
1 − ε2.

Introduce the so-called elliptic coordinates of a point on the manifold M as:

x∗ =
cosϕ cos θ√

1 − ε2
, y∗ = sinϕ cos θ, z∗ = sin θ .

The problem of the construction of geodesics leads to the following problem in
the calculus of variations. It has been proved [13] that the extremals of the curve
length functional (4) are contained in the set of extremals of the curve action
functional (square root is omitted):

E(x, y) = min
ξ(·)

t1∫
t0

〈G(ξ)ξ̇, ξ̇〉 dt, ξ(t0) = x, ξ(t1) = y , (9)

where t is the natural parameter of the curve. We should put the auxiliary condition
that the velocity of the motion on a geodesic line equals one.

In elliptic coordinates, the Lagrangian of the functional (9) has the form

L(ϕ, θ, ϕ̇, θ̇) =
(

cos2 θ +
ε2 sin2 ϕ cos2 θ

1 − ε2

)
ϕ̇2 +

ε2 sin 2ϕ sin 2θ
2(1 − ε2)

ϕ̇ θ̇

+
(

1 +
ε2 cos2 ϕ sin2 θ

1 − ε2

)
θ̇2 ,

as earlier ḟ means the differentiation of the function f with respect to t.
Euler-Lagrange equations are written as follows:

∂L
∂ϕ

− d

dt

∂L
∂ϕ̇

= 0 :
ε2

2
sin 2ϕ sin 2θ θ̈ + 2(1 − ε2 cos2 ϕ) cos2 θ ϕ̈

+ ε2 sin 2ϕ cos2 θ(ϕ̇2 + θ̇2) − 2(1 − ε2 cos2 ϕ) sin 2θ ϕ̇ θ̇
= 0

∂L
∂θ

− d

dt

∂L
∂θ̇

= 0 : 2(1 − ε2 + ε2 cos2 θ sin2 θ)θ̈ +
ε2

2
sin 2ϕ sin 2θ ϕ̈+

+ (1 − ε2 sin2 ϕ) sin 2θ ϕ̇2 + ε2 cos2 ϕ sin 2θ θ̇2

− 2ε2 sin 2ϕ sin2 θ ϕ̇ θ̇ = 0 .

The last equation can be replaced by the condition that the velocity along the curve
has to be equal one, L(ϕ, θ, ϕ̇, θ̇) = 1. Such a system of differential equations can
be solved either numerically or analytically using Jacobi special functions.



112 A. Akhmetzhanov

Construction of the boundary ∂Γ. The symmetry of the surface M leads to
the following statement: there are two different geodesic lines with equal length
connecting players only if this pair of points is on the same ellipse, generating
original ellipsoid (generatrix). It is a necessary condition. To obtain the sufficient
condition on this statement we have also to require that the distance between points
P and E should exceed the distance from one of the points to the corresponding
focus, defined using Jacobi equation; see [14]. To find the position of the focus
we should fix one of the points, e.g., P , and solve the following problem of the
calculus of variations—initial value problem for the Jacobi equation.

Consider the curve functional like (4): L(γ) =
∫
F (ϕ, θ, θ′) dϕ, where the

variable ϕ is playing a role of the independent variable. The Lagrangian is written
as follows:

F (ϕ, θ, θ′) =
[
cos2 θ +

ε2 sin2 ϕ cos2 θ
1 − ε2

+
ε2 sin 2ϕ sin 2θ

2(1 − ε2)
θ′

+
(

1 +
ε2 cos2 ϕ sin2 θ

1 − ε2

)
θ′2
]1/2

.

In this expression, the derivative f ′ means the differentiation of the function f
with respect to the parameter ϕ. Then the Jacobi equation takes the form

(Ph′)′ − (R−Q′)h = 0, h(ϕ0) = 0, h′(ϕ0) = 1 ,

where

P (ϕ) = Fθ′θ′

∣∣∣
θ′=0
θ=0

=

√
1 − ε2

1 − ε2 cos2 ϕ
, R(ϕ) = Fθθ

∣∣∣
θ′=0
θ=0

=

√
1 − ε2 cos2 ϕ

1 − ε2

Q(ϕ) = Fθ′θ

∣∣∣
θ′=0
θ=0

=
ε2 sinϕ cosϕ√

(1 − ε2)(1 − ε2 cos2 ϕ)
.

Substituting these expressions into the equation leads to the following ordinary
differential equation:

h′′(1−ε2 cos2 ϕ)−h′ ε2 sinϕ cosϕ+h = 0, h(ϕ0) = 0, h′(ϕ0) = 1 . (10)

The next zero of its solution determines the position of the focus.
For the case of sphere (ε = 0), we have simple equation h′′ + h = 0 with

initial conditions h(ϕ0) = 0, h′(ϕ0) = 1. Its solution h(ϕ) goes to zero only in
the diametrically opposite point ϕ = ϕ0 + π. The situation for an arbitrary case
(0 < ε < 1) is shown in Fig. 2. We can see that two foci of the Jacobi equation
P1 and P2 exist. Therefore, the position of the players is in the domain Γ when
the pointE is located between the points P1 and P2. The boundary situation takes
place when the player E is exactly at one of these foci. Note that the domain Γ
does not depend on the parameter ν.
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P

E

P1

P2

Figure 2: Position of the foci of Jacobi equation.

Let’s present results of the construction of the boundary ∂Γ in polar coordinates
(r, ϕ). The first coordinate r is the length of the generatrix’s segment connecting
P and E, the second coordinate ϕ is an angle between the radius vector of P and
semimajor axis of the ellipsoid. For ε = 0, the interior of the domain Γ is empty
and the plot of ∂Γ consists of two coincident circles. However, when the value of
ε increases the boundary splits and the domain Γ becomes non-empty; see Fig. 3.

Construction of the edge B. For the beginning let us write the expression for
the tangent vector to the geodesic line on ellipsoid. According to the definition it is:

γ̇(t) =

⎡⎢⎢⎣ − 1√
1 − ε2

(sinϕ cos θ ϕ̇+ cosϕ sin θ θ̇)

cosϕ cos θ ϕ̇− sinϕ sin θ θ̇
cos θ θ̇

⎤⎥⎥⎦ .

For the case θ = 0 corresponding to the position of players on the generatrix, this
expression is simplified and takes the form:

γ̇(t) =

⎡⎢⎢⎣ − sinϕ√
1 − ε2

ϕ̇

cosϕ ϕ̇
θ̇

⎤⎥⎥⎦ .

The position of the players in Γ belongs to the edgeB of the secondary domain
if the following equation takes place:

|a+ + a−| − ν|b+ + b−| = 2(1 − ν) .

Since there is a mirror symmetry with respect to the plane θ = 0, one has for the
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Figure 3: Domain Γ.

point E with a coordinate ϕ = ϕ1 the following equality:

b+ + b− = 2

⎡⎢⎢⎣ − sinϕ1√
1 − ε2

ϕ̇1

cosϕ1 ϕ̇1
0

⎤⎥⎥⎦ ,

and thus

|b+ + b−| = 2

√
1 +

ε2 sin2 ϕ1

1 − ε2
|ϕ̇1| .

Analogous expression can be written for another pointP with coordinatesϕ = ϕ0,
θ = 0:

|a+ + a−| = 2

√
1 +

ε2 sin2 ϕ0

1 − ε2
|ϕ̇0| .

Consequently, one gets the following equation for the edge B:√
1 +

ε2 sin2 ϕ0

1 − ε2
|ϕ̇0| − ν

√
1 +

ε2 sin2 ϕ1

1 − ε2
|ϕ̇1| = 1 − ν . (11)

The result of the numerical construction of the edge B is presented in Fig. 4. The
edge consists of four arcs, the domain Γ1 is a part of the primary domain such
that Γ/Γ1 ⊂ D2. We see that the secondary domain arises near the boundary ∂Γ.
This gives an idea for the following constructions. Let’s build the curve in the
space of parameters ε and ν which divides it into two parts. In one of them, A1
the secondary domain is empty and the primary strategies are optimal in the whole
space. In the other one, A2 is not true. Such a curve is shown in Fig. 5.
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Figure 4: Appearance of the secondary domain for ε = 0.75.

4.2 Game on two-sided plane ellipses

The differential games on two-sided plane ellipses has been partially studied before
in [11]. The domain ∂Γ has been built in elliptic coordinates and the curve like
in Fig. 5 has been also defined. In this paper, we will construct the edge B of
the secondary domain and thereby give an answer to a question when singular
trajectories should be taken into account.

Construction of the geodesic lines. Let’s consider a two-sided plane ellipse
E1. The players can move from one side of the ellipse to the other throughout the
edge—a line of ellipse. As it was taken before, the semiminor axis equals one and
the parametrization is defined through the eccentricity ε.

When two players P and E are on the same side of the ellipse, the shortest
(geodesic) line is the segment PE. In this case, an optimal strategy of the players
is to move along this segment. This is proved for the differential games with empty
secondary domain. Assume that the players are now on the different sides of the
ellipse E1. Then the geodesic line connecting them is the broken line PME with
the break pointM on the edge of the ellipse. Note that two different geodesic lines
with equal length can exist and connect players only in this situation, when they
are on different sides. In particular, when the players P and E are at the different
foci of the ellipse, there exist the infinitely many geodesics connecting them. In
other cases, there are either two or one geodesic line.

For the construction of the geodesic line PME, one can apply a lot of algebraic
and geometrical methods. On the one hand, we can parameterize the boundary of
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Figure 5: Partition of the parameters’ space.
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Figure 6: Construction of the geodisic on a two-sided plane ellipse.

the ellipse E1 by means of the value of α and find the geodesic line as the global
minimum of the length of PME, LPME = minLPMαE . On the other hand, we
can use the optical interpretation for which the geodesic line is the shortest way
of the light. However, the most convenient method to use is the following one.
Fix a position of the players on the ellipse and consider the confocal family of the
ellipses with foci in the points P and E. We can see that the geodesic line PME
can be defined through the ellipse E2 which is only tangent to E1 and does not
have any points of intersection. The point of the tangency is the break point of the
geodesic line. If there are several points of the tangency there are several number
of geodesic lines correspondingly. Their lengths are equal to each other by one of
the properties of an ellipse.

Construction of the edgeB. In the sequel, we represent the construction results
of the manifold B using the following statement. Two points points P and E on
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the ellipse can be connected by two different geodesics if and only if: 1) they are
on the different sides of the ellipse; 2) they belong to the ellipse Eb with semiminor
axis 0 ≤ b < 1 which is confocal to the E1; and 3) the tangent lines to the ellipse
Eb at the points P andE intersect outside of the ellipse E1. This statement does not
have yet an analytical proof, but was checked by intense numerical simulations.

Consider a couple of points on the ellipse Eb and emit the tangent lines from
these points; see Fig. 7. They will intersect at the pointN outside of the ellipse E1.

M1

M2

P

E

E1

Eb

N

Figure 7: Construction of the pair of geodesics with equal length.

Let us construct the couple of the tangent lines to the ellipse E1 emitted from the
point N , the points of the tangency M1,2 will be the break points of the geodesic
lines PM1,2E with equal length.

Therefore, the boundary of the domain Γ consists of the points such that the tan-
gent lines emanated from them intersect on the ellipse E1. To construct the edge
B, one can use the above-mentioned geometrical fact. The result of numerical
computations for various values of parameters is shown in Fig. 8 in elliptic coor-
dinates. We can see the evolution and expansion of the secondary domain in the
game space. Note that it tends to some limit.

5 Conclusions

In this paper, the differential games with simple motion on 2D surfaces (manifolds)
are considered. The structure of the solution of such games may be a simple one
(with no singular trajectories, possibly with dispersal surfaces) or a complicated
one (with singular trajectories and surfaces). The existence of singular trajectories
depends upon the specific shape (parameters) of the game space.

We have constructed the full solution of the differential games of the first (simple)
kind, for which the so called secondary domain is empty. The problems of the
second (complicated) kind have found a partial solution.
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Figure 8: Evolution of the manifold B.
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Abstract
A pursuit game is called alternative if it may be terminated by the pur-

suer on one of several given terminal manifolds and corresponding payoffs of
Boltza type associated with those variants differ only in their terminal parts.
For the case of only two alternatives, we describe an approach for construc-
tion of the strategies when solutions for all games with fixed targeted terminal
alternatives are known. Some alternative dominates the second if it has a less
cost for the pursuer. We assume that the pursuer targets a particular alternative
only if the dominating condition is stable along the respective optimal trajec-
tory. Thus, it remains to study alternative pursuit games only in the subdomains
where the dominating conditions are unstable. When the playing space has a
specific structure, the state has to leave these subdomains through a manifold
with matched alternatives. To get a solution, three interconnected auxiliary
games are to be set up. We present the Hamilton-Jacobi-Isaacs equations for
these games. Also, we describe a procedure to construct locally gradient strate-
gies that optimize the local growth of approximations for the minimum of the
alternative value functions.

Key words. Targeted alternatives, dominating conditions, Hamilton-Jacobi-
Isaacs equations, locally gradient strategies.

AMS Subject Classifications. Primary 49N75; Secondary 91A24.

1 Definitions and assumptions

Let the state be described by the vector z ∈ Z in the playing space Z ⊆ R
n, and

obey the following equation:

ż(t) = f(z(t),up(t),ue(t)), z(0) = z0 , (1)

where f : Z×Up ×Ue → Z, z0 ∈ Z, and the control histories up(·) = {up(t)}t≥0
and ue(·) = {ue(t)}t≥0 belong to the sets of measurable (piecewise continuous)
functions ΩUp and ΩUe taking values in the compact sets Up ⊂ R

np and Ue ⊂ R
ne .

Suppose that f is continuous function of all its variables, locally Lipschitz in z,
and meets the inequality |f(z,up,ue)| ≤ κ(1 + |z|), κ = const > 0, z ∈ Z.
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Let strategies be rules to select values of control variables with use of available
information (e.g., open-loop controls, pure feedbacks, memory strategies, discrimi-
nating feedbacks [1], [2]). Let any pair of admissible strategies S = (Sp,Se) gener-
ate through (1) the pair of control histories uS

p (·, z0) = {up(t, z0,S)}t≥0 ∈ ΩUp

and uS
e (·, z0) = {ue(t, z0,S)}t≥0 ∈ ΩUe , as well as the trajectory zS(·, z0) =

{z(t, z0,S)}t≥0 ∈ Z, that is absolutely continuous and satisfies (1) with up(t) =
uS

p (t, z0) and ue(t) = uS
p (t, z0) almost everywhere for t > 0.

Let P can terminate the game on any of two given manifolds Ma ⊂ Z and
Mb ⊂ Z of class C2 locally. Let z0 ∈ Z, and S = (Sp,Se) be a pair of the
admissible strategies [1], [2]. Let τS

a (z0) and τS
b (z0) be the instants of reaching

Ma and Mb along the corresponding trajectories:

τS
l (z0) =

{
min{t ≥ 0 : zS(t, z0) ∈ Ml} if ∃t ≥ 0 : zS(t, z0) ∈ Ml,

+∞ otherwise, l ∈ L = {a, b} .
(2)

Let Kl : Ml → R
+ and Lab : Z × Up × Ue → R

+ be of class C1, and
the performance indices (payoffs) Pa and Pb be of Boltza type with the common
integrand Lab

Pl(z0,Sp,Se) =

⎧⎪⎨⎪⎩
Kl(z(τS

l (z0), z0)) +
∫ τS

l (z0)
0 LS

ab(t, z
0)dt

if τS
l (z0) is finite,

+∞ otherwise, l ∈ L ,

(3)

where LS
ab(t, z

0) = Lab(zS(t, z0),uS
p (t, z0),uS

e (t, z0)), t ≥ 0. Suppose also
that Ka and Kb coincide on

Mab = Ma ∩ Mb .

By G, denote the game with the terminal manifold

Ma|b = Ma ∪ Mb (4)

and the payoff

P(z0,Sp,Se) =

⎧⎪⎨⎪⎩
PlS(z0)(zS(t, z0),uS

p (t, z0),uS
e (t, z0))
if lS(z0) ∈ L,

+∞, if lS(z0) undefined ,

where

lS(z0) =

⎧⎪⎨⎪⎩
l if τS

l (z0) = min(τS
a (z0), τS

b (z0)) and τS
l (z0)

is finite,

undefined otherwise .
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All above-mentioned functions of time generated with use of pairs of the admis-
sible strategies are supposed to be defined, unique, and indefinitely continuable in
time.

Let us associate with G two games, Ga and Gb, that correspond to the fixed
targeted termination alternatives, Ma and Mb. Let τS

a (z0) and τS
b (z0) be the ter-

mination instants (see (2)), and Pa and Pb be the payoffs in Ga and Gb; see (3).
Also, suppose that Ga|b is the game with the open-loop targeted termination alter-
native that has Ma|b (see (4)) as the terminal manifold and the payoff Pa|b equal
to Pl0(z0) (see (3)) with l0(z0) ∈ L assigned by P . Unlike G where the value of
accomplished alternative lS(z0) depends on the strategies chosen by all players,
l0(z0) is an additional control parameter for P in Ga|b.

Let solutions of Ga and Gb be known, and Sl = (Sl
p,Sl

e) be the pair of optimal
strategies of the players, V l(z0) be the value function, zl(t, z0) be the optimal
trajectory, and τl(z0) be the optimal duration of Gl for z0 ∈ Z, l ∈ L. Let D0 be
the part of playing space where both alternatives are matched:

D0 = {z0 : V a(z0) = V b(z0)}. (5)

Let Z0
a be the part of the playing space where a dominates b:

Z0
a = {z0 : V a(z0) < V b(z0)} .

Also let, Za and Zb be the parts of the playing space where the domination
condition for a or b is stable along the optimal trajectory of Ga or Gb:

Za = {z0 : V a(za(t, z0)) < V b(za(t, z0))&za(t, z0) �∈ Mb,∀t ∈ [0, τa(z0)]},
Zb = {z0 : V b(zb(t, z0)) < V a(zb(t, z0))&zb(t, z0) �∈ Ma,∀t ∈ [0, τb(z0)]} .

We distinguish a negligible violation of the initial dominating condition for a
along the optimal trajectory of Ga starting at z0 when

∃t ∈ [0, τa(z0)] : V a(za(t, z0)) = V b(za(t, z0)) ,

and a substantial violation when

∃ε > 0 ∃t′ ∈ [0, τa(z0) − ε] ∀t ∈ [t′, t′ + ε] : V a(za(t, z0)) > V b(za(t, z0)) .

Let Ba and Zā be the parts of the playing space where the initial dominating
condition for a is violated negligibly and substantially. Denote by Za the closure
of Za. Define Z0

b , Zb, Zb, and Zb̄ similarly. Let Za|b = Za ∪ Zb, and Z
a|b be the

compliment of Z\Za|b.
Let G1 and G2 be two games of players P1 and E1 and P2 and E2 with playing

spaces Z1 and Z2. Let SP1(z) and SP2(z2) be the feedback optimal strategies of
P1 in G1 and P2 in G2, and g be a mapping from Z2 to Z1. In this case, we call
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G2 strategically equivalent to G1 for the pair of players (P1, P2) in Z2 according
to the mapping g and denote it as

G2
(Z2,g)∼
(P2,P1)

G1

if SP2(z2) = SP1(g(z2)). If, additionally,

G2
(Z2,g)∼

(E2,E1)
G1 ,

we express these two relations as:

G2
(Z2,g)∼

{(P2,P1),(E2,E1)}
G1 .

If z0 ∈ Zl, then:

∀t ∈ [0, τl(z0)] : lS
l

(zl(t, z0)) = l, l ∈ L.

Therefore, it is reasonable to assume that G is strategically equivalent to Ga|b for
both pairs of players {(P, P ), (E,E)} in Za|b according to the mapping g≡ where
g≡(z) = z, ∀z ∈ Za|b, i.e.,

G
(Za|b,g≡)

∼
{(P,P ),(E,E)}

Ga|b . (6)

It means that if z0 ∈ Za|b, then P targets the alternative ensuring the least cost at
z0 or any of them when both options are matched. In accordance with (6),

V (z0) = V a|b(z0), ∀z0 ∈ Za|b , (7)

where V and V a|b are the value functions of G and Ga|b. Note that by definition
of Ga|b,

V a|b(z0) = min(V a(z0), V b(z0)) . (8)

Let z0 ∈ Z
a|b �= ∅, and a pair of the admissible strategies S = (Sp,Se) be

chosen by the players. By definition, Bl separates Zl and Zl̄, l ∈ L. Let τS
Ba

(z0)
and τS

Bb
(z0) be the instants when the state reaches Ba and Bb along the trajectory

zS(·, z0), and (see (2))

τS
min(z0) = min(τS

a (z0), τS
b (z0), τS

Ba
(z0), τS

Bb
(z0)) .

Let G
a|b be the game with the playing space Z

a|b, the terminal manifold ∂Z
a|b =

Ma ∪ Mb ∪ Ba ∪ Bb, and the payoff P
a|b be described as:

P
a|b(z

0,Sp,Se) =

⎧⎪⎪⎨⎪⎪⎩
Pl(z0,Sp,Se) if τS

Ml
(z0) = τS

min(z0),

V l(zS(τS
Bl

(z0), z0)) +
∫ τS

Bl
(z0)

0 LS
ab(t, z

0)dt
if τS

Bl
(z0) = τS

min(z0), l ∈ L .
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In Z
a|b, a targeted alternative could not be fixed because neither dominating

condition is stable there. Let us assume that

G
(Z

a|b,g≡)
∼

{(P,P ),(E,E)}
G

a|b ,

and study G
a|b under some additional hypotheses. Namely, assume that (see (5)):

sign[(V a
z (z0) − V b

z (z0))f(z0,uSa

p (0, z0),uSa

e (0, z0))] =

sign[(V b
z (z0) − V a

z (z0))f(z0,uSb

p (0, z0),uSb

e (0, z0))], ∀z0 ∈ D0.
(9)

Also, consider only Z that has the structure shown in Fig. 1, where D0 = F∪A∪D,
and F correspond to positive, A to zero, and D to negative signs in (9); see [8] for
more detail.

D

A

Mab

Mb

Ma

Za

Zb

B b

B a Zb

F

Za

Figure 1: Decomposition of the playing space in G.

2 The Hamilton-Jacobi-Isaacs equations

Let z0 ∈ F, S = (Sp,Se) be the pair of strategies chosen by the players, νS =
νS(z0,uS

p (0, z0),uS
e (0, z0)) be the instant direction of corresponding shift. Then,

V a
νS (z0) > V b

νS (z0) if νS directed to Za

and
V b

νS (z0) > V a
νS (z0) if νS directed to Zb .

Therefore,E should choose the strategy SF
e that being coupled with a strategy SF

p

of P on F provides

V a

ν
(SF

p ,SF
e )(z

0) = V b

ν
(SF

p ,SF
e )(z

0) ,
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and keep the state on F by this choice; see, e.g., [1], [3], [7]. Moreover, along the
optimal trajectories starting in Z

a|b, the state first has to go on F and then directly
to A ⊂ Ba ∩ Bb where

G
a|b

(A,g≡)∼
{(P,P ),(E,E)}

Gl, l ∈ L.

Thus, in the backward construction of the solution of G
a|b, three additional

games—Ga,Gb, and GF —emerge, and the following relations hold:

G
a|b

(F,g≡)∼
{(P,P ),(E,E)}

GF , G
a|b

(Zl,g≡)∼
{(P,P ),(E,E)}

Gl, l ∈ L.

Let
H(z,up,ue, λ) = λf(z,up,ue) + Lab(z,up,ue) (10)

be the Hamiltonian. The HJI equations [2], [5]

min
up∈Up

max
ue∈Ue

H(zl,up,ue, λl) = H(zl,u
l
p(zl, λl),u

l
e(zl, λl), λl)

= H l(zl̄, λl̄) = 0 for Gl,

min
up∈Up

max
ue∈Ue: z∈F

H(zF ,up,ue, λF ) = H(zF ,uF
p (zF , λF ),uF

e (zF , λF ), λF )

= HF (zF , λF ) = 0 for GF ,

min
up∈Up

max
ue∈Ue

H(zl,up,ue, λl) = H(zl,ul
p(zl, λl),ul

e(zl, λl), λl)

= H l(zl, λl) = 0 for Gl, l ∈ L ,

(11)

differ only in the additional restriction which are imposed on the choice of E on
F to ensure that the state moves along F . The equations of characteristics

żl̄ = H∗
λ(zl̄, λl̄), żF = HF

λ (zF , λF ), żl = H∗
λ(zl, λl),

λ̇l̄ = −H∗
z (zl̄, λl̄), λ̇F = −HF

z (zF , λF ), λ̇l = −H∗
z (zl, λl),

and the boundary conditions

[V l̄(z) − V F (z)]|z∈F = 0,

[V F (z) − V l(z)]|z∈A = 0,

[V l(z) −Kl(z)]|z∈Ml
= 0 ,

(12)

may be used when one attempts to solve (11) for Gl, GF and Gl, l ∈ L. Then,
the adjoint variables are the gradients of the value functions along the optimal
trajectories

λl̄ = V l̄
z , λF = V F

z , λl = V l
z ,
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and the value function V in G is evaluated as:

V (z) =

⎧⎪⎨⎪⎩
V l̄(z) if z ∈ Zl,

V F (z) if z ∈ F,
V l(z) if z ∈ Zl, l ∈ L .

However, V ā, V b̄, and V F could be hardly obtained. In particular, it is related
to the fact that the initially unknown value function V F defines the boundary
conditions for V ā and V b̄; see (12). Also, this function itself is a solution of the
game GF with the state constraints (see (11)) that introduce additional complexity
[1], [2], [4], [6], [7].

3 Locally gradient strategies

Let us construct approximate strategies that correspond to the locally optimal
choice of targeted alternative by P not only in Za|b (see (7)) but in Z

a|b as well. For

this purpose we need somehow to approximate V a|b(z) (see (8)) and its gradient
(where it exists). Follow [9], [10]; let us use a parameterized family of functions

M ξ(v1, v2) =
vξ
1v2 + v1v

ξ
2

vξ
1 + vξ

2

, ξ, v1, v2 ∈ R
+ ,

that possess some remarkable properties.

Lemma 3.1. Mξ(v1, v2) provides an upper approximation for min(v1, v2) such
that:

min(v1, v2) < Mξ(v1, v2) if v1 �= v2,

min(v, v) = Mξ(v, v) = v ,

and

lim
ξ→+∞

Mξ(v1, v2) =

{
v1 if v1 < v2

v2 if v1 > v2, ξ, v1, v2, v ∈ R
+ .

(13)

�

The partial derivatives for Mξ(v1, v2) may be written as:

Mξ
vi

(v1, v2) =
vξ
3−i(viv

ξ
3−i + ξvξ

i v3−i + (1 − ξ)v1+ξ
i )

vi(v
ξ
1 + vξ

2)2
,

ξ, v1, v2 ∈ R
+, i = 1, 2 .
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Lemma 3.2. M ξ
vi

(v1, v2) approximates the partial derivative of min(v1, v2)
(where it exists) such that:

lim
ξ→+∞

Mξ
vi

(v1, v2) =

⎧⎪⎨⎪⎩
1 if vi < v3−i,

1/2 if v1 = v2,

0 if vi > v3−i, ξ, v1, v2 ∈ R
+, i = 1, 2 .

(14)

�

Assume that in (11):

u∗
p(z, λ) = ul

p(z, λ) = ul
p(z, λ),

u∗
e(z, λ) = ul

e(z, λ) = ul
e(z, λ), z ∈ Z, λ ∈ R

n, l ∈ L .
(15)

Let (compare to (7))

W ξ(z) = M ξ(V a(z), V b(z)), z ∈ Z
a|b . (16)

Let us define approximate feedback pursuit {Sξ
p(z)}ξ>0 and evasion {Sξ

e (z)}ξ>0
strategies as follows (see (15)):

Sξ
p(z) = u∗

p(z,W
ξ
z (z)), Sξ

e (z) = u∗
e(z,W

ξ
z (z)), (17)

where

W ξ
z (z) = M ξ

v1
(V a(z), V b(z))V a

z (z) +Mξ
v2

(V a(z), V b(z))V b
z (z) . (18)

Let (see (10))
Hξ(z) = H(z,Sξ

p(z),Sξ
e (z),W ξ

z (z)) (19)

and f ,Lab,u∗
p, and u∗

e be at least continuous functions.

Theorem 3.1. If z0 �∈ D0 then limξ→+∞Hξ(z0) = 0.

Proof. Let z0 �∈ D0 and the value functions V a and V a take different values at
z0; see (5). Suppose that V a|b(z0) = V a(z0); see (8). By definition (see (19)):

Hξ(z0) = W ξ
z (z0)f(z0,u∗

p(z
0,W ξ

z (z0)),u∗
e(z

0,W ξ
z (z0)))+

Lab(z0,u∗
p(z

0,W ξ
z (z0)),u∗

e(z
0,W ξ

z (z0))) .
(20)

By Lemma 3.2 (see also (18)):

lim
ξ→+∞

W ξ
z (z0) = V a

z (z0) .

Therefore, from (11) and (20) we have:

lim
ξ→+∞

Hξ(z0) = Ha(z0, V a
z (z0)) = 0 .

�
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Let Se be an admissible strategy chosen by E, and (1) generates the trajectory
z(Sξ

p ,Se)(·, z0) for every pair of strategies (Sξ
p ,Se), ∀ξ > 0.

Theorem 3.2. If z0 ∈ D0 and

lim
ξ→+∞

Hξ(z0) = −k, k > 0 ,

then there exist τ > 0 and ξ0 > 0 such that (see (8))

V a|b(z(Sξ
p ,Se)(τ, z0)) < V a|b(z0)

for every ξ > ξ0 and for every admissible strategy Se.

Proof. Along with the trajectory, the pair (Sξ
p ,Se) determines also the players’

controls u
(Sξ

p ,Se)
p (t, z0) and u

(Sξ
p ,Se)

e (t, z0), the integrand L(Sξ
p ,Se)

ab (t, z0) and the
Hamiltonian

H(z(Sξ
p ,Se)(t, z0),u

(Sξ
p ,Se)

p (t, z0),u
(Sξ

p ,Se)
p (t, z0),W ξ

z (z(Sξ
p ,Se)(t, z0))) (21)

as functions of time, t ≥ 0. Denote (21) as H(Sξ
p ,Se)(t, z0). Obviously,

H(Sξ
p ,Se)(t, z0) =

d

dt
W ξ(z(Sξ

p ,Se)(t, z0)) + L(Sξ
p ,Se)

ab (t, z0) .

Under the assumptions made above,H(Sξ
p ,Se)(t, z0) is a continuous function of

time, t ≥ 0. It follows from (11) and (20) that

H(Sξ
p ,Se)(t, z0) ≤ Hξ(z(Sξ

p ,Sξ
e )(t, z0))

and there exist τ > 0 such that ∀ξ > ξ0

Hξ(z(Sξ
p ,Sξ

e )(t, z0)) < 0, ∀t ∈ [0, τ ] .

Since L(Sξ
p ,Se)

ab (t, z0) ≥ 0, the following condition holds:

d

dt
W ξ

z (z(Sξ
p ,Se)(t, z0)) < 0, ∀t ∈ [0, τ ] .

Therefore (see Lemma 3.1),

V a|b(z(Sξ
p ,Se)(τ, z0)) ≤ W ξ(z(Sξ

p ,Se)(τ, z0)) < W ξ(z0) = V a|b(z0) .

�

Theorem 1 shows that, at the states with a dominating alternative, the family
{Sξ

p(z)}ξ>0 could provide an approximation for the strategy Sa|b
p (z) targeted the

locally least cost. According to Theorem 2, at the states with matched alternatives,
P should use strategies from the family {Sξ

p(z)}ξ>0 only if Hξ(z) < 0, ∀ξ > ξ0.
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4 Conclusion

In this paper, we describe the HJI equations that met by exact smooth parts of solu-
tions and an approach for generating approximate strategies in alternative pursuit
games. In the latter case, assumed that the players optimize local growth of mini-
mum of the costs corresponding to the fixed termination alternatives. Convergent
upper and low approximations of the min function from [9] and known solutions
of the games with fixed alternatives are used to construct explicit expressions for
the strategies. Dynamic and guaranteed properties of the obtained approximating
control laws must be carefully studied for every particular game; see, e.g., [10].
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Abstract
For a pursuit-evasion game with two pursuers and two evaders we introduce

classes of functions that represent upper and lower approximations of the min
function. Using these functions and a Liapunov type of analysis we formulate
several sufficient conditions for the guaranteed capture and evasion for the cases
with continuous and discrete observation times for the players. Both pursuers
and evaders are modeled as nonlinear systems that are affine functions with
respect to their control inputs.

Key words. Pursuit and evasion games, Liapunov stability, differential games.
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1 Introduction

Differential games of the pursuit-evasion type have a long history. Optimality of
the strategies for the players in a pursuit-evasion game was introduced and studied
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by Isaacs [8] by formulating the Hamilton-Jacobi-Isaacs (HJI) partial differential
equation (PDE). A solution for a two-player differential game with two identical
vehicles have been computed in [18] and a convergent approximation method based
on the time-dependent HJI equation was formulated in [19]. Concept of solutions
of pursuit-evasion games based on a strategy of extremal aiming was considered
by Krasovskii and Subbotin [10]. In [1] solutions of the differential game problems
were assumed in a viscosity sense [4] and some approximation schemes were
proposed to compute solutions for particular differential games. Strategies for the
players in some specific more than two players pursuit-evasion games, based on
the solutions of the HJI equation, were presented in [6], [2], [14], [21], [11], and
[22]. Application of generalized characteristics of PDEs to differential pursuit-
evasion games was studied in [15,16]. Strategy that guarantees evasion for the
single evader that is based on fast approximations of viscosity solutions of the
modified HJI equation [19] using polytopic functions was proposed in [7].

Differential game of encounter with one pursuer and one evader with discrete
observation times was introduced in [13]. Later, the case of differential games
with two players where one player has incomplete information due to delays was
considered in [3]. The results presented in [13] were later extended using a cost of
information for more complicated models for the pursuer and the evader in [20].
Methodology for studying pursuit-evasion games with several pursuers and one
evader with discrete observations that is based on the comparison with differential
games with continuous observation was studied in [17].

Another approach to define strategies in the pursuit-evasion games using a Lia-
punov type of analysis (see, for example, [9]) was considered in [23]. Using a set
of appropriate functions of the norms of relative distances between pursuers and
evaders, strategies for the players in multi-player pursuit-evasion games were for-
mulated. The players were represented by the simple kinematic models. One of
the most important features presented in this work was the fact that this method-
ology can be applied to a pursuit-evasion game with arbitrary number of players.
In this paper, we extend the results presented in [23] to include more complicated
nonlinear models that are affine in control strategies for the players in the game.
We restrict the game to the case of two pursuers and two evaders but the method-
ology may be easily extended to the case of a game with more than four players.
Additionally, we propose two sets of functions that provide convergent approxi-
mations of the min function in order to formulate strategies that guarantee either
capture or evasion of both evaders. Also, conditions are formulated in the case of
continuous and discrete observation times [17].

The organization of the paper is as follows. In Sec. 2 we introduce two sets
of functions that represent two convergent sequences of the min function. One of
the convergent sequences is always less and the other is always greater than the
min function. Then, we use a Liapunov type of analysis and the corresponding
class of approximation functions to derive strategies that guarantee either capture
or evasion of the evaders under continuous observations. In Sec. 3, we provide
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equivalent results under the assumption of discrete observation times along the
lines of the results presented in [3].

2 Pursuit-evasion game

In this section, our first goal is to formulate strategies for two pursuers that would
guarantee capture of both evaders in the pursuit-evasion game with two pursuers
and two evaders. Before doing so, a lower approximation of the min function is
needed. Thus, let us consider a function

φδ(y1, y2) = αδ (y)‖y1‖ + (1 − αδ(y))‖y2‖ (1)

where y1 and y2 are real vectors of arbitrary dimensions and ‖ · ‖ denotes the
standard Euclidian norm. Also, we assume that y = [yT

1 , y
T
2 ]T is a nonzero vector,

that is, ‖y‖ �= 0. Scalar function αδ(y) is defined by:

αδ (y) =
‖y2‖δ

‖y1‖δ + ‖y2‖δ
=

1
1 + β(y)δ

, β (y) =
‖y1‖
‖y2‖

, δ > 0 , (2)

where δ is a given positive constant. Then:

lim
δ→∞

αδ (y) =

⎧⎨⎩
1/2 , ‖y1‖ = ‖y2‖
1 , ‖y1‖ < ‖y2‖
0 , ‖y1‖ > ‖y2‖

(3)

implies

lim
δ→∞

φδ(y1, y2) = min {‖y1‖, ‖y2‖} . (4)

From Eq. (4) it follows that by increasing δ we can approximate the min function
with an arbitrary accuracy. Additionally, from Eqs. (1) and (2), we obtain

φδ(y1, y2) ≡ ‖y2‖δ‖y1‖ + ‖y1‖δ‖y2‖
‖y1‖δ + ‖y2‖δ

, δ > 0 (5)

which implies

min {||y1|| , ||y2||} ≤ φδ(y1, y2) (∀δ)(δ > 0) (6)

since the inequality

(min {‖y1‖, ‖y2‖} − ‖y2‖) ‖y1‖δ + (min {‖y1‖, ‖y2‖} − ‖y1‖) ‖y2‖δ ≤ 0 (7)

is always true. Thus, not only may we approximate the min function with an arbi-
trary accuracy but we guarantee that the convergence is “from above." As men-
tioned at the beginning of this section, this fact would be of particular significance
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in formulating strategies for the pursuers that would guarantee the capture of both
evaders. Now, let us assume that vectors y1 and y2 are nonzero vectors and let
a = ‖y1‖ and b = ‖y2‖ be corresponding positive numbers. Then, the following
function:

ψ(δ) =
aδb+ abδ

aδ + bδ
=
b+ aβδ

1 + βδ
, δ > 0 , (8)

where β = b/a, is a decreasing function of δ in the case when a �= b. Notice that if
a = b then ψ(δ) = min{a, b} = a for any positive δ and the case needs no further
analysis. Now, assuming without any loss of generality that b = max{a, b}, in the
case when a �= b, one may easily show the following:

ψ(δ1) > ψ(δ2) ⇔ (b− a)(βδ2 − βδ1) > 0 (9)

which implies that the function ψ(δ) is a decreasing function with respect to
positive values of δ when b �= a. Notice that β = b/a > 1 since b > a. Thus, in
addition to the already established properties of the function φδ(·, ·), we proved
that ψ(δ) = φδ(‖y1‖, ‖y2‖) is a strictly decreasing function with respect to the
positive values of δ when y1 and y2 are nonzero vectors such that ‖y1‖ �= ‖y2‖.

Now, let us consider a pursuit-evasion game with two evaders (denoted by the
index set {1, 2}) and two pursuers (denoted by the index set {3, 4}). The agents’
dynamic models are given by:

dxi

dt
= f(xi, ui) = hi(xi) + gi(xi)ui, i = 1, 2, 3, 4 , (10)

where xi denotes the i-th agent position and ui denotes its input. The inputs are
assumed to be continuous functions of the state vector x = [xT

1 , x
T
2 , x

T
3 , x

T
4 ]T that

satisfy the following constraints:

||ui|| ≤ μi, μi > 0, ∀i ∈ {1, 2, 3, 4} . (11)

In addition, let us consider the following function:

v(x) = φδ(x1 − x3, x1 − x4) + φδ(x2 − x3, x2 − x4) . (12)

In order to define the strategies for the players, let us consider the problem of
optimizing the derivative of the function v(x) [23]:

min
‖u3‖≤μ3
‖u4‖≤μ4

max
‖u1‖≤μ1
‖u2‖≤μ2

{
dv

dt

}
. (13)

Due to the fact that the dynamic systems (10) are affine in control, the control laws
for the pursuers and the evaders corresponding to (13) are given by:
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uo
i (x) = arg max

‖ui‖≤μi

{
dv
dt

}
= arg max

‖ui‖≤μi

{
∂v
∂xi

gi(xi)ui

}
= μig

T
i (xi) ∂v

∂xi

T
∥∥∥ ∂v

∂xi
gi(xi)

∥∥∥−1
, i ∈ {1, 2}

uo
i (x) = arg min

‖ui‖≤μi

{
dv
dt

}
= arg min

‖ui‖≤μi

{
∂v
∂xi

gi(xi)ui

}
= −μig

T
i (xi) ∂v

∂xi

T
∥∥∥ ∂v

∂xi
gi(xi)

∥∥∥−1
, i ∈ {3, 4} .

(14)

It is important to note that without loss of generality we assume that the control
laws in Eq. (14) are well defined, that is, ‖ ∂v

∂xi
gi(xi)‖ �= 0, i ∈ {1, 2, 3, 4}, along

the agents’ trajectories. From Eq. (14), it follows that the evaders are maximizing
and the pursuers are trying to minimize the growth of the function v(x) which
is an upper approximation of the min function. The soft capture is defined in the
standard way as the following.

Definition 2.1. The soft capture of the i-th evader by the j-th pursuer, for a given
capture radius R, is defined by the condition ‖xi − xj‖ ≤ R.

From this point, we will use term “capture" whenever soft capture occurs. Now,
let us assume that the pursuers choose their strategies according to Eq. (14) and
formulate the following theorem.

Theorem 2.1. Assume that the initial condition x0, at the initial time t0, is such
that the players are outside of the capture region defined by a positive number R
and

dv

dt
≤ −γ, γ > 0 , (15)

along the trajectories of the agents’ dynamic systems (10) for the input strategies
ui = uo

i (x), i ∈ {1, 2, 3, 4} defined in (14). Then the capture of both evaders is
guaranteed in a finite time for any feedback strategies of the evaders that satisfy
constraints in (11) if the pursuers choose strategies ui = uo

i (x), i ∈ {3, 4} given
in (14).

Proof. First notice that for ui = uo
i (x), i ∈ {3, 4}, and any feedback strategies

ui(x), i ∈ {1, 2} of the evaders, from Eqs. (10), (11), (13), (14), and (15) it follows
that:

dv

dt
(u1(x), u2(x), uo

3(x), u
o
4(x)) ≤ dv

dt
(uo

1(x), u
o
2(x), u

o
3(x), u

o
4(x)) ≤ −γ .

(16)
By integrating Eq. (16) between t0 and t, we obtain:

v(x(t)) ≤ −γ(t− t0) + v(x0) ⇒ v(x(t)) ≤ R for t ≥ tc = t0 +
v(x0) −R

γ
.

(17)
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Since the initial condition implies that the players are outside of the capture region,
from Eqs. (5) and (12) it follows that v(x0) is finite. Thus, tc is a finite number
too. Then, for t = tc we obtain:

v(x(tc)) = φδ(x1(tc) − x3(tc), x1(tc) − x4(tc))
+φδ(x2(tc) − x3(tc), x2(tc) − x4(tc)) ≤ R ,

(18)

which implies

φδ(x1(tc) − x3(tc), x1(tc) − x4(tc)) ≤ R
φδ(x2(tc) − x3(tc), x2(tc) − x4(tc)) ≤ R

(19)

since φδ(·, ·) is a nonnegative function. Using inequality (6) we obtain:

min{‖x1(tc) − x3(tc)‖, ‖x1(tc) − x4(tc)‖} ≤ R
min{‖x2(tc) − x3(tc)‖, ‖x2(tc) − x4(tc)‖} ≤ R .

(20)

Finally, notice that inequalities in (20) mean capture of the first and the second
evader at the finite time instant tc, respectively. Q.E.D. �

In order to define strategies for the evaders, we consider the following function:

ϕδ(y1, y2) =
‖y1‖‖y2‖

δ
√

‖y1‖δ + ‖y2‖δ
, δ > 0 , (21)

where δ is a given positive constant. Again, y1 and y2 are assumed to be real
vectors of arbitrary dimensions such that y = [yT

1 , y
T
2 ]T is a nonzero vector. Then,

the following limit property:

lim
δ→∞

δ
√

1 + cδ = 1 if c ∈ [0, 1] (22)

implies that
lim

δ→∞
ϕδ(y1, y2) = min {‖y1‖, ‖y2‖} . (23)

Additionally, it is trivial to show that the function defined in (21) is a lower approx-
imation of the min function, that is:

ϕδ(y1, y2) ≤ min{‖y1‖, ‖y2‖}, (∀δ)(δ > 0) . (24)

Now, from Eqs. (23) and (24) it follows that the min function can be approximated
arbitrarily close “from below" by the function ϕδ(·, ·) for an appropriate choice of
δ. Again, let us assume that vectors y1 and y2 are nonzero vectors and let a = ‖y1‖
and b = ‖y2‖ be corresponding positive numbers. Then, similar to Eq. (8), we
define the following function:

χ(δ) =
ab

δ
√
aδ + bδ

, δ > 0 . (25)
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At this point we claim that the function χ(δ) is an increasing function of the
variable δ for δ > 0. This can be easily proved by using the following inequality:

δ1
√
aδ1 + bδ1 >

δ2
√
aδ2 + bδ2 , for a > 0, b > 0, δ2 > δ1 > 0 , (26)

that is stated as Problem 1289(d) on p. 128 in [5] and a solution is provided in [12]
on p. 281 as a solution to Problem 187(d). Similar to the analysis provided for the
function φδ(·, ·) defined in (5), we have shown that χ(δ) = ϕδ(‖y1‖, ‖y2‖) is a
strictly increasing function with respect to the positive values of δ when y1 and
y2 are nonzero vectors. Notice that the additional condition ‖y1‖ �= ‖y2‖ is not
needed here.

In order to define guaranteed strategies for the escape of the evaders, we propose
the following functions:

vi(x) = ϕδ(xi − x3, xi − x4), i ∈ {1, 2} . (27)

Corresponding to functions vi(x), i ∈ {1, 2} defined in (27) we compute the
strategies:

uo
i (x) = arg max

‖ui‖≤μi

{
dvi

dt

}
= arg max

‖ui‖≤μi

{
∂vi

∂xi
gi(xi)ui

}
= μig

T
i (xi) ∂vi

∂xi

T
∥∥∥ ∂vi

∂xi
gi(xi)

∥∥∥−1
, i ∈ {1, 2}

uo
j (x) = arg min

‖uj‖≤μj

{
dvi

dt

}
= arg min

‖uj‖≤μj

{
∂vi

∂xj
gj(xj)uj

}
= −μjg

T
j (xj) ∂vi

∂xj

T
∥∥∥ ∂vi

∂xj
gj(xj)

∥∥∥−1
, j ∈ {3, 4}, i ∈ {1, 2} .

(28)

Then, similar to Theorem 2.1, we formulate the sufficient conditions for the guar-
anteed evasion of the i-th evader (i ∈ {1, 2}) as the following.

Theorem 2.2. Assume that the initial condition x0, at the initial time t0, is such
that the players are outside of the region defined by the set {x : vi(x) ≥ R} and

dvi

dt
≥ 0, ∀t ≥ t0 (29)

along the trajectories of the agents’ dynamic systems (10) for the input strategies
uj = uo

j(x), j ∈ {1, 2, 3, 4} defined in (28) with respect to the function vi in
(27). If the i-th evader chooses its strategy to be ui = uo

i (x) as defined in (28),
then it will avoid being captured by the pursuers for any choice of their feedback
strategies that satisfy Eq. (11).

Proof. If we choose ui = uo
i (x) defined in (28) for both evaders and any feedback

strategies ui(x), i ∈ {3, 4} for the pursuers, from Eqs. (10), (11), (13), (28),
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and (29) it follows that:

dvi

dt
(uo

1(x), u
o
2(x), u3(x), u4(x)) ≥ dvi

dt
(uo

1(x), u
o
2(x), u

o
3(x), u

o
4(x)) ≥ 0 .

(30)
By integrating Eq. (29) between t0 and t we obtain:

vi(x(t)) ≥ vi(x0), ∀t ≥ t0 . (31)

From Eq. (27) and inequalities (24) and (31) we obtain:

min{‖xi(t) − x3(t)‖, ‖xi(t) − x4(t)‖} ≥ vi(x(t)) ≥ vi(x0) ≥ R, ∀t ≥ t0 .
(32)

Q.E.D. �

Notice that one of the differences between Theorems 2.1 and 2.2 is in the spec-
ification of the initial conditions. In Theorem 2.1, the set of initial conditions is
exactly defined in terms of the min function, where in Theorem 2.2 it is given as
an approximation in terms of functions ϕδ(·, ·) due to Eq. (27). For example, for
δ = 1 from Eqs. (5) and (21) it follows that ϕ1(y1, y2) = 0.5φ1(y1, y2) for any y1
and y2 such that y = [yT

1 , y
T
2 ]T is a nonzero vector. Then, assuming the players

start the game outside of the capture region defined by a positive number ρ, we
would have the following sequence of inequalities:

ρ ≤ min{‖xi(t0) − x3(t0)‖, ‖xi(t0) − x4(t0)‖}
≤ φ1(xi(t0) − x3(t0), xi(t0) − x4(t0))
= 2ϕ1(xi(t0) − x3(t0), xi(t0) − x4(t0))
= 2vi(x0), i ∈ {1, 2}

(33)

implying vi(x0) ≥ ρ
2 . Thus, to satisfy inequality (32) one would have to set

ρ = 2R. By increasing δ one may show that ρ would converge to R (R represents
the exact capture region) which means that the specification of the initial condition
region would be influenced by the choice of δ in the case of the guaranteed strategies
for the evaders.

At the end of this section it is important to note that the results of Theorem 2.1
can be easily extended to the case of a pursuit-evasion game with arbitrary number
of players as long as the number of pursuers is larger or equal to the number of
evaders by following the methodology proposed in [23]. In order to apply the results
of Theorem 2.1 to the case when the number of evaders is larger than the number
of pursuers, one would need additional conditions that might be of discontinuous
nature and this topic will be considered in our future research. Since the results of
Theorem 2.2 are formulated for each evader independently, it is a straightforward
consequence that these conditions can be extended to include the case of a pursuit-
evasion game with an arbitrary number of pursuers and an arbitrary number of
evaders.
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3 The game with discrete observations

In this section, following the approach of [3], we assume that a fixed set of obser-
vation time-instants is given:

t0 ≤ t1 ≤ t2 ≤ · · · ≤ ti ≤ . . . . (34)

Assume that the pursuers can observe the evader’s state vectors only at certain
time instants ti, i.e., they know vectors x1(ti), x2(ti) for i = 0, 1, 2, . . . , but they
have continuous measurement of their own states x3(t), x4(t). Thus, the control
strategies of the pursuers can use only the values of x1(ti), x2(ti) and x3(t), x4(t).
Without the loss of generality it is sufficient to assume that the pursuers also know
the vectors x3(ti), x4(ti) only. Thus, the most flexible feedback control of the
pursuers is of the following type:

uj(x(ti), t), ti ≤ t ≤ ti+1, i = 0, 1, . . . , j = 3, 4
x(ti) = (x1(ti), x2(ti), x3(ti), x4(ti)) .

(35)

Such a control is called piecewise open-loop control. At time instant ti the pursuers
observe the vector x(ti), substitute it into the function (35), and apply it on the
interval [ti, ti+1]. The resulting piecewise open-loop control is:

uj(t) = uj(x(ti), t), ti ≤ t ≤ ti+1, i = 0, 1, . . . . (36)

These piecewise open-loop control strategies are meaningful if some knowledge
of x(ti+1) = (x1(ti+1), x2(ti+1), x3(ti+1), x4(ti+1)) is available. Based on the
knowledge of x(ti) = (x1(ti), x2(ti), x3(ti), x4(ti)), it is straightforward to see
that:

xj(ti+1) ∈ Dj(xj(ti)), j = 1, 2, 3, 4 ,

where Dj(xj(ti)) is the j-th player’s reachable set at the time ti+1, when starting
the motion at the instant ti from the position xj(ti). Introducing the so-called jump
vectors pji, one can rewrite this in the form

xj(ti+1) = xj(ti) + pji, pji ∈ D̄j(xj(ti)) = Dj(xj(ti)) − xj(ti)
j = 1, 2, 3, 4 . (37)

Here the set Dj(xj(ti)) − xj(ti) is the set of all vectors y such that y + xj(ti) ∈
Dj(xj(ti)). The above relations can be treated as a discrete analog of the dynamic
Eqs. (10).

The vectors pji of the set D̄j(xj(ti)) have the following representation. Inte-
grating both sides of (10) on the segment [ti, ti+1] one obtains:

xj(ti+1) = xj(ti) +
∫ ti+1

ti

hj(xj(t))dt+
∫ ti+1

ti

gj(xj(t))uj(t)dt .
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Comparing with (37) one can see that the jump vector can be written in the form:

pji =
∫ ti+1

ti

hj(xj(t))dt+
∫ ti+1

ti

gj(xj(t))uj(t)dt .

Note that the open-loop control u(t), ti ≤ t ≤ ti+1, generating a given pji may
be nonunique: the set D̄j(xj(ti)) consists of all the vectors permitting such rep-
resentation.

The system (37) tracks the state vectors for discrete instances only. For an
intermediate instant t, ti < t < ti+1, the pursuers have the precise information
about their own positions x3(t), x4(t) and an estimation for x1(t), x2(t) based on
the last observation x1(ti), x2(ti).

Based on the dynamics (37) and using the vectors x = (x1, x2, x3, x4),
p = (p1, p2, p3, p4) one can suggest the following discrete version of the condi-
tions (13), (15):

min
{p3,p4}

max
{p1,p2}

v(x+ p) − v(x) ≤ −γd, pj ∈ D̄j(xj), j = 1, 2, 3, 4 . (38)

Note that the parameterγ in (15) has the dimension of velocity, while the dimension
of γd here is the distance.

A statement similar to Theorem 2.1, giving a sufficient capture condition, can
be formulated for the case of discrete observations.

Theorem 3.1. Assume that the initial condition x0 at the initial time t0 is such
that the players are outside of the capture region defined by a positive number R.
Then the capture of both evaders is guaranteed in finite time if the pursuers choose
the piecewise open-loop strategies of the form (35) based on the jump vectors pj

defined in (38).

The proof of Theorem 3.1 is the finite-difference analog of the proof of Theo-
rem 2.1. Since each step reduces the value of the function v(x) by γd, the number
of steps required for the capture is defined as the smallest integerN satisfying the
inequality:

Nγd ≥ v(x0) −R .

Now the estimation for the capture time is: tc ≤ tN .
The pursuers can choose to minimize the number of observations. In (38), the

instant ti+1 is considered as a fixed parameter. Now we assume that it can vary, and
will search for the instant t∗i+1 farthest from ti, i.e., giving the maximal interval
Δi = ti+1 − ti, such that the condition (38) still holds:

max
ti+1

min
{p3,p4}

max
{p1,p2}

v(x+ p) − v(x) ≤ −γd, pj ∈ D̄j(xj), j = 1, 2, 3, 4 .

(39)
Note that the domain D̄j(xj) here depends upon ti+1, and the value of Δi depends
upon x, Δi = Δi(x). Generally, maximizing the time t∗i+1 leads to the equality
in (39).
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Successive observation moments can be identified on the following basis:

ti+1 = ti + Δi(x(ti)), i = 0, 1, . . . . (40)

Generally, this may reduce the number of observations N required for the cap-
ture.

Under certain conditions the number of observations required for evaders may
be only one observation at the initial time t0. We formulate a sufficient condition
for this.

Theorem 3.2. Assume that the initial condition x0 at the initial time t0 is such
that the players are outside of the region defined by the set {x : vi(x) ≥ R} and
there exist open-loop controls for evaders u1(t), u2(t), t ≥ t0, such that

dv

dt
(x, u1(t), u2(t), u3, u4) ≥ 0 (41)

for all values of u3, u4 and all x along the trajectories and for all t ≥ t0. Then
both evaders avoid being captured by the pursuers.

The proof uses the estimations obtained in Theorem 2.2. In more complicated
situations, further observation points ti could be required. Note that using an open-
loop control, as in Theorem 3.2, means that only one observation at the initial time
t0 is made.

Conclusions

In this paper, a number of sufficient conditions that guarantee either capture or
evasion of two evaders in a four-player pursuit-evasion game is provided. The play-
ers’ dynamics are represented by nonlinear models affine in control. Conditions
are formulated using a Liapunov type of analysis by considering functions that
are convergent approximations of the min function. Guaranteed strategies are pro-
vided in both cases when either continuous or discrete observations are available
to the players.
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Abstract
Rufus Isaacs introduced Princess and Monster games in the final chapter of

his classic book. The value of the Princess and Monster game on an interval is
as of yet unknown. We present some numerical results to estimate this value.
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In the final chapter of his classic book Differential Games, Rufus Isaacs intro-
duced the ‘Princess and Monster’ games. A Monster and a Princess may move
about in a restricted space, more specifically in a network, and the Monster tries
to catch the Princess. They are not able to see each other and that is why this type
of game is known as a Search Game [3,7,9]. It is different from the more famil-
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iar Game of Pursuit [5], in which both players have visual contact. In most of the
Search Games that have been solved so far, the Princess is immobile; e.g., [6,12].
The only Search Game with a mobile Princess on a graph that has been solved is the
Princess and Monster game on a circle, and this was done a long time ago [1,13].
In a complementary paper [4] we have shown that the Princess and Monster game
on an interval [−1, 1] is not trivial (not trivial in the sense that for the Monster it is
not optimal to start at one random end and then go as fast as possible to the other;
if the Monster would move in this way, then we say that he is a sweeper, as in [10])
and that the value1 V of the game exists and is bounded by 15/11 < V < 13/9.
These bounds were obtained by analytical considerations and computations that
can be checked by hand. In this paper, we consider a restricted game that has a
value Vr ≤ V . By numerical simulations we show that Vr ≈ 1.373. Here, we con-
centrate on a numerical approach of the problem. Analytical results can be found
in [4].

1 Rules of the game

The rules of the game are as follows. The Monster M and the Princess P may
choose an arbitrary initial point on the closed interval [−1, 1]. The Monster moves
at speed bounded by 1, so the trajectory of M, M(t) is a continuous function
with Lipschitz constant 1. The Princess may move at arbitrary speed. In [4] we
have shown that M always moves at maximum speed and that P need not move at
speed greater than 1. If a player moves at speed 1 then we say that the player runs.

The minimax theorem in [2] implies that the value of the game V exists. The
precise optimal strategies for the Monster and the Princess are not known, but we
have derived some properties of optimal strategies in [4]. We have shown that it
is optimal for the Princess to never cross the mid point and if she reaches an end,
then she should stay there. If the Monster reaches an end, however, then he should
turn and run to the opposite end.

2 A restricted search game on the interval

We have indicated in [4] that V can in principle be computed in an iterative manner,
but the convergence is very slow and not numerically feasible. In this paper we
take a different approach and restrict the number of pure strategies of the players.

For the Princess we allow the following pure strategies:
P The Princess chooses an infinitesimal small ε > 0. She either hides at an

end point and remains immobile, or she chooses an arbitrarily initial point in
the intervals [−1 + ε,−ε] ∪ [ε, 1 − ε] and remains immobile there until the

1To be precise, the value of the game is determined up to ε: given any ε > 0 there exists a
mixed strategy for the Princess that guarantees her a payoff of V − ε. We ignore this ε in
our notation.
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sweeper coming from the nearest end is ε close. Then she runs to the middle
and turns when she gets ε close, where she turns and runs back to the nearest
end.

We note that an optimal strategy for the Princess is always optimal up to ε > 0,
as remarked already in the footnote above. The smaller ε, the nearer the Princess
reaches the value of the game.

For the Monster we allow pure strategies of two types (the strategies of M and
P are indicated by M and P , respectively):
M1 Choose an arbitrary initial point on [−1,+1] and choose a direction, right or

left. M runs in that direction until the end and then he runs back. In particular,
if M, as a sweeper, starts at an end then runs to the opposite end.

M2 Choose an arbitrary initial point on [−1,+1] and choose a direction. M
runs in that direction until he meets the sweeper coming from the opposite
end. Then M turns and joins the sweeper. Subsequently, he keeps running
in this direction till the end (at either +1 or −1) has been reached and then
returns to the opposite end.

We are unable to prove that the strategy P is optimal for the Princess, but we
conjecture that it is. If it is, then the game is solved.

Theorem 2.1. If the Princess uses a mixed strategy that consists of the pure
strategies in P , then the optimal response of the Monster is to use a mixed strategy
that consists of pure strategies in M1 and M2.

It is possible to prove this theorem following the approach of Sec. 5 in [4]. We
only give a sketch of the proof here. If the Princess uses these pure strategies, then
she remains immobile and runs only if the sweeper is ε-close, or she hides at an end
and remains immobile all the time. Therefore, at time t > 0, either the Princess is
immobile and P(t) = ±1 or P(t) ∈ (−1+ t+ ε, 1− t− ε), or she is running and
P(t) = ±(−1 + t + ε). The Monster knows this. If he starts at an end, then his
only sensible strategy is to run to the other end. If he starts in the middle, then he
should run in one direction to increase the chance of catching the Princess while
she is still immobile. Then if he is ε-close to a sweeper, the Monster may turn and
then it is sensible only to run to the other side, or he may continue his run to the
end, turn there and run to the other side. If we ignore ε, which we may in the limit,
then we get the pure strategies given above for the Monster.

The strategies in P are of two types. The Princess either hides at an end and
stays put, let’s call this strategy E, or she uses a strategy I of hiding at an internal
point and moving close to the central point at time 1 − ε, staying away from the
sweepers for as long as possible. If the Princess only plays E then the Monster
only plays the sweeper strategy and the value of the game is 1. It is better for the
Princess to mixE and I , which she does in the strategyP . In this way, the Monster
is forced to use pure strategies that get to the central point before the sweeper does.

The value of this version of the search game, with the given restricted classes
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of strategies, is indicated by Vr. Because of Thm. 2.1 it satisfies Vr ≤ V .

3 Approximation of Vr by Discretization

We analyze the restricted game by numerical simulations. As a first very rough
approximation of V , discretize the interval [−1, 1] and take two grid points only
−1 and +1: the mesh of this simple grid is Δx = 2. Discretize time accordingly
into time steps of Δt = 2. It is not hard to see that it is optimal for both players
to choose a grid point at random. The Monster moves to the other grid point, the
Princess remains where she is. The value of this simple discretized game is 1.

As a second approximation discretize by three grid points −1, 0, 1. Discretize
time accordingly into time-steps of Δt = 1 allowing the Princess an ε-advantage:
the Princess may move on timen−εwhile the Monster moves on timen forn ∈ N.
There is an obvious symmetry in the game: each player choses −1 and +1 equally
likely. Let’s call this the end point strategy E as opposed to the mid point strategy
C (of “Center”) in which the initial point is 0. If the Monster chooses an end point,
then he runs the opposite end as quickly as possible. If the Princess chooses an end
point, then she stays there. If the Monster chooses the mid point, then he runs to
a random end and runs back. If the Princess chooses the mid point, she runs to a
random side at time 1−ε. So we get a 2×2 matrix game (consistently ignoring ε):

E C
E 1 1.5
C 2 0

in which the Monster chooses a row and the Princess a column. The value of this
game is slightly larger: 6/5.

We discretize the game. The Princess and the Monster may only choose an
initial position on a fixed equidistant grid with 2n points, both endpoints included
in this counting (n = 1, 2, . . .). Hence, the mesh size Δ equals 2/(2n − 1). The
case with n = 1 coincides with the first approximation given above. The Princess
moves at the time steps Δ − ε, 2Δ − ε, . . . and the Monster moves at time steps
0,Δ, 2Δ, . . .. The game is over as soon as they occupy the same grid point. In
particular, if the Princess and the Monster choose the same initial grid point, then
the game is immediately over and the capture time is 0.
Remark It is obvious that the probability for both players choosing the same
initial point is positive for the finite grid case. Because of the assumption that in
such a case capture is immediate, this is to the disadvantage for the Princess and
this suggests that the value of this game is a lower bound for Vr and with increasing
n it will converge from below to Vr.

We discretize the interval by putting a symmetric grid with respect to the mid
point. There are n equidistant grid points smaller than 0 and there are n equidistant
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grid points greater than 0 at:

{−1,−1 + Δ, . . . ,−1 + (n− 1)Δ} ∪ {1, 1 − Δ, . . . , 1 − (n− 1)Δ}.

We denote the value of the discretized game by Vn. Our analysis of the game in
[4] can be used to demonstrate that Vn → Vr as n → ∞. We only sketch the
argument here.

It is not difficult to show that, now that the hiding place of the Princess is limited
to a grid, the Monster starts his search from a grid point. One of our results is that
the Monster runs all the time, so at the discrete time steps the Monster is at one of
the grid points. Hence, the discretization does not limit the Monster, which implies
that Vn ≤ Vr. On the other hand, any continuous strategy of the Princess from P
can be shadowed on the grid by a discrete strategy that is within a mesh distance.
The continuity properties of the payoff then imply that Vn ↑ Vr for an increasing
number n of grid points.

Table 1: Numerical approximation of Vr

n Vn

1 1
2 1.266
4 1.330
8 1.354

16 1.365
32 1.370
64 1.373

The matrix in the discretized game has size 8n×2n and we are unable to compute
Vn for larger n. Our results seem to suggest that the limit value is Vr = 11/8.

The results of our simulations show that the Princess uses three types of strate-
gies: (a) she hides at either end point, with a positive probability ≈ 0.127 at each
end point; (b) she hides at ±ε until time 1 − ε and runs to a random end with total
probability ≈ 0.236 evenly divided over the two points; (c) she takes an initial
position in (−1, 1) according to a continuous probability distribution, as depicted
in Fig. 1.

The Monster also uses two discrete strategies and one continuous strategy. He
uses the sweeper strategy with probability ≈ 0.80, evenly divided between the
two sweep options. He starts at ±(−1 + ε) and runs to the opposite end and back
with probability ≈ 0.075 for each option, or he picks an initial position in (−1, 1)
according to a continuous probability distribution, as depicted in Fig. 2. If the
initial position < 0, then he runs to the right end and subsequently back; if the
initial position is > 0, then he runs first to the left end and then back. Note that
the Monster only uses the pure strategies of M1 and he only uses half of these: if
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Figure 1: Probability density of the continuous Princess strategy.
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Figure 2: Probability density of the continuous Monster strategy.

M(0) < 0 then he runs to +1 and back to −1; if M(0) > 0 then he runs to −1
and back to +1

The probability density in Fig. 1 suggests a piecewise linear function, but there
is no obvious analytical function for the probability density in Fig. 2. Finding an
analytical solution of the restricted game appears to be a difficult problem.
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4 Approximation by means of Taylor expansions

We now take a different turn and try to approximate the analytical solution of
the restricted game by developing Taylor expansions. The starting assumptions
here are that both players use a continuous initial distribution, with delta functions
(concentrated masses) at both ends. For the Monster we assume a continuous initial
density distribution Ml on (−1,+1) for immediate left turns after the start and a
continuous initial density distribution Mr on (−1,+1) for immediate right turns
after the start. Because of symmetry, Ml(x) = Mr(−x). The remaining mass,
1−
∫ +1
1 (Ml(x)+Mr(−x))dx, is split into two equal parts which will refer to the

mass concentrations at both ends. The functions Pl and Pr are likewise defined for
the Princess, the only difference being that the Princess does not immediately after
the start turn left or right, but first does not move and then, at moment min{1 +
x, 1 − x} − ε, with x being the initial position of P , turns left or right. This ε-
value is arbitrarily small (and positive) and indicates the fact that the Princess is
followed on her heels by the Monster if both run in the same direction. Obvious
constraints are that all these densities are nonnegative.

Assume the functions Pl and Ml are linear, i.e.,

Pl(x) = c+ dx, Ml(x) = a+ bx,

on the interval [−1,+1] and where the constants a, b must be chosen by the Mon-
ster, and c, d must be chosen by the Princess, subject to the constraints already
mentioned. Thus we face the game

min
a,b

max
c,d

T,

whereT denotes the time of capture. ExpressingT in terms of the variablesa, b, c, d
and subsequently solving the minmax problem (using Maple) we find

a =
654
4327

, b =
624
4327

, c =
2240
4327

, d =
140
4327

,

and the value of the game is 1.345.
Please note that the admissible class of strategies for the Monster does not

include the optimal strategies as obtained in the discretized game (where, for
instance, M, starting from a point in (−1, 0), would only move to the right and
not to the left). Note also, that the class of admissible strategies for the Princess
are different from the one before (after an initial rest, she simply runs to one of the
two ends and stays there). In spite of the fact that the optimal strategies (as dealt
with in the previous section) are outside the current admissible classes used, it is
surprising to see how close the numerically obtained values are.

This method can easily be adapted to include different classes of strategies for
the Monster and Princess, such as for instance to include the possibilities of the
previous section. Moreover, the method can be extended to include second and
even higher-order terms in the expansions of Ml and Pl.



156 S. Alpern, R. Fokkink, R. Lindelauf and G. J. Olsder

5 Conclusion

In this paper, we present computer simulations of a search game with a mobile
hider and we take some preliminary steps to develop Taylor expansions of the
optimal mixed strategies. A solution of this game has eluded us so far.

We have given the Princess a mixed strategy P that contains pure strategies
of two types: immobile hiding at an end point E or mobile hiding in an internal
point I . Our numerical simulations show that in this restricted game the Princess
plays E with probability around ≈ 0.25 and plays I with probability ≈ 0.75. The
response of the Monster is to act as a sweeper S or to start out from an internal
point and running up and down the interval, possibly turning upon meeting the
sweeper. Let’s call this J . The strategies I and J are mixed, but let’s think of them
as pure strategies for a moment so that we can set up a 2×2 zero-sum game matrix.

Our numerical simulations show that the Monster playsS with probability ≈ 0.8
and J with probability ≈ 0.2. The payoff of S againstE and I is easy to compute.
The payoff of J againstE is not so easy to compute. Our simulations indicate that
in the strategy J the Monster starts very near one end and that he runs to the other
end and back, as indicated by the probability density in Fig. 2. The payoff of this
strategy againstE is very near 3, so let’s estimate it at that. The payoff of J against
I is unclear, but if the value of the game is 11/8, which our numerical simulations
suggest, then the matrix of the game should be as follows:

E I
S 1 1.5
J 3 5/6

In this matrix game, the Princess plays E with probability 0.25 and the Monster
plays S with probability 0.8125, in agreement with our numerical results.

Our simulations clearly imply that strategyM2 is irrelevant and only those pure
strategies in M1 are used in which the Monster first runs towards 0. It is probably
not easy to give a solid proof of these facts, but it is possible to give some intuition
for it and we would like to thank one of the anonymous referees for supplying this
intuition to us. The strategies in M1 and M2 are designed against a Princess that
hides in an internal point. Such a Princess moves from the internal point towards 0
and the Monster catches her if he moves to 0 as well. That is why only half of the
strategies in M1 are used. The Princess is near 0 at a time near 1, so the Monster
should make sure that he is at 0 near time 1. In other words, the Monster preferably
starts near an end point, as in the distribution of Fig. 2. Once the Monster has started
out near an end point, he has an option of turning once he meets a sweeper from
the opposite end, as in M2. If he does, then it takes him longer to find a Princess
that is hiding at an end point. Also, if this Monster meets the sweeper and has not
caught the Princess, then he knows that the Princess is out of reach and will be
found at an end point. Thus, it makes sense for the Monster to continue his way,
as he does in strategy M1.
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Abstract
We investigate two-player zero-sum differential games in which the first

player has more information on the terminal payoff than the second one. For
this game we explain how to build numerical schemes for the value function
and use these schemes to construct ε-optimal strategies for the players.

Key words. Differential games, lack of information, approximation, optimal
strategies
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1 Introduction

Since Aumann and Maschler´s seminal paper [1], repeated games with lack of
information have attracted a lot of attention. In this zero-sum two-player model,
one of the payers has a private information on some parameter of the repeated
game while the other player has only some belief on this parameter.

In a series of papers [3], [4], we have explained how to adapt Aumann and
Maschler theory to differential games with lack of information on one or two sides
and have characterized this value in terms of “dual solution” of some Hamilton-
Jacobi equation. In this paper we concentrate on differential games with lack of
information on one side and address two issues: first the numerical approximation
of the value; second the construction of ε-optimal strategies of the players. Both
problems are strongly connected: indeed we use the numerical approximation of
the value to build ε-optimal strategies.

Let us point out that the two problems cannot be deduced in a straightfor-
ward way from classical approaches. Indeed, the key point in the numerical
approximation of classical differential games is that the value satisfies a dynamic
programming principle (see [7] and the references therein, for instance). This is
not the case here: all we have is that the value function and its convex conjugate
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V∗ (see below) satisfy a subdynamic programming, which is strict in general for
both functions. This is linked with the fact that the informed player has to use
his information without revealing it too quickly, while the non informed player
has to use the observation of his opponent’s controls to learn something about the
unknown parameter. Note that we have somehow to describe such behaviour in
the construction of optimal strategies for the players.

In order to describe our results, we now briefly recall the framework and main
results of [3]. The dynamics of the differential game is given by:{

x′(t) = f(x(t), u(t), v(t)) , u(t) ∈ U, v(t) ∈ V,
x(t0) = x0

(1)

where U and V are compact subsets of some finite dimensional spaces and f :
RN × U × V → RN is Lipschitz continuous. The terminal time of the game is
denoted by T . The game starts at time t0 ∈ [0, T ] from the initial position x0.

Let gi : RN → R be I terminal payoffs (where I ≥ 2), p = (pi)i=1,...,I belong
to the set Δ(I) of probabilities on {1, . . . , I}. At the initial time t0, the parameter i
is chosen at random according to the probability p and is communicated to Player
I only. Then the players control system (1) in order, for Player I, to minimize the
terminal payoff gi(x(T )), and for Player II to maximize it. Note that Player II does
not really know which terminal payoff he is actually optimizing because he ignores
which index i has been chosen. The key assumption is that both players observe
their opponent’s control. We also suppose that both players have a full knowledge
of the dynamics f , of the payoffs gi (i ∈ {1, . . . , I}) and of the probability p. So
the unique difference in their information structure is that Player I knows the index
i chosen according to probability p, while Player II does not. However Player II
can try to guess his missing information by looking at his opponent’s behavior.

In [3], we proved that this game—under Isaacs’ condition recall below—has a
value: namely the equality

inf
(αi)∈(Ar(t0))I

sup
β∈Br(t0)

I∑
i=1

piEαiβ

(
gi

(
Xt0,x0,αi,β

T

))
= (2)

sup
β∈Br(t0)

inf
(αi)∈(Ar(t0))I

I∑
i=1

piEαiβ

(
gi

(
Xt0,x0,αi,β

T

))
holds. In the above expressions, αi ∈ Ar(t0) (for i = 1, . . . , I) are I ran-
dom strategies for Player I, β ∈ Br(t0) is a random strategy for Player II and

Eαiβ

(
gi

(
Xt0,x0,αi,β

T

))
is the payoff associated with the pair of strategies

(αi, β) for the terminal payoff gi: these notions are explained in the next section.
Player I chooses his strategies α̂ = (αi) according to the value of the index i,
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while Player II, on the contrary, plays a strategy β independent of i. This reflects
the asymmetry of information of the players. In (2) the sum

∑
i pi (·) is just the

expectation of the payoff when gi is chosen according to the probability p. We
denote by V(t0, x0, p) the value of the game given by (2).

The first result of this paper, described in details in Sec. 3, is about the approx-
imation of the value V. Let us fix a large integer L and let us denote by τ = T/L
the time-step of discretization. We set

tk = kτ for k ∈ {0, . . . , L}

and we define by backward induction onk the functionVτ (tk, ·, ·) : RN ×Δ(I) →
R:

for k = L, Vτ (T, x, p) =
∑

i

pigi(x)

and (assuming Vτ (tk+1, ·, ·) is built)

Vτ (tk, x, p) = Vexp

(
min
u∈U

max
v∈V

Vτ (tk+1, x+ τf(x, u, v), p)
)
, (3)

where Vexp(·) denote the convex hull with respect to p. Then we prove that the
function Vτ uniformly converges to V as τ → 0+. This time discretization of the
value is surprizingly close to the discretization of the value of the classical (i.e.,
with symmetric information) zero-sum differential game with terminal payoff∑

i pigi(x) (see [2]): the only difference is the fact that we have to take the convex
hull with respect to p.

The second result of the paper is a construction of ε-optimal strategies for the
players. For Player I it is based on the previous time discretization. Let us recall
that, if we were in a classical differential games, a possible construction would be
the following: suppose the state of the system has reached some x ∈ RN at some
time tk, Player I would just play on the time interval (tk, tk+1] the constant control
u ∈ U which minimizes minu∈U maxv∈V Vτ (tk+1, x+ τf(x, u, v)) (recall that
in this case Vτ is built by (3) without the convex hull).

In our game with lack of information on one side, Player’s I strategy is much more
involved. The key point—which is completely new in the framework of differential
games—is that the construction of his strategy requires the joint construction of a
random processes (pt) living on Δ(I). An interpretation of this random process
is the following: even if Player I knows which parameter i has been chosen by
nature, he also knows that Player II ignores it. The random process pt somehow
represents the a-posteriori information he allows Player I to get on the parameter i.

Let us now describe how Player I builds his strategy: when the system has
reached some state x at time tk and when pt equals some p, Player I first chooses
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some λj ≥ 0, pj ∈ Δ(I) and uj ∈ U in such a way that (recall (3))∑
j

pj = 1,
∑

j

λjp
j = p ,

Vτ (tk, x, p) =
∑

j

λj

(
min
u∈U

max
v∈V

Vτ (tk+1, x+ τf(x, u, v), pj)
)
,

uj being optimal in minu∈U maxv∈V Vτ (tk+1, x + τf(x, u, v), pj). Then he
chooses randomly the control uj with probability λjpj

i/pi (where i is the param-
eter chosen by nature) and plays this constant control uj on the time-interval
(tk, tk+1]. If uj has been chosen, he also updates the process pt by setting pt = pj

on (tk, tk+1]. The probability λjpj
i/pi is precisely the one under which the pro-

cess (pt) is a martingale for Player II. Such a construction is strongly related with
the so-called splitting method in repeated game theory [1], [9]. It turns out that the
strategy built in this way is ε-optimal for Player I as soon as the time-step τ of the
discretization is sufficiently small. The rigorous construction and its optimality
are explained in details in Sec. 4.

For Player II, ε-optimal strategies are built by using the approximation of the
convex conjugate of the value function. Surprisingly, Player II also has to built a
random process, but this time in the dual variable p̂ ∈ RI . This is done in Sec. 5.

2 Main notations and assumptions

In this section we introduce the main notations and assumptions needed in the
paper. We also recall the main results of [3]: existence of a value for the game for
lack of information on one side, as well as the characterization of the value.

Notations: Throughout the paper, x.y denotes the scalar product in the spaceRN ,
RI , orRJ (depending on the context) and |·| the Euclidean norm. The ball of center
x and radius r will be denoted by Br(x). The set Δ(I) is the set of probabilities
measures on {1, . . . , I}, always identified with the simplex of RI :

p = (p1, . . . , pI) ∈ Δ(I) ⇔
I∑

i=1

pi = 1 and pi ≥ 0 for i = 1, . . . I .

The dynamics of the game is given by:{
x′(t) = f(x(t), u(t), v(t)) , u(t) ∈ U, v(t) ∈ V .
x(t0) = x0.

(4)
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Throughout the paper we assume that:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i) U and V are compact subsets of some finite dimensional spaces,
ii) f : RN × U × V → RN is bounded, continuous, Lipschitz

continuous with respect to the x variable,
iii) for i = 1, . . . , I , gi : RN → R is Lipschitz continuous

and bounded.

(5)

We also assume that Isaacs condition holds and define the Hamiltonian of our
primal HJ equation:

H(x, ξ) := min
u∈U

max
v∈V

f(x, u, v).ξ = max
v∈V

min
u∈U

f(x, u, v).ξ (6)

for any (x, ξ) ∈ RN ×RN .

For any t0 < T , the set of open-loop controls for Player I is defined by:

U(t0) = {u : [t0, T ] → U Lebesgue measurable} .

Open-loop controls for Player II are defined symmetrically and denoted by V(t0).
For any (u, v) ∈ U(t0) × V(t0) and any initial position x0 ∈ RN , we denote by
t → Xt0,x0,u,v

t the solution to (4).

A pure strategy for Player I at time t0 is a map α : V(t0) → U(t0) which is
nonanticipative with delay, i.e., there is a partition t0 < t1 < · · · < tk = T such
that, for any v1, v2 ∈ V(t0), if v1 ≡ v2 a.e. on [t0, ti] for some i ∈ {0, . . . , k−1},
then α(v1) ≡ α(v2) a.e. on [t0, ti+1].

A random strategy for Player I is a pair ((Ωα,Fα,Pα), α), where
(Ωα,Fα,Pα) is a probability space (chosen by Player I in the set{([0, 1]k,Fk,Pk),
k ∈ N∗} where Fk is the Borel σ-algebra on [0, 1]k and Pk is the Lebesgue
measure) and α : Ωα × V(t0) → U(t0) satisfying:

(i) α is measurable from Ωα × V(t0) to U(t0), with Ωα endowed with the
σ−field Fα and U(t0) and V(t0) with the Borel σ−field associated with the
L1 distance,

(ii) there is a partition t0 < t1 < · · · < tk = T such that, for any v1, v2 ∈ V(t0),
if v1 ≡ v2 a.e. on [t0, ti] for some i ∈ {0, . . . , k − 1}, then α(ω, v1) ≡
α(ω, v2) a.e. on [t0, ti+1] for any ω ∈ Ωα.

We denote by A(t0) the set of pure strategies and by Ar(t0) the set of random
strategies for Player I. By abuse of notations, an element of Ar(t0) is simply
noted α—instead of ((Ωα,Fα,Pα), α)—, the underlying probability space being
always denoted by (Ωα,Fα,Pα).
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In order to take into account the fact that Player I knows the index i of
the terminal payoff, an admissible strategy for Player I is actually a I−uple
α̂ = (α1, . . . , αI) ∈ (Ar(t0))I .

Pure and random strategies for Player II are defined symmetrically; B(t0) (resp.
Br(t0)) denotes the set of pure strategies (resp. random strategies). Generic ele-
ments of Br(t0) are denoted by β, with associated probability space (Ωβ ,Fβ ,Pβ).

Lemma 2.1 (Lemma 2.2 of [3]). For any pair (α, β) ∈ Ar(t0) × Br(t0) and
any ω := (ω1, ω2) ∈ Ωα × Ωβ , there is a unique pair (uω, vω) ∈ U(t0) × V(t0),
such that

α(ω1, vω) = uω and β(ω2, uω) = vω . (7)

Furthermore, the map ω → (uω, vω) is measurable from Ωα × Ωβ endowed with
Fα ⊗ Fβ into U(t0) × V(t0) endowed with the Borel σ−field associated with the
L1 distance.

Remark 2.1. In [3] we have worked with a slightly different notion of nonantic-
ipative strategy. It is not difficult to see that the above result as well as Theorem
2.1 remain true with the definition of strategy given here.

Notations: Given any pair (α, β) ∈ Ar(t0) × Br(t0), we denote by (Xt0,x0,α,β
t )

the map (t, ω) → (Xt0,x0,uω,vω

t ) defined on [t0, T ] × Ωα × Ωβ , where (uω, vω)
satisfies (7). The expectation Eαβ is the integral over Ωα × Ωβ against the proba-
bility measure Pα⊗Pβ . In particular, ifφ : RN → R is some bounded continuous
map and t ∈ (t0, T ], we have:

Eαβ

(
φ
(
Xt0,x0,α,β

t

))
:=
∫

Ωα×Ωβ

φ
(
Xt0,x0,uω,vω

t

)
dPα ⊗ Pβ(ω) , (8)

where (uω, vω) is defined by (7).

For p ∈ Δ(I), (t0, x0) ∈ [0, T ) × RN , the payoff associated with a strategy
α̂ = (αi)i=1,...,I ∈ (Ar(t0))

I of Player I and a strategy β ∈ Br(t0) of Player II
is defined by:

J (t0, x0, α̂, β, p) =
I∑

i=1

piEαiβ

(
gi

(
Xt0,x0,αi,β

T

))
, (9)

where Eαiβ is defined by (8).
Let us now recall the main result of [3].

Theorem 2.1 (Existence of the value [3]). Assume that conditions (5) on f and
on the gi hold and that Isaacs assumption (6) is satisfied. Then the following
equality holds:

inf
α̂∈(Ar(t0))I

sup
β∈Br(t0)

J (t0, x0, α̂, β, p) = (10)
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sup
β∈Br(t0)

inf
α̂∈(Ar(t0))I

J (t0, x0, α̂, β, p) . (11)

We denote by V(t0, x0, p) the common value of both expressions.

In order to give the characterization of V, we have to recall that the (Fenchel)
conjugate w∗ of a map w : [0, T ] ×RN × Δ(I) → R is defined by:

w∗(t, x, p̂) = max
p∈Δ(I)

p.p̂− w(t, x, p) ∀(t, x, p̂) ∈ [0, T ] ×RN ×RI .

In particular, V∗ denotes the conjugate of V. If noww is defined on the dual space
[0, T ] ×RN ×RI , we also denote by w∗ its conjugate with respect to p̂ given by:

w∗(t, x, p) = max
p̂∈RI

p.p̂− w(t, x, p̂) ∀(t, x, p) ∈ [0, T ] ×RN × Δ(I) .

Proposition 2.1 (Characterization of the value, [3]). Assume that conditions (5)
on f and on the gi hold and that Isaacs assumption (6) is satisfied. Then the value
function V is the unique function defined on [0, T ] ×RN × Δ(I) such that:

(i) V is Lipschitz continuous in all its variables, convex with respect to p and
such that

V(T, x, p) =
I∑

i=1

pigi(x) ∀(x, p) ∈ RN × Δ(I) ,

(ii) for any p ∈ Δ(I), (t, x) → V(t, x, p) is a viscosity subsolution of the primal
HJ equation

wt +H (x,Dw) = 0 in [0, T ] ×RN (12)

where H is defined by (6),
(iii) for any p̂ ∈ RI , (t, x) → V∗(t, x, p̂) is a viscosity subsolution of the dual

HJ equation
wt +H∗ (x,Dw) = 0 in [0, T ] ×RN (13)

where H∗(x, ξ) = −H(x,−ξ) for any (x, ξ) ∈ RN ×RN .
We say that V is the unique dual solution of the HJ equation (12) with terminal
condition V(T, x, p) =

∑I
i=1 pigi(x).

Remark 2.2.

(1) We recall that the notion of viscosity solutions was introduced by Crandall-
Lions in [5] and first used in the framework of differential games in [7] (see
also [2]). The idea of introducing the dual game and the Fenchel conjugate
of the value functions comes back to De Meyer [6] for repeated games.

(2) A function w satisfying conditions (i) and (ii) only is called a dual subsolu-
tion of (12), whereas a function w satisfying (i) and (iii) only is called a dual
supersolution of (12). The reason for this terminology is the following com-
parison principle given in [3]: if w1 is a dual subsolution of (12) and w2 is a
dual supersolution of (12), then w1 ≤ w2.
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(3) Theorem 2.1 is given in [3] for differential games with lack of information on
both sides. One easily checks that the characterization given in [3] is the same
as the one given here in the special case of lack of information on one side.

We shall also need below the following reformulation of V∗ (Lemma 4.2 of [3]):

V∗(t, x, p̂) = inf
β∈Br(t0)

sup
α∈Ar(t0)

max
i∈{1,...,I}

{
p̂i − Eαβ

(
gi(X

t,x,α,β
T )

)}
= inf

β∈Br(t0)
sup

α∈A(t0)
max

i∈{1,...,I}

{
p̂i − Eαβ

(
gi(X

t,x,α,β
T )

)}
.

(14)

The function V∗ is the value function of the dual game.

3 Approximation of the value function

Let us fix a large integer L and let us denote by τ = T/L the time-step of dis-
cretization. We set

tk = kτ for k ∈ {0, . . . , L} .

We define by backward induction on k the function Vτ (tk, ·, ·) : RN ×Δ(I) → R
by:

for k = L, Vτ (T, x, p) =
∑

i

pigi(x)

and (assuming Vτ (tk+1, ·, ·) is built)

Vτ (tk, x, p) = Vexp

(
min
u∈U

max
v∈V

Vτ (tk+1, x+ τf(x, u, v), p)
)
, (15)

where Vexp(·) denote the convex hull with respect to p.
One easily checks the following.

Lemma 3.1. Under assumption (5) on f and on the gi, the map (tk, x, p) →
Vτ (tk, x, p) is Lipschitz continuous with a Lipschitz constant independent of τ .

Theorem 3.1. Assume that conditions (5) on f and on the gi hold and that Isaacs
assumption (6) is satisfied. Then the map Vτ converges uniformly to the value
function V on compact subsets of [0, T ] ×RN × Δ(I), in the following sense:

lim
τ → 0+, tk → t,
x′ → x, p′ → p

Vτ (tk, x′, p′) = V(t, x, p) ∀(t, x, p) ∈ [0, T ]×RN ×Δ(I) .
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Proof of Theorem 3.1: By Lemma 3.1, the (Vτ ) are all Lipschitz continuous with
a Lipschitz constant independent of τ . Let w be any cluster point in the topology
of uniform convergence on compact subsets of [0, T ] × RN × Δ(I) of Vτ as
τ → 0+. By construction of Vτ and Lemma 3.1, w is Lipschitz continuous in all
its variables, convex with respect to p and satisfies

w(T, x, p) =
I∑

i=1

pigi(x) ∀(x, p) ∈ RN × Δ(I) . (16)

We have to prove that w is a subsolution of (12) for any p and its conjugate a
subsolution of (13) for any p.

Let φ be a test function such that w(·, ·, p) − φ has a strict local maximum at
(t0, x0). Then from standard arguments (see [2]), there are (tk, xk) converging to
(t0, x0) such that Vτ (·, ·, p) − φ has a local maximum at (tk, xk). Then, for any
x ∈ RN ,

Vτ (tk+1, x, p) − φ(tk+1, x) ≤ Vτ (tk, xk, p) − φ(tk, xk).

Thus,

0 = V exp [minu∈U maxv∈V Vτ (tk+1, xk + τf(x, u, v), p)] − Vτ (tk, xk, p)
≤ minu∈U maxv∈V Vτ (tk+1, xk + τf(x, u, v), p) − Vτ (tk, xk, p)
≤ minu∈U maxv∈V φ(tk+1, xk + τf(x, u, v)) − φ(tk, xk) ,

which implies by standard arguments (see [2]) that

∂φ

∂t
(t0, x0) + min

u∈U
max
v∈V

f(x0, u, v).
∂φ

∂x
(t0, x0) ≥ 0 . (17)

Hence, w is a dual subsolution of (12).
For proving that w is a supersolution in the dual sense, we first note that V∗

τ

uniformly converges to w∗ on compact subsets of [0, T ] × RN × RI . We also
underline that (15) becomes, for any x ∈ RN ,

V∗
τ (t, x, p̂) = maxp∈Δ(I) p.p̂− minu∈U maxv∈V Vτ (tk+1, x+ τf(x, u, v), p)

≤ maxu∈U minv∈V V
∗
τ (tk+1, x+ τf(x, u, v), p̂).

Let us now fix p̂ ∈ RN , and assume thatw∗(·, ·, p̂)−φ has a strict local maximum at
(t0, x0). Again from standard arguments, there are (tk, xk) converging to (t0, x0)
such that V ∗

τ (·, ·, p̂) − φ has a local maximum at (tk, xk). Then

0 ≤ maxu∈U minv∈V V
∗
τ (tk+1, xk + τf(x, u, v), p̂) − V∗

τ (tk, xk, p̂)
≤ maxu∈U minv∈V φ(tk+1, xk + τf(x, u, v)) − φ(tk, xk, p̂)

from which we deduce that

∂φ

∂t
(t0, x0) + max

u∈U
min
v∈V

f(x0, u, v).
∂φ

∂x
(t0, x0) ≥ 0 .
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Therefore,w is a subsolution of (13), i.e., a supersolution of (12) in the dual sense.
Since w is a sub- and supersolution of (12) in the dual sense and satisfies the

terminal condition (16), we have w = V. But this holds true for any uniform limit
of Vτ , as τ → 0+. Hence, Vτ uniformly converges to V. �

Remark 3.1. We note for later use that an alternative discretization of the value
function V can be given by the relation

Vτ (tk, x, p) = Vexp

(
min
u∈U

max
w∈Cof(x,u,V )

Vτ (tk+1, x+ τw, p)
)

(18)

(instead of (15)) where Cof(x, u, V ) stands for the convex hull of the set
f(x, u, V ).

The proof is the same as for Theorem 3.1 because we get in (17), for any
(x, ξ) ∈ RN ×RN ,

min
u∈U

max
w∈Cof(x,u,V )

w.ξ = min
u∈U

max
w∈f(x,u,V )

w.ξ

= min
u∈U

max
v∈V

f(x, u, v).ξ .

4 Construction of optimal strategies for Player I

4.1 Construction of the strategy

In order to describe precisely the strategy given in the introduction, we have to
start with two definitions.

Definition 4.1 (Feedback). A pair of maps (u∗,p∗) is a feedback if there is a
partition t0 = 0 < t1 < · · · < tL = T of [0, T ], a probability space (Ω,F ,P)
and L random maps

(u∗(·, tk, ·, ·),p∗(·, tk, ·, ·)) : Ω ×RN × Δ(I) → U × Δ(I)

(for k ∈ {0, . . . , L− 1}) such that:
(i) for any x0, . . . , xL−1 in RN and any p0, . . . , pL−1 in Δ(I), the family of

random variables {(u∗(·, tj , xj , pj),p∗(·, tj , xj , pj))}j=1,...,L−1 are mutu-
ally independent.

(ii) for any k ∈ {0, . . . , L− 1}, the map
(ω, x, p) → (u∗(ω, tk, x, p),p∗(ω, tk, x, p)) is measurable when RN , Δ(I)
and U are endowed with the Borel σ-algebra.

Definition 4.2 (Strategy associated with a feedback). Given a feedback (u∗,p∗),
an initial time t̄ ∈ [0, T ], an initial position x̄ ∈ RN and an initial probability
p̄ ∈ Δ(I), one defines a random strategy α ∈ Ar(t̄) by setting:

• (Ωα,Fα,Pα) := (Ω,F ,P), where (Ω,F ,P) is the probability space on
which (u∗,p∗) is defined.
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• α and the process (ptk
) are defined by induction on the time intervals of the

form [tk, tk+1), where t0 = 0 < · · · < tL = T is the partition associated
with the feedback (u∗,p∗):

- Let k0 be such that t̄ ∈ [tk0 , tk0+1). Then we set α(ω, v)(t) =
u∗(ω, tk0 , x̄, p̄) on [t̄, tk0+1) and ptk0

= p̄.
- Let k ≥ k0 + 1. Assume that we have defined pt′

k
for all k′ ≤ k and α

on [t̄, tk). Then we extend α to (tk, tk+1] by setting

α(ω, v)(t) = u∗(ω, tk, X
t̄,x̄,α,v
tk

, ptk
(ω)) for t ∈ (tk, tk+1], v ∈ V(t̄)

and we update the process (ptk
) by setting

ptk+1(ω) = p∗(ω, tk, X
t̄,x̄,α,v
tk

, ptk
(ω)).

We say thatα is the random strategy associated to the feedback (u∗,p∗) at (t̄, x̄, p̄).

Remark 4.1. The above notion of strategy is strongly inspired by Krasowskii-
Subbotin step-by-step motions associated with feedbacks [8].

We are now ready to explain the construction of the feedbacks which give rise
to ε-optimal strategies for Player I. We actually have to built I feedbacks, because
Player I can take advantage of his knowledge of the index i. As before, we consider
a large integer L, τ = T/L denotes the time-step. We also set Ω = [0, 1]L, F the
Borel σ-algebra and P the Lebesgue measure on Ω.

For each i ∈ {1, . . . , , I}, tk = kτ (with k ∈ {0, . . . , L − 1}), x ∈ RN and
p ∈ Δ(I), we define (u∗

i (ω, tk, x, p),p
∗
i (ω, tk, x, p)) as follows: let λ = (λj) ∈

Δ(I + 1) and pj ∈ Δ(I) for j = 1, . . . , (I + 1) be such that

I+1∑
j=1

λjp
j = p

and

I+1∑
j=1

λj

(
min
u∈U

max
w∈Cof(x,u,V )

Vτ (tk+1, x+ τw, pj)
)

≤ Vτ (tk, x, p) + τ2 .

Let uj ∈ U be τ2-optimal in minu∈U maxw∈Cof(x,u,V ) Vτ (tk+1, x + τw, pj).
We also choose the functions λ = λ(x, p), pj = pj(x, p) and uj = uj(x, p) in
such a way that they are Borel measurable with respect to (x, p) (this is why we
only require them to be τ2-optimal). Then we set

(u∗
i (ω, tk, x, p),p

∗
i (ω, tk, x, p)) = (uj , pj)

if ωk ∈

⎡⎣∑
j′<j

λj′pj′
i /pi,

∑
j′≤j

λj′pj′
i /pi

⎞⎠
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for j ∈ {1, . . . , I + 1} and i ∈ {1, . . . , I} if pi 
= 0, and

(u∗
i (ω, tk, x, p),p

∗
i (ω, tk, x, p)) = (u1, p1)

for any ω otherwise. If pi 
= 0, this means that (uj , pj) is chosen with probability
λjp

j
i/pi.

Let us also point out that by construction, the feedback (u∗
i ,p

∗
i ) depends on

i ∈ {1, . . . , I} and on τ = 1/L. For simplicity we do not explicitly note this latter
dependence.

4.2 Optimality of the strategy

The following result states that the strategy built in the previous way is ε-optimal.

Theorem 4.1. Assume that conditions (5) on f and on the gi hold and that
Isaacs assumption (6) is satisfied. For any ε > 0, t̄ ∈ [0, T ), x̄ ∈ RN and
p̄ ∈ Δ(I), there is some τ0 > 0 such that the strategy α̂τ = (ατ,i) associated to
the feedbacks (u∗

i ,p
∗
i ) at (t̄, x̄, p̄) is ε-optimal for Player I in the game V(t̄, x̄, p̄)

for any τ ∈ (0, τ0).

Remark 4.2. By “α̂τ is ε-optimal for Player I in the game V(t̄, x̄, p̄)” we mean
that α̂τ is ε-optimal in (10).

Proof of Theorem 4.1: Let us fix τ = T/L (with L > 1) and let (u∗
i ,p

∗
i ) be the

feedback built above. We first claim that there is some constant M such that, for
any k ∈ {0, . . . , L}, x̄ ∈ RN , p̄ ∈ Δ(I), we have

sup
β∈B(tk)

J (tk, x̄, α̂τ , β, p̄) ≤ Vτ (tk, x̄, p̄) +M(L− k)τ2, (19)

where α̂τ = (ατ,i) is the random strategy associated to the feedbacks (u∗
i ,p

∗
i ) at

(tk, x̄, p̄).
In order to define the constant M , let us note that there is a constant M1 which

only depends on ‖f‖∞ and on ‖Df‖∞ (see assumption (5) on f ) such that, for any
k ∈ {0, . . . , L− 1} and any x ∈ RN , for any u ∈ U and any control v ∈ V(tk),
there is some w ∈ Cof(x, u, V ) such that∣∣∣Xtk,x,u,v

tk+1
− (x+ τw)

∣∣∣ ≤ M1τ .

Let also denote by M2 a Lipschitz constant of Vτ (which does not depend on τ ).
Then we set M = (M1M2 + 2).

We show inequality (19) by backward induction. It obviously holds true for
k = L. Let us assume that it holds true for some k+ 1 ∈ {1, . . . , L}. Let x̄ ∈ RN
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and p̄ ∈ Δ(I) be fixed. We note that, from the definition of the feedback (u∗
i ,p

∗
i )

(see the notations of the previous subsection), for any β ∈ B(tk), we have

X
tk,x̄,ατ,i,β
T = X

tk+1,xj ,αij ,βj

T with probability λjp
j
i/p̄i,

where
• xj = X

tk,x̄,uj ,β(uj)
tk+1

,
• αij is the random strategy associated to the feedback (u∗

i ,p
∗
i ) at (tk+1, xj , p

j)
• and βj ∈ B(tk+1) is defined, for any u ∈ U(tk+1), by βj(u) = β(u′)

where u′ ∈ U(tk) is given by u′(s) = uj on [tk, tk+1) and u′(s) =
u(s) on [tk+1, T ].

From the definition of M1, there is some wj ∈ Cof(x̄, uj , V ) such that:

|xj − (x̄+ τwj)| ≤ M1τ
2 . (20)

Hence,

J (tk, x̄, α̂τ , β, p̄) =
∑I

i=1 p̄iEατ,i

[
gi(X

tk,x̄,ατ,i,β
T

]
=
∑I

i=1
∑I+1

j=1 p̄iλjp
j
i/p̄iEαij

[
gi(X

tk+1,xj ,αij ,βj

T )
]

≤
∑I+1

j=1 λj supβ′∈B(tk+1)
∑I

i=1 p
j
iEαij

[
gi(X

tk+1,xj ,αij ,β′

T )
]
.

From the induction assumption we have:

sup
β′∈B(tk+1)

I∑
i=1

pj
iEαij

[
gi(X

tk+1,xj ,αij ,β′

T )
]

≤ Vτ (tk+1, xj , p
j) +M(L− (k + 1))τ2.

Therefore, using first (20) and theM2−Lipschitz continuity of Vτ , then the choice
of uj , λj , and pj ,

J (tk, x̄, α̂τ , β, p̄) ≤
∑I+1

j=1 λj

(
Vτ (tk+1, xj , p

j) +M(L− (k + 1))τ2
)

≤
∑I+1

j=1 λj

(
Vτ (tk+1, x̄+ τwj , pj) +M1M2τ

2 +M(L− (k + 1))τ2)
)

≤
∑I+1

j=1 λj maxw∈Cof(x,uj ,V )
(
Vτ (tk+1, x̄+ τw, pj) +M1M2τ

2

+M(L− (k + 1))τ2)
)

≤ Vτ (tk, x̄, p̄) + (M1M2 + 2)τ2 +M(L− (k + 1))τ2.

So inequality (19) holds because M = (M1M2 + 2).

Let us now fix t̄, x̄, and p̄ and let α̂τ = (ατ,i) be the admissible strategy
associated with the feedbacks (u∗

i ,p
∗
i ) at (t̄, x̄, p̄). Let k be such that t̄ ∈ [tk−1, tk).

Then we have:

supβ∈Br(t̄) J (t̄, x̄, α̂τ , β, p̄) = supβ∈B(t̄) J (t̄, x̄, α̂τ , β, p̄)
≤ max|x−x̄|≤Mτ supβ∈B(tk) J (tk, x, α̂x, β, p̄),
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where α̂x is the random strategy associated with the feedbacks (u∗
i ,p

∗
i ) at (tk, x, p̄)

and M is a bound on |f |. Hence by (19),

supβ∈Br(t̄) J (t̄, x̄, α̂τ , β, p̄) ≤ max|x−x̄|≤Mτ Vτ (tk, x, p̄) +M(L− k)τ2.

Letting τ = T/L → 0+, max|x−x̄|≤Mτ Vτ (tk, x, p̄) converges to V(t̄, x̄, p̄) and
(L−k)τ2 converges to 0. Therefore, for τ small enough, say τ ∈ (0, τ0), we have

sup
β∈Br(t̄)

J (t̄, x̄, α̂τ , β, p̄) ≤ V(t̄, x̄, p̄) + ε .

�

5 Approximation of the dual game and construction of a ε-optimal
strategy for Player II

In this section we build a ε-optimal strategy of the non informed player. The
main idea is that it is enough to play a ε-optimal strategy in the dual game. As
for the first player, one needs for this to build a time-approximation of the con-
jugate of the value function. Then we show that ε-optimal strategies in the dual
game V∗(t, x, p̂) are ε-optimal strategies in the initial game V(t, x, p) provided
p̂ ∈ ∂pV(t, x, p). We finally build the ε-optimal strategy for Player II.

Let us fix as before a large integer L, set τ = T/L and tk = kτ for k ∈
{0, . . . , L}. We define by backward induction the function Cτ (with C as “conju-
gate")

for k = L, Cτ (T, x, p) = max
i

{p̂i − gi(x)}

and (assuming Cτ (tk+1, ·, ·) is built)

Cτ (tk, x, p̂) = Vexp̂

(
min
v∈V

max
w∈Cof(x,U,v)

Cτ (tk+1, x+ τw, p̂)
)

(21)

where Vexp̂(·) denote the convex hull with respect to p̂ and Cof(x, U, v) the
convex hull of the set f(x, U, v).

One easily checks the following.

Lemma 5.1. Assume that conditions (5) on f and on the gi hold and that Isaacs
assumption (6) is satisfied. Then the map (tk, x, p̂) → Cτ (tk, x, p̂) is Lipschitz
continuous with a Lipschitz constant independent of τ .

Theorem 5.1. Assume that conditions (5) on f and on the gi hold and that Isaacs
assumption (6) is satisfied. Then the map Cτ converges uniformly to the conjugate
of the value function V∗ on compact subsets of [0, T ] ×RN ×RI , i.e.,

lim
τ → 0+, tk → t,
x′ → x, p̂′ → p̂

Cτ (tk, x′, p̂′) = V∗(t, x, p̂) ∀(t, x, p̂) ∈ [0, T ] ×RN ×RI .
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Remark 5.1. As in the construction of the approximation of the primal game,
we could use instead of formula (21) the following:

Cτ (tk, x, p̂) = Vexp̂

(
min
v∈V

max
u∈U

Cτ (tk+1, x+ τf(x, u, v), p̂)
)
.

Proof of Theorem 5.1: The proof is exactly the same as that of Theorem 3.1.
We show that, if w is any cluster point in the topology of uniform convergence
on compact subsets of [0, T ] × RN × RI of Cτ as τ → 0+, then w is Lipschitz
continuous in all its variables, is convex with respect to p̂ and satisfies

w(T, x, p̂) = max
i=,...,I

{p̂i − gi(x)} ∀(x, p) ∈ RN ×RI . (22)

Moreover, arguing as in the proof of Theorem 3.1, one can check that w is a
subsolution of the dual HJ Eq. (13) and w∗ is a subsolution of the primal HJ
Eq. (12), which shows thatw∗ = V, i.e.,w = V∗. Hence, any accumulation point
of Vτ is equal to V∗, which shows our claim. �

We now explain that Player II can use ε-optimal strategies in the dual game in
order to play in the initial game.

Lemma 5.2. Assume that conditions (5) on f and on the gi hold and that Isaacs
assumption (6) is satisfied. Let p̂ ∈ ∂pV(t0, x0, p) and β̄ ∈ Br(t0) be ε-optimal
in the dual game V∗(t0, x0, p̂) (i.e., in (14)). Then β̄ is ε-optimal in the game
V(t0, x0, p) (i.e., in (11)).

Proof of Lemma 5.2: Let β̄ be ε-optimal in the dual game V∗(t0, x0, p̂). Then
we have

V∗(t0, x0, p̂) = infβ supα maxi{p̂i − Eβ(gi(X
t0,x0,α,β
T ))}

≥ maxi{p̂i − infα Eβ̄(gi(X
t0,x0,α,β̄
T ))} − ε.

Hence,

V(t0, x0, p) = p̂.p− V∗(t0, x0, p̂)
≤ p̂.p− maxi{p̂i − infα Eβ̄(gi(X

t0,x0,α,β̄
T ))} + ε

≤ p̂.p−
∑

i pi{p̂i − infα Eβ̄(gi(X
t0,x0,α,β̄
T ))} + ε

≤
∑

i pi{infα Eβ̄(gi(X
t0,x0,α,β̄
T ))} + ε

≤ infα̂ J (t0, x0, α̂, β̄, p) + ε.

So β̄ is ε-optimal in the game V(t0, x0, p). �

We are now ready to describe an ε-optimal strategy for Player II. As for Player I,
Player II has to build a random process (p̂tk

) (now inRI ) jointly with his strategy.
For this he constructs a feedback (v∗, p̂∗) (defined here on Ω × {tk} ×RN ×RI )
by using the time discretization of the game explained above.
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Let L be a large integer, let τ = T/L be the time-step and let us set Ω =
[0, 1]L, F the Borel σ-algebra, and P the Lebesgue measure on Ω. Let k ∈
{0, . . . , L − 1}, p̂ = (p̂i) ∈ RI , x ∈ RN and ω ∈ Ω be fixed. We define
(v∗(ω, tk, x, p̂), p̂∗(ω, tk, x, p̂)) as follows : let λ = (λj) ∈ Δ(I+1) and p̂j ∈ RI

for j = 1, . . . , (I + 1) be such that

I+1∑
j=1

λjp
j = p̂

and

I+1∑
j=1

λj

(
min
v∈V

max
w∈Cof(x,U,v)

Cτ (tk+1, x+ τw, p̂j)
)

≤ Cτ (tk, x, p̂) + τ2 .

Let vj ∈ V be τ2-optimal in minv∈V maxw∈Cof(x,U,v) Cτ (tk+1, x+τw, p̂j). We
choose the functions λ = λ(x, p̂), p̂j = p̂j(x, p̂) and vj = vj(x, p̂) in such a way
that they are Borel measurable with respect to (x, p̂). Then we set

(v∗(ω, tk, x, p̂), p̂∗(ω, tk, x, p̂)) = (uj , p̂j) if ωk ∈

⎡⎣∑
j′<j

λj′ ,
∑
j′≤j

λj′

⎞⎠
for j ∈ {1, . . . , I+1}. This means that Player II plays the control vj on [tk, tk+1)
with probability λj , while the random process (p̂tk

) moves from p̂ to p̂j .

We point out that the feedback (v∗, p̂∗) depends on τ > 0, although we do not
write it explicitly. As in Definition 4.2, we can associate with such a feedback a
random strategy (which is now built jointly with a random process (p̂tk

) on RI ).

Theorem 5.2. Assume that conditions (5) on f and on the gi hold and that Isaacs
assumption (6) is satisfied. Let ε > 0, t̄ ∈ [0, T ], x̄ ∈ RN and p̄ ∈ Δ(I). Let also
p̂ ∈ ∂pV(t̄, x̄, p̄). Then there is some τ0 > 0 such that the strategy βτ associated
to the feedback (v∗, p̂∗) at (t̄, x̄, p̄) is ε-optimal for Player II in the game V(t̄, x̄, p)
for any τ ∈ (0, τ0).

Proof of Theorem 5.2: From Lemma 5.2 we just have to prove that βτ is ε-
optimal in the dual game V∗(t̄, x̄, p̂). Following the proof of Theorem 4.1, it is
enough to show that there is some constant M such that, for any k ∈ {0, . . . , L},
any x̄ ∈ RN and any p̂ ∈ RI , we have

sup
α∈A(tk)

J1(tk, x̄, α, βτ , p̂) ≤ Cτ (tk, x̄, p̂) +M(L− k)τ2, (23)

where βτ is the random strategy associated with the feedback (v∗, p̂∗) at (tk, x̄, p̄)
and where we have set, for any t̄ ∈ [0, T ], x̄ ∈ RN , p̂ ∈ RI and (α, β) ∈
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Ar(t̄) × Br(t̄),

J1(t̄, x̄, α, β, p̂) = max
i=1,...,I

(
p̂i − Eαβ

[
gi(X

t̄,x̄,α,β
T )

])
.

In order to define the constant M , we note as in the proof of Theorem 4.1 that
there is a constant M1 which only depends on ‖f‖∞ and on ‖Df‖∞ such that,
for any k ∈ {0, . . . , L − 1}, x ∈ RN , u ∈ U(tk) and v ∈ V , there is some
w ∈ Cof(x, U, v) such that:∣∣∣Xtk,x,u,v

tk+1
− (x+ τw)

∣∣∣ ≤ M1τ .

Let M2 be a Lipschitz constant of Cτ (which does not depend on τ ). Then we set
M = (M1M2 + 2).

We show inequality (23) by backward induction. In obviously holds true for
k = L. Let us assume that it holds true for some k + 1 ∈ {1, . . . , L}.

Let x̄ ∈ RN and p̂ ∈ RI be fixed. From the definition of (v∗, p̂∗) we have, for
any α ∈ A(tk),

Xtk,x̄,α,βτ

T = X
tk+1,xj ,αj ,βj

T with probability λj ,

where
• xj = Xtk,x̄,α,vj

tk+1
,

• βj is the random strategy associated to the feedback (v∗, p̂∗) at (tk+1, xj , p̂
j)

• and αj ∈ A(tk+1) is defined, for any v ∈ V(tk+1) by αj(v) = α(v′),
where v′(s) = vj on [tk, tk+1) and v′(s) = v(s) on [tk+1, T ] .

Let wj ∈ Cof(x̄, U, vj) be such that

|xj − (x̄+ τwj)| ≤ M1τ
2 . (24)

Then:

J1(tk, x̄, α, βτ , p̂) = maxi

(
p̂i − Eβτ

[
gi(X

tk,x̄,α,βτ

T

])
= maxi

(∑I+1
j=1 λj(p̂

j
i − Eβj

[
gi(X

tk+1,xj ,αj ,βj

T )
]
)
)

≤
∑I+1

j=1 λj supα′∈A(tk+1) maxi

(
p̂j

i − Eβj

[
gi(X

tk+1,xj ,α′,βj

T )
])

.

From the induction assumption we have:

sup
α′∈A(tk+1)

max
i

(
p̂j

i − Eβj

[
gi(X

tk+1,xj ,α′,βj

T )
])

≤ Cτ (tk+1, xj , p̂
j) +M(L− (k + 1))τ2 .

Therefore, using first (24) and theM2−Lipschitz continuity of Cτ , then the choice
of vj , λj and p̂j , we get as in the proof of Theorem 4.1

J1(tk, x̄, α, βτ , p̂) ≤
∑I+1

j=1 λj

(
Cτ (tk+1, xj , p̂

j) +M(L− (k + 1))τ2
)

≤ Cτ (tk, x̄, p̂) + (M1M2 + 2)τ2 +M(L− (k + 1))τ2,

when inequality (23) holds thanks to the choice of M = (M1M2 + 2). �
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Abstract
We deal with the approximation of a generalized Pursuit-Evasion game with

state constraints. Our approach is based on the Dynamic Programming principle
and on the characterization of the lower value v of the game via the Isaacs
equation. Our main result is the convergence of the fully-discrete scheme for
Pursuit-Evasion games under continuity assumptions on v and some geometric
assumptions on the dynamics and on the set of constraints Ω. We also analyze
the Tag-Chase game in a bounded convex domain when the two players have
the same velocity and we prove that in the constrained case the time of capture
is finite. Some hints to improve the efficiency of the algorithm on serial and
parallel machines will be also given. An extensive numerical section will show
the accuracy of our method for the approximation of the value function v and of
the corresponding optimal trajectories in a number of different configurations.

Key words. Differential games, pursuit-evasion games, state constraints,
Isaacs equation, fully-discrete scheme, feedback controls, Tag-Chase game,
parallel algorithms.

AMS Subject Classifications. Primary 65M12; Secondary 49N70, 49L25.

1 Introduction

In this paper, we present and analyze a numerical approximation scheme for 2-
player Pursuit-Evasion games with state constraints. The scheme is based on the
dynamic programming approach and the convergence results are obtained in the
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framework of viscosity solutions (see the survey papers [3,7,17] for a general
introduction to this topic without constraints).

Our main result shows that the solution of the fully-discrete problem converges
to the time-discrete value function as the mesh size Δx goes to zero provided a
technical “consistency" assumption on the triangulation is satisfied. Moreover, an
a priori error bound on that approximation is proved in Theorem 3.1 and a very
easy sufficient condition guaranteeing consistency is shown (Corollary 3.3). The
proof of the main result is obtained by extending to games a technique presented
in [18] for the minimum time problem without state constraints and adapting the
approach for state-constrained control problems presented in [10].

Note that the convergence of the fully-discrete solution to the solution of the
continuous problem in the free (i.e., unconstrained) case is proved in [6], but this
result cannot be directly extended to the constrained case. In [10], a convergence
result is proved for constrained control problems, but it strictly relies on the fact
that the time-discrete value function is continuous so we cannot apply the same
ideas here.
In order to prove convergence of the approximate solution of the fully-discrete
scheme to the value function, we have coupled our result with the convergence
result obtained by Bardi et al. [8] (see also [21,20]) in the framework of Pursuit-
Evasion games. This allows to conclude that, under suitable assumptions, the
convergence of the fully-discrete solution converge to the solution of the continuous
problem when the time and space steps, Δt and Δx, go to zero (although a precise
estimate of the order of convergence is still missing).

It should be noted that very few results on constrained differential games are
available although several interesting problems with state constraints have been
studied in the classical books by Isaacs [19] and Breakwell [9]. The aim of those
contributions is mainly to analyze the games under study in order to determine
directly the optimal strategies for the players avoiding in this way the Isaacs equa-
tion. The main theoretical contributions to the characterization of the value func-
tion for state constrained problems are, by our knowledge, the papers by Alziary
de Roquefort [1], Bardi et al. [8], and Cardaliaguet et al. [12]. From the numer-
ical point of view, the list of contributions is even shorter. The first examples of
computed optimal trajectories for Pursuit-Evasion games appeared in the work by
Alziary de Roquefort [2]. In Bardi et al. [6], there are some interesting tests in
Ω ⊂ R

2 with state constraints and discontinuous value function. In [4], the effect
of the boundary conditions for the free problem in R

4 is studied. In the paper
Cardaliaguet et al. [11], a modified viability kernel algorithm (see [13] for more
details on this approach) is presented and a convergence proof for that approxi-
mation scheme is given. Finally, let us also mention the paper of Pesch et al. [22]
where the optimal trajectories are computed by means of neural networks (again
avoiding the solution of the Isaacs equation).

Another contribution of this paper is the analysis of the constrained Tag-Chase
game where the two players run one after the other in a bounded convex domain
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with the same velocity. In this case, the value function is discontinuous and most of
the theoretical results we know for the Tag-Chase game do not hold. We prove that
the time of capture is finite if the capture occurs whenever the distance between the
Pursuer and the Evader is less than a positive parameter ε (the radius of capture).
This shows that the presence of constraints can change dramatically the result of
the game. In fact, in the unconstrained Tag-Chase game where both the players
have the same velocity, the Evader always wins (and the time of capture is +∞).
The paper is organized as follows. In Sec. 2, we set up our problem, introduce
the notations and present our approximation scheme. Section 3 is devoted to the
convergence analysis, we prove first some properties of the discrete value functions
vh and vk

h corresponding, respectively, to the solutions of the time-discrete and
fully-discrete schemes. The final convergence result is obtained coupling the error
estimate of Theorem 3.1 with the results in [8]. In Sec. 4, we deal with the Tag-
Chase game in a convex domain showing that this problem has a finite capture
time also when the two players have the same maximal velocity. Section 5 presents
some hints for the construction of the algorithms and, in particular, it deals with two
features which allow to reduce the computational cost for the solution of the Isaacs
equation: a high-dimensional interpolation technique and the symmetry properties
of the Tag-Chase game played in a square domain. Finally, Sec. 6 presents several
tests for different geometric configurations of the state constraints (convex and
non-convex) as well as for various choices of the relative velocities of the two
players. We analyze the results in terms of the value function v but also in terms
of the optimal trajectories that one can compute using v.

2 The fully-discrete approximation scheme

Let us start introducing the problem and our notations. The system describing the
dynamics is {

ẏ(t) = f(y(t), a(t), b(t)) , t > 0
y(0) = x ,

(1)

wherey(t) ∈ R
2n is the state of the system,a(·) ∈ A and b(·) ∈ B are, respectively,

the controls of the first and the second player, A and B being the sets of admissible
strategies defined as

A = {a(·) : [0,+∞) → A, measurable} ,

B = {b(·) : [0,+∞) → B, measurable} ,

and A and B are given compact sets of R
m. We will always assume that⎧⎨⎩

f : R
2n ×A×B → R

2n is continuous w.r. to all the variables and
there exists L > 0 such that |f(y1, a, b) − f(y2, a, b)| ≤ L|y1 − y2|
for all y1, y2 ∈ R

2n, a ∈ A, b ∈ B.
(2)
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We will denote the solution of (1) by y(t;x, a(·), b(·)).
A target set T ⊂ R

2n is given and it is assumed to be closed. The first player,
called the Pursuer and denoted by P , wants to drive the system to T . The second
player, called the Evader and denoted by E, wants to drive the system away.

We deal with the natural extension of the minimum time problem, so we define
the payoff of the game as the first (if any) time of arrival T (x) on the target T for
the trajectory solution of (1) starting at x. Note that, as usual, we set T (x) = +∞
if the trajectory will not reach the target. The two players are opponents since the
first player wants to minimize the payoff associated to the solution of the system
whereas the second player wants to maximize it.

From now on, we restrict our analysis to Pursuit-Evasion games although some
results are still valid in a more general context. We denote the coordinate of the
space by x = (xP , xE) where xP , xE ∈ R

n. Each player can control only his own
dynamics, i.e., f has the form f(x, a, b) =

(
fP (xP , a), fE(xE , b)

)
. The state of

the system is y(t) =
(
yP (t), yE(t)

)
and a typical target has the form

T = {(xP , xE) ∈ R
2n : |xP − xE | ≤ ε} , ε ≥ 0

so in the unconstrained case the target is unbounded. As we said in the Introduc-
tion, we want to construct a numerical approximation for Pursuit-Evasion games
with state constraints. This means that player P has to steer the system to the tar-
get satisfying the constraint yP (t) ∈ Ω1 for every t whereas playerE must satisfy
yE(t) ∈ Ω2 for every t, where Ω1,Ω2 are given bounded sets. The whole problem
is set in Ω ⊂ R

2n where Ω := Ω1 × Ω2. Note that one player cannot force the
other to respect or ignore the state constraints just because every player can affect
only his dynamics and he is completely responsible for his strategy/trajectory. In
the constrained game it is natural to replace T with T ∩ Ω.

The analysis of the continuous model with state constraints via dynamic pro-
gramming techniques which is the basis for our approximation can be found in [8].
Let us start giving the time-discrete and the corresponding fully-discrete version
of the differential game with state constraints. We will consider a discrete version
of the dynamics based on the Euler scheme, namely{

yn+1 = yn + hf(yn, an, bn)
y0 = x ,

where h = Δt is a positive time step and we denote by y(n;x, {an}, {bn}) its
solution at time nh corresponding to the initial condition x = (xP , xE) and to
the discrete strategies {an}, {bn}. The state constraints obviously require that
y(n;x, {an}, {bn}) ∈ Ω for all n ∈ N.
We define the constrained admissible strategies for each player

Ax := {a(·) ∈ A : yP (t;x, a(·)) ∈ Ω1 , for all t ≥ 0}
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Bx := {b(·) ∈ B : yE(t;x, b(·)) ∈ Ω2 , for all t ≥ 0}
and their time-discrete version

Ah
x := {{an} : an ∈ A and yP (n;x, {an}) ∈ Ω1 , for all n ∈ N}

Bh
x := {{bn} : bn ∈ B and yE(n;x, {bn}) ∈ Ω2 , for all n ∈ N}.

Note that the constrained strategies now depend on x and on the state constraints.
We will always assume that Ax 	= ∅, Bx 	= ∅, Ah

x 	= ∅, and Bh
x 	= ∅ for all x ∈ Ω

and h sufficiently small.
In the same way, we have to define the sets of admissible controls for every

point x ∈ Ω. Let us start with the continuous problem. Following [20,21], we will
select the subsets of admissible controls, denoted by A(y) and B(y), for every
y = (yP , yE) ∈ Ω \ T ,

A(y) = {a ∈ A : ∃ r > 0 such that yP (t; y′
P , a) ∈ Ω1 for t ∈ [0, r] and

y′
P ∈ B(yP , r) ∩ Ω1}, (3)

B(y) = {b ∈ B : ∃ r > 0 such that yE(t; y′
E , b) ∈ Ω2 for t ∈ [0, r], and

y′
E ∈ B(yE , r) ∩ Ω2}. (4)

For the time-discrete dynamics we define an analogue of subsets ofA(y) andB(y)
as follows:

Ah(y) := {a ∈ A : yP + hfP (yP , a) ∈ Ω1} , y ∈ Ω \ T , (5)

Bh(y) := {b ∈ B : yE + hfE(yE , b) ∈ Ω2} , y ∈ Ω \ T . (6)

The meaning of the above definitions is very clear: in order to guarantee that
his trajectory satisfies his own state constraints over a time interval h, player P
(respectively, player E) has to choose his control in Ah(y) (respectively, Bh(y)).
These subsets describe at every point y ∈ Ω \ T the “allowed directions" for each
player, naturally they depend also on h, the dynamics and the constraints. Note
that Ah(y) ≡ A (respectively, Bh(y) ≡ B) in the unconstrained case.
We will also assume that

∃ h0 > 0 s.t. Ah(x) 	= ∅ and Bh(x) 	= ∅ for all (h, x) ∈ (0, h0] × Ω . (7)

Definition 2.1. A discrete strategy for the first player is a map αx : Bh
x → Ah

x.
It is nonanticipating if αx ∈ Γh

x, where

Γh
x := {αx : Bh

x → Ah
x : bn = b̃n for all n ≤ n′ implies

αx[{bk}]n = αx[{b̃k}]n for all n ≤ n′}. (8)
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Let us define the reachable set as the set of all points from which the system can
reach the target

Rh := {x ∈ R
n : for all {bn} ∈ Bh

x there exists αx ∈ Γh
x and n̄ ∈ N

such that y(n̄;x, αx[{bn}], {bn}) ∈ T }. (9)

Then we define

nh(x, {an}, {bn}) :=
{

min{n ∈ N : y(n;x, {an}, {bn}) ∈ T } x ∈ Rh

+∞ x /∈ Rh .

We will consider for our approximation the discrete lower value of the game, which
is

Th(x) := inf
αx∈Γh

x

sup
{bn}∈Bh

x

hnh(x, αx[{bn}], {bn})

and its Kružkov transform

vh(x) := 1 − e−Th(x) , x ∈ Ω. (10)

Note that a similar construction can be done for the upper value of the game.
The Dynamic Programming Principle (DPP) for Pursuit-Evasion games with state
constraints is proved in [8] which also gives a characterization of the lower and
upper value of the game in terms of the Isaacs equation. From the discrete version
of the DPP (see [8]), we can conclude that the time-discrete value function vh is
the unique bounded solution of{

vh(x) = max
b∈Bh(x)

min
a∈Ah(x)

{βvh(x+ hf(x, a, b))} + 1 − β x ∈ Ω\T

vh(x) = 0 x ∈ T ∩ Ω
(HJIh−Ω)

where β := e−h and themaxmin is obviously computed on the sets of admissible
controls for the constrained game. In order to achieve the fully-discrete equation we
build a regular triangulation ofΩdenoting byX the set of its nodesxi, i = 1, . . . , N
and by S the set of simplices Sj , j = 1, . . . , L. V (Sj) will denote the set of the
vertices of a simplex Sj and the space discretization step will be denoted by k
where k := maxj{diam(Sj)}. Let us define D ≡ (Ω\T ) ∩X .
The fully-discrete approximation scheme for the constrained case is⎧⎪⎪⎪⎨⎪⎪⎪⎩
vk

h(xi) = max
b∈Bh(xi)

min
a∈Ah(xi)

{
βvk

h(xi + hf(xi, a, b))
}

+ 1 − β xi ∈ D

vk
h(xi) = 0 xi ∈ T ∩X

vk
h(x) =

∑
j λj(x)vk

h(xj) , 0 ≤ λj(x) ≤ 1 ,
∑

j λj(x) = 1 x ∈ Ω .

(HJIkh−Ω)
As in the unconstrained problem, the choice of linear interpolation is not an obli-
gation and it was made here just to simplify the presentation. Let us denote byW k
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the set

W k :=
{
w ∈ C(Ω) : ∇w(x)=constant for all x ∈ Sj , j = 1, . . . , L

}
.

The proof of the following theorem can be obtained by simple adaptations of the
standard proof for the free fully-discrete scheme (see, e.g., [6]).

Theorem 2.2. Equation (HJIkh−Ω) has a unique solution vk
h ∈ W k such that

vk
h : Ω → [0, 1].

Sketch of the proof. The right-hand side of the first equation is (HJIkh−Ω) defines
a map F : R

N → R
N where N is the cardinality of the set of nodes in the trian-

gulation. The proof relies on the fact that F is a contraction map so there exists a
unique fixed point V ∗ and vk

h(xi) = V ∗
i , i = 1, . . . , N . �

3 Convergence of the fully-discrete numerical scheme

The convergence of the fully-discrete scheme will be based on two ingredients.
The first is an a priori bound for vk

h − vh which will be obtained studying the
properties of vh on a family of approximate “reachable sets". This bound is proved
for a general dynamics f and does not depend on the regularity of v. Then, we
couple this bound with the convergence result in [8] where they prove that vh

converges to v uniformly in Ω \ T .
Let us define R0 := T and

Rn :=

{
x ∈ Ω\

n−1⋃
j=0

Rj : for all b ∈ Bh(x) there exists âx(b) ∈ Ah(x)

such that x+ hf(x, âx(b), b) ∈ Rn−1

}
, n ≥ 1. (11)

See [18] for an analogous definition in the framework of the minimum time prob-
lem.

Remark 3.1. By definition, the shape of the sets {Rn}n∈N strictly depends on
f , Ω, A and B. Moreover, the following properties hold true:

1. Rn ∩ Rm = ∅ for all n 	= m;
2. If Rp = ∅ for some p ∈ N, then Rq = ∅ for any q ≥ p;
3. The sets {Rn}n∈N are the level sets of vh and vh has jump discontinuities on

the boundary of each of them.

In the sequel will always assume that

Ω =
∞⋃

j=0

Rj . (12)
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Note that (12) can be interpreted as a sort of small time controllability assumption
and that it is not really restrictive since if there exists a point x ∈ Ω\

⋃
j Rj this

means that player P cannot win the game from that point (i.e., he cannot drive the
system to the target) and then vh(x) = 1.

We introduce two important assumptions on the triangulation. Let S ∈ S be a
simplex, the first assumption is (see Fig. 1):

Figure 1: A simplex S crossing Rn, Rn−1, and Rn+1.

x ∈ S ∩ Rn ⇒ V (S) ⊂ Rn−1 ∪ Rn ∪ Rn+1. (13)

It means that the space discretization cannot be too coarse with respect to the time
discretization. The second assumption is the ”consistency” of the triangulation
(see Fig. 1).

Definition 3.2. We say that a triangulation is ”consistent” if S∩Rn 	= ∅ implies
that there exists at least one vertex xi ∈ V (S) such that xi ∈ Rn.

The above assumption requires that every simplex of the triangulation cannot cross
a level set Rn without having a vertex in it and, as we will see, is crucial for the
convergence of the scheme. This condition will be always satisfied fork sufficiently
small as we will see in Corollary 3.4. Let vh and vk

h denote, respectively, the
solution of (HJIh−Ω) and (HJIkh−Ω). We now state the main result of the paper.

Theorem 3.3. Let Ω be an open bounded set. Let (2), (12), (13) hold true and
let the triangulation be ”consistent”. Then, for n ≥ 1:

a) vh(x) ≤ vh(y) , for any x ∈
n⋃

j=0
Rj , for any y ∈ Ω\

n⋃
j=0

Rj ;
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b) vh(x) = 1 − e−nh , for any x ∈ Rn;

c) vk
h(x) = 1 − e−nh +O(k)

n∑
j=0

e−jh for any x ∈ Rn;

d) There exists a constant C > 0 such that

|vh(x) − vk
h(x)| ≤ Ck

1 − e−h
, for any x ∈ Rn.

Proof. a) By induction. For n = 0 the statement is true since

0 = vh(x) ≤ vh(y) for all x ∈ T , for all y ∈ Ω\T .

Let the statement be true up to n− 1. Suppose by contradiction that

there exists x ∈
n⋃

j=0

Rj and y ∈ Ω\
n⋃

j=0

Rj such that vh(y) < vh(x).

Therefore, there exists a (discrete) trajectory that starts from Ω\
n⋃

j=0
Rj and reaches

the target in less then n time steps passing through Rn. The contradiction follows
by the definition of Rn.
b) By the definition of Rn, for any x ∈ Rn we can find n+ 1 points x(q), q =

0, . . . , n such that x(0) = x and x(q) ∈ Rn−q. Introducing for simplicity the
notations aq := ax(q) and bq := bx(q) , we can write the sequence of the points x(q)

more explicitly as

x(q+1) = x(q) + hf(x(q), âq(b∗q), b
∗
q) ,

where we use the ∗ to indicate the optimal choice. As a consequence, the state of
the system can reach the target in n steps and then vh(x) ≤ 1− e−nh. Suppose by
contradiction that vh(x) < 1−e−nh. As in b), this means that the state has reached
the target starting at x in less then n time steps but this is impossible since x ∈ Rn.
c) By construction we have vk

h(xi) = 0 for all xi ∈ R0 ∩X . We now consider a
generic point x ∈ R0 and letS be the simplex containing x. Since the triangulation
is ”consistent”, S must have at least a vertex xi0 ∈ R0 and then vk

h(x) = O(k)
for all x ∈ R0 since vk

h ∈ W k. This implies, for all xi ∈ R1 ∩X ,

vk
h(xi) = βvk

h(xi + hf(xi, a
∗, b∗)) + 1 − β = βO(k) + 1 − β ,

since xi + hf(xi, a
∗, b∗) ∈ R0. We now consider a generic point x ∈ R1. By the

same arguments there exists at least one vertex xi1 ∈ R1 such that

vk
h(x) = vk

h(xi1) +O(k) = βO(k) + 1 − β +O(k) = 1 − β + (1 + β)O(k).

For any xi ∈ R2 ∩X ,

vk
h(xi) = β(1 − β + (1 + β)O(k)) + 1 − β = 1 − β2 + (β + β2)O(k) ,
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and, for any x ∈ R2 it exists xi2 ∈ R2 such that

vk
h(x) = vk

h(xi2) +O(k) = 1 − β2 + (1 + β + β2)O(k).

Continuing by recursion we obtain, for any x ∈ Rn

vk
h(x) = 1 − βn +O(k)

n∑
j=0

βj .

d) By b) and c) there exists a positive constant C1 such that

|vh(x) − vk
h(x)| = C1k

n∑
j=0

βj ≤ C1k

1 − β
=

C1k

1 − e−h
.

�

Corollary 3.4. Let Ω be an open-bounded set. Let (2), (12) hold true. Moreover
assume that

min
x,a,b

|f(x, a, b)| ≥ f0 > 0 and 0 < k ≤ f0h. (14)

Then, for k → 0+, vk
h converges to vh uniformly in Ω for any h > 0 fixed.

Proof. First note that condition (14) is a sufficient condition for (13) and for the
consistency of the triangulation. Therefore we can apply Theorem 3.3 and we
easily conclude. �

Remark 3.5. The result in the above corollary does not rely on the fact that we
use a split dynamic f = (fP , fE) but we notice that it is not clear how to get the
Hamilton-Jacobi-Isaacs equation associated to the problem in the case of a general
dynamics with state constraints. In [21] there is an attempt in this direction but
unfortunately the case considered there does not include Pursuit-Evasion games.

In order to obtain uniform convergence of vk
h to the solution of the continuous

problem when h and k tend to 0+, we couple our result with those in [8] which
are restricted to Pursuit-Evasion games. Let us denote by v the value function for
the continuous problem as defined in [8]. In order to provide sufficient conditions
for the continuity of v, we need to introduce further assumptions. Whenever we
say that ω : [0,+∞) → [0,+∞) is a modulus we mean that ω is nondecreasing,
it is continuous at zero, and ω(0) = 0. The first assumption is about the behavior
of the value function v near the target T .

There is a modulus ω such that v(x) ≤ ω(d(x, T )) for all x ∈ Ω (C1)
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where d(x, T ) = infz∈T {|x− z|}.
The second is a small time controllability assumption for the Pursuer.⎧⎨⎩

There is ωP (·, R) modulus for all R > 0 such that for all
w1, w2 ∈ Ω1 there are a(·) ∈ Aw1 and a time tw1,w2 satisfying
yP (tw1,w2 ;w1, a(·)) = w2 and 0 ≤ tw1,w2 ≤ ωP (|w1 − w2|, |w2|).

(C2)

The third is a small time controllability assumption for the Evader.⎧⎨⎩
There is ωE(·, R) modulus for all R > 0 such that for all
z1, z2 ∈ Ω2 there are b(·) ∈ Bz1 and a time tz1,z2 satisfying
yE(tz1,z2 ; z1, b(·)) = z2 and 0 ≤ tz1,z2 ≤ ωE(|z1 − z2|, |z2|).

(C3)

The proof of the next theorem can be found in [8].

Theorem 3.6. Assume that (2), (C1), (C2), and (C3) hold. Then, the value func-
tion v is continuous in Ω1 × Ω2 .

Let us introduce the following regularity hypothesis on the boundary of T .{
For each x ∈ ∂T there are r, θ > 0 and Ξ ∈ R

2n such that⋃
0<t<r

B(x′ + tΞ, tθ) ⊂ Ω\T for any x′ ∈ B(x, r) ∩ Ω\T . (15)

Note that a comparison principle for sub- and super-solutions for the same Hamil-
tonian is proved in [8] under additional regularity assumptions on ∂(Ω\T ). More
precisely, the assumptions needed are the uniform interior cone conditions for Ω1,
Ω2, and T .
We have the following

Theorem 3.7. Let Ω be an open-bounded set. Let (2), (7), (C1), (C2), (C3), and
(15) hold true. Finally, assume that

fP (xP , A(x)) and fE(xE , B(x)) are convex sets. (16)

Then, for h → 0+, vh converges to v uniformly in Ω.

Proof. The assumption (16) guarantees that the value function vh for the time-
discrete problem defined in (10) coincides with that used in [8]. Moreover, assump-
tions of Theorem 3.6 are fulfilled so that v ∈ C(Ω). Then, the proof follows by
Theorem 4.2 in [8]. �

Coupling the previous results we can prove our convergence result for the
approximation of Pursuit-Evasion games.

Corollary 3.8. Let the assumptions of Corollary 3.4 and Theorem 3.7 hold true.
Moreover, assume that k = O(h1+α), forα > 0. Then vk

h converges to v uniformly
in Ω for h tends to 0+.
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Proof. Since 1 − e−h = O(h) for h tending to 0+ we have for any x ∈ Ω:

|vk
h(x)−v(x)| ≤ |vk

h(x)−vh(x)|+ |vh(x)−v(x)| ≤ O(hα)+‖vh(x)−v(x)‖∞.

�

As we said in the Introduction, a convergence theorem has been proved in [11,12]
for a different approximation scheme based on viability theory. The approach is
different in several respects. The first is that the techniques used in the proof are
based on the characterization of the epigraph of the value function of the game
in terms of a Discriminating Kernel for a suitable problem. By this technique
the authors can easily deal with semicontinuous Hamiltonians and construct a
discrete Discriminating Kernel algorithm. This technique is based on an external
approximation of the epigraph of the value function via a sequence of closed sets
Dp, p ∈ N (see [13] p. 224). This construction is rather expensive for games and
can be hard to pursue particularly in high-dimension even if one can try to localize
the algorithm near the boundary of the Discriminating Kernel (i.e., nearby the
graph of the value function).

4 The Tag-Chase game with state constraints

The Tag-Chase game is a particular case of Pursuit-Evasion games. We consider
two boys, P and E, which run one after the other in the same 2-dimensional

domain, so that the game is set in Ω = Ω
2
1 ⊂ R

4 where Ω1 is an open-bounded
set of R

2. We denote by (xP , xE) the coordinates of Ω where xP , xE ∈ Ω1. P
(respectively, E) can run in every direction with velocity VP (respectively, VE) so
that the dynamics of the game is{

ẋP = VP a a ∈ B2(0, 1)
ẋE = VE b b ∈ B2(0, 1) ,

where B2(0, 1) = {z ∈ R
2 : |z| ≤ 1}. The case VP > VE is completely studied

in [1,2]. The value function T = − ln(1 − v), which represents the capture time,
is continuous and bounded in its domain of definition. Moreover, the convergence
result we obtained in Sec. 3 applies to this case.

On the other hand, the most interesting case is certainly VP = VE , i.e., when
the players have the same dynamics and no advantage is given to any of them. In
this case it is easily seen that the value function T is discontinuous (at least on
∂T ) and then all theoretical results based on the continuity of the value function
does not hold.

In this section we will give an answer to the following question: ”if VP = VE ,
is the capture time finite?”.

If the Tag-Chase game is played without constraints on the state and both players
play optimally, it is immediately seen that the distance between P and E remains
constant and then capture never happens (the optimal strategy for E is to move
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for ever as fast as he can along the line joining P and E in the opposite direction
with respect to the position of P ). On the contrary, if the state is constrained in a
bounded domain, such a restriction seems to play a key role against the Evader, as
the following proposition shows.

Proposition 4.1. Let Ω1 be open and bounded. Moreover, let the target be

T = {(xP , xE) ∈ Ω : |xP − xE | ≤ ε} , ε ≥ 0. (17)

Then,

1. If VP > VE , then the capture time tc = T (xP , xE)=− ln(1 − v(xP , xE)) is
finite and bounded by

tc ≤ |xP − xE |
VP − VE

.

2. If VP = VE , ε 	= 0 and Ω1 is convex then the capture time tc is finite.

Proof.

1. This first part of the proof can be found in [1]. We fix a strategy for P and
leave E free to decide his optimal strategy. First, P reaches the starting point
of E covering the distance |xP − xE | and then he follows the E’s trace. The
conclusion follows by elementary computations.

2. The basic idea of the proof is the same of the previous case but we have to
change the strategy for the Pursuer in order to have a finite upper bound.
P runs after E always along the line joining P and E (P can do it by the
convexity of Ω1) while E chooses his own optimal trajectory as before. We
can characterize the strategy of E by a function θ(t) : [0,+∞) → [0, 2π)
which represents at every time the smallest angle between the velocity vector
of E and the line joining P and E (see Fig. 2). Let us denote by dPE(t) the

θ(t)

P

E

Figure 2: Trajectories of P and E in Proof of Proposition 4.1.

distance between P and E at time t. We claim that, for any fixed t,

θ(t) 	= 0 ⇒ d′
PE(t) < 0 (18)
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where ′ = d
dt . Due to the state constraints, θ(t) cannot be equal to 0 for a time

interval longer then diag(Ω1)/VP and after that must be different from 0 for
a finite time interval because E must change his trajectory at least when he
touches ∂Ω1. Therefore, if (18) holds then dPE(t) → 0 for t → ∞ and then
for any ε > 0 there exists a time t̄ such that dPE(t̄) ≤ ε (the capture occurs).
In order to prove (18), let us define the two vectors E(t) and P (t) which are,
respectively, the position of P and E at time t and the vector r(t) := E(t) −
P (t). By definition, we have dPE(t) = |r(t)|. Without loss of generality,
suppose that at time t, P (t) is in the origin and E(t) lies on the x-axis and

x

y

1P P’ E

E’

θ(t)

P’

r’

Figure 3: Vectors P , P ′, E, E′, and r′ as in Proposition 4.1.

that VP = VE = 1 (see Fig. 3).
Then

P ′(t) = (1, 0) and
r(t)
|r(t)| = (1, 0).

Moreover, by construction we have

E′(t) = (cos θ(t), sin θ(t)) and r′(t) = E′(t) − P ′(t).

It follows that r′(t) = (cos θ(t) − 1, sin θ(t)) and

d′
PE(t) =

r(t)
|r(t)| · r′(t) = cos θ(t) − 1 (19)

so that (18) holds. �

5 Some hints for the algorithm

In this section we give some hints for an efficient implementation of the algorithm
for the solution of differential games. The main goal is to reduce the computational
cost since this is a crucial step toward applications. The first hint deals with a
fast way to compute the term vk

h(xi + hf(xi, a, b)) in high-dimensional spaces.
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In fact, the linear interpolation used in the definition of the fixed point iteration is
appealing from the theoretical point of view but not very efficient since it would
require the solution of a linear system of size 2n + 1 for every xi, a, and b. The
procedure we suggest solves this problem by a sequence of linear interpolations in
1-dimension. The second hint exploits the natural symmetry in the game problem
whenever it is played in a square domain in order to reduce (by a factor 2 in two
dimensions and 4 in four dimensions) the domain where the solution is actually
computed. Both procedures have shown to be very efficient and have contributed
to a dramatic reduction of the CPU time.

5.1 Interpolation in high-dimensions

It is important to note that the semi-Lagrangian scheme (HJIkh−Ω) requires that at
every iteration, at every node and every a and b, the value vk

h(xi + hf(xi, a, b))
is computed and this computation needs an interpolation of the values of vk

h at the
nodes. [14] extensively analyzed a fast and efficient interpolation method in high-
dimension suitable to our purposes. We recall briefly this method giving a precise
error estimate.
Consider a point x = (x1, . . . , xn) ∈ R

n and the cell of the grid which contains
it (see Fig. 4 for an example in 3D). Suppose that a function f is known in the 2n

vertexes of the cell and we want to compute the value f(x) by linear interpolation.
The basic idea is to project the point x onto lower and lower dimensional subspaces
until dimension 1 is reached. More precisely, choose a dimension (in Fig. 4 we
chose x1) and project the point x in that dimension on both sides of the cell finding
the pointsP 1

1 andP 1
2 . Then, choose a direction different from the first one (we chose

x2) and project the points P 1
1 and P 1

2 on the sides of the cell finding the points P 2
1 ,

P 2
2 , P 2

3 , and P 2
4 . Iterate the projection procedure 2n+1 − 2 times in the same way

until all vertexes of the cell are reached. At this stage a tree structure containing
all points P j

i , i = 1, . . . , 2n , j = 1, . . . , n is computed from top to bottom.
Now evaluate by unidimensional linear interpolations the values of f at the points
P j

i , i = 1, . . . , 2n , j = 1, . . . , n in the reverse order with respect to that used
to find them (from bottom to top). This procedure leads to an approximate value
of f(x) obtained by 2n − 1 unidimensional linear interpolations. It is interesting
to give a precise error estimates of this first-order interpolation method.

Theorem 5.1. Let R
n ⊃ Q := [a1, b1] × . . .× [an, bn] and x = (x1, . . . , xn).

Assume f ∈ C2(Q; R) and let q(x), x ∈ Q be the approximate value of f(x)
obtained by the n-dimensional linear interpolation described above.
Then, the error E(x) := f(x) − q(x) is bounded by

|E(x)| ≤
n∑

i=1

Δ2
i

8
Mi , for all x ∈ Q ,

where Mi = max
x∈Q

|∂2f(x)
∂x2

i
| and Δi = bi − ai.
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Figure 4: Example in 3D.

Proof. The proof is easily obtained by induction using the basic theory of linear
interpolation. The interested reader can find the complete proof in [15]. �

5.2 Reducing the size of the problem

If the dimension of the space is greater than 4, the algorithm has a high computa-
tional cost. As already noted in [2,22], due to the state constraints it is not possible
in general to use reduced coordinates x̃ = xP − xE unless the problem has a spe-
cial structure. In fact, using reduced coordinates we loose every information about
the real positions of the two players, so that we cannot detect when they touch the
boundary of the domain (and then change the dynamics consequently). Note that
if we consider the 2-player Tag-Chase game constrained in a circle (see for exam-
ple [9]), the problem can be described by three coordinates instead of four since
the problem is invariant with respect to the rotation of the domain. Obviously, this
is not true if the game’s field is a square as in the case of the numerical tests we
carry on in this paper.

Although it is not always possible to describe the game in a reduced space
due to the state constraints, we can simplify the computation taking into account
the symmetries of the problem, if any. We explain our technique first in the 1-
dimensional case and then in the 2-dimensional case. From now on we denote by
n the number of grid nodes in each dimension.

Unidimensional Tag-Chase game
Assume that each player can move along a line in the interval [−x0, x0]2, then the
game is set in the square [−x0, x0]2.

In Fig. 5 we show the level sets of the solution T = − log(1 − v) in the case
VP = 2, VE = 1, x0 = 2 and an optimal trajectory starting from (−1.5, 0). It is
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Figure 5: Level sets of the solution T = − log(1 − v) for VP = 2, VE = 1.

easy to see that

v(xP , xE) = v(−xP ,−xE) for all xP , xE ∈ [−x0, x0]

so that we can recover the entire solution either from the triangular sector
SNW = {(xP , xE) : xP ≤ xE} or from the rectangular sectorSW = {(xP , xE) :
xP ≤ 0}. This corresponds to the fact that it is sufficient to compute the solution
for all the initial positions of P and E in which P is on the left of E or P is in
the left side of the domain [−x0, x0] (see Fig. 6). There is an important difference

Figure 6: Two initial positions which correspond to the same value for v.

between the two approaches. In fact, the target T = {(xP , xE) : xP = xE} is
entirely contained in SNW but not in SW . Moreover, since the target divides the
domain Ω = [−x0, x0]2 in two parts and no characteristics can pass from one part
to the other, all the optimal trajectories starting from SNW remains in SNW . This
is clearly not true for SW . As a consequence, if we compute the solution only in
SW this will be not correct because not all the usable part of the target is visible
from the domain.

Unfortunately, the domain SNW has not a correspondence in the two-
dimensional Tag-Chase game. In fact, the target T does not divide the entire space
Ω = ([−x0, x0] × [−x0, x0])2 into two parts since the co-dimension of the target
is strictly greater than 1. On the contrary, we will see that the domain SW has a
natural generalization in the two-dimensional case.
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For this reason it is preferable to localize the computation only inSW . In order to
do this we adopt the following idea. First of all we choosen even. Then we compute
the approximation of v at the node corresponding to the indices (i, j), for i =
1, . . . , n/2, j = 1, . . . , n via the numerical scheme (HJIkh−Ω) (note that now i is the
index corresponding to the position of the player P so is a column index whereas
j is a row index). After every iteration we copy the line (i = n/2, j = 1 : n) in
(i = n/2 + 1, j = n : 1) as a sort of ”periodic boundary condition” for SW . In
this way the information coming from the south-western part of the target can
substitute the missing information needed by the north-western part of the domain.

When the algorithm reached the convergence we can easily recover the solution
on all over the domain Ω.

Two-dimensional Tag-Chase game
As we did in the unidimensional case, we want to use the symmetries of the
problem to avoid useless computation.

We assume that each player can move in a square so that the game is set in a four-
dimensional hypercube. The positions of P and E will be denoted, respectively,
by (xP , yP ) and (xE , yE). In this case we have more than one symmetry. In fact,
it easy to check that the following three inequalities hold (see Fig. 7):

Figure 7: Four initial positions which correspond to the same value for v.

v(xP , yP , xE , yE) = v(−xP ,−yP ,−xE ,−yE) (20)

v(xP , yP , xE , yE) = v(−xP , yP ,−xE , yE) (21)

v(xP , yP , xE , yE) = v(xP ,−yP , xE ,−yE). (22)

We note that once we take into account the symmetry (20) we took into account
automatically the symmetry in (21).
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The following nested for’s take into account only the symmetry (22) and they
allow to compute correctly the whole 4D matrix containing the grid nodes.

for i=1:n
for j=1:n/2

for k=1:n
for l=1:n

{v(i,j,k,l)=SLscheme(...);
v(i,n-j+1,k,n-l+1)=v(i,j,k,l);}

Now we are ready to make use of symmetry (20) by means of the tech-
nique introduce for the unidimensional Tag-Chase game. We compute just
half matrix corresponding to the indexes i = 1, . . . , n/2 and after every iter-
ation we copy the submatrix (i = n/2, j = 1 : n, k = 1 : n, l = 1 : n) in
(i = n/2 + 1, j = n : 1, k = n : 1, l = n : 1) as a boundary condition.

At the end of computation we easily recover the solution in the whole domain.

Remark 5.2. We ran a Fast Sweeping [23] version of the one-dimensional Tag-
Chase game. We noticed that no improvements about the number of iterations
is achieved. This is probably due to the presence of state constraints so that the
information first propagates from the target and then it comes back after hitting
the boundary. A Fast Marching scheme for the unconstrained game in reduced
coordinates has been presented in [16].

6 Numerical experiments

In this section we present some numerical experiments for two-dimensional con-
strained Tag-Chase game. We consider the case VP > VE as well as VP = VE

and VP < VE . To our knowledge, these two last cases appear for the first time
in a numerical test. The code is written in C++ and its parallel version has been
obtained by means of OpenMP directives. The algorithm ran on a PC equipped
with a processor Intel Pentium dual core 2 × 2.80 GHz, 1 GB RAM and on an
IBM system p5 575 equipped with 8 processors Power5 at 1.9 GHz and 32 GB
RAM located at CASPUR1.

Notations and choice of parameters
We denote by n the number of nodes in each dimension. We denote by nc the
number of admissible directions/controls for each player, i.e., we discretize the
unit ball B(0, 1) with nc points. We restrict the discretization to the boundary
∂B(0, 1) and in some cases we add the central point (in this case we denote the
number of directions by n−

c +1 where n−
c = nc − 1).

1Consorzio interuniversitario per le Applicazioni di Supercalcolo per Università e Ricerca,
www.caspur.it.
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We always use a uniform structured grid with four-dimensional cells of volume
Δx4 and we choose the (fictitious) time steph such that ‖hf(x, a, b)‖ ≤ Δx for all
x, a, b (so that the interpolation is made in the neighboring cells of the considered
point).

We introduce the following stopping criterion for the fixed point iteration
V p+1 = F (V p) (where Vi = vk

h(xi))

‖V (p+1) − V (p)‖∞ ≤ ε , ε > 0.

We remark that the quality of the approximate solution depends on h, k and also
(strictly) on the ratio h/k (see [4])

The real game is played in a square [−2, 2]2 so the problem is set in Ω = [−2, 2]4.
The numerical target is T = {(i, j, k, l) ∈ {1, . . . , n}4 : |i− k| ≤ 1 and |j− l| ≤
1}.

Once we computed the approximate solution, we recover the optimal trajecto-
ries. At this stage we have to choose the time step Δt in order to discretize the
dynamical system by Euler scheme. It should be noted that this parameter can, in
general, be different from the (fictitious) time step h chosen for the computation of
the value function (our choice is Δt = Δx/2) and this is true also for the number
of controls nc. Moreover, computing optimal trajectory requires the evaluation of
the argminmax which is done again choosing a value for h, and this value can be
in principle different from that used in the first computation.

We plot some flags (circles for the Pursuer, squares for the Evader) on the
approximate optimal trajectories every s time steps where s varies from 5 to 20
depending on the test. This allows to follow the position of one player with respect
to the other during the game.

We denote by v(xP , yP , xE , yE) the approximate value function and by
T (xP , yP , xE , yE) = − ln(1 − v(xP , yP , xE , yE)) the time of capture.

6.1 Case VP > VE

The case VP > VE is the classical one and it was already studied by Alziary de
Roquefort [2]. In this case, the value function v is continuous and all theoretical
results we presented in this paper hold true. In the following we name “CPU time”
the sum of the times taken by the CPUs and by “wallclock time" the elapsed time.

Test 1
We choose ε = 10−3, VP = 2, VE = 1, n = 50, nc = 48 + 1. Convergence was
reached in 85 iterations. The CPU time (IBM - 8 procs) was 17h 36m 16s, the
wallclock time was 2h 47m 37s. Figure 8 shows the value function T (0, 0, xE , yE)
and its level sets (we fix the Pursuer’s position at the origin). It is immediately
seen that if the distance between P and E is greater than VP − VE = 1 then the
state constraints have a great influence on the solution. Moreover, it is clear that
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Figure 8: Test 1. Value function T (0, 0, xE , yE) (left) and its level sets (right).

the presence of state constraints gives an advantage to the Pursuer.
Figure 9 shows four optimal trajectories corresponding to the starting points:{
P = (−1, 0)
E = (0, 0)

{
P = (−2,−2)
E = (1, 0.7)

{
P = (−1.8,−1.8)
E = (0.5,−1.6)

{
P = (−1.8,−1.8)
E = (0.5,−1.8).
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Figure 9: Optimal trajectories for Test 1.

Test 2
The second test is just to compare the CPU time corresponding to the two archi-
tectures mentioned above. It is interesting to test the new dual core processors in
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order to understand how much they can be useful in parallel scientific computing.
They are indeed conceived mainly to deal with distributed computing or simply
multitasking. The performances of the parallel code are measured in terms of two
well-known parameters, the speed-up and the efficiency. Let Tser and Tpar be the
times corresponding, respectively, to the execution of the serial and parallel algo-
rithms over np processors. We define

speed-up :=
Tser

Tpar
and efficiency :=

speed-up
np

.

Note that an ideal parallel algorithm would have speed-up = np and efficiency = 1.
Table 1 shows the wallclock time, the speed-up and the efficiency for the following

Table 1: CPU time for Test 2

architecture wallclock time speed–up efficiency

IBM serial 26m 47s - -
IBM 2 procs 14m 19s 1.87 0.93
IBM 4 procs 8m 09s 3.29 0.82
IBM 8 procs 4m 09s 6.45 0.81

PC dual core, serial 1h 08m 44s - -
PC dual core, parallel 34m 51s 1.97 0.99

choice of parameters: ε = 10−5, VP = 2, VE = 1, n = 26, nc = 36 + 1.

Test 3
In this test the domain has a square hole in the center. The side of the square is
1.06. We choose ε = 10−4, VP = 2, VE = 1, n = 50, nc = 48 + 1. Convergence
was reached in 109 iterations. The CPU time (IBM - 8 procs) was 1d 00h 34m
18s, the wallclock time was 3h 54m 30s. Figure 10 shows the value function
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Figure 10: Test 3. Value function T (−1.5,−1.5, xE , yE).
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T (−1.5,−1.5, xE , yE).
Figure 11 shows two optimal trajectories corresponding to the starting points:{

P = (−1.9,−1.9)
E = (1.9, 1.9)

{
P = (−1.9, 0)
E = (1, 0).

It is interesting to note that in both cases the Evader waits until the Pursuer decides
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Figure 11: Optimal trajectories for Test 3.

if he wants to skirt around the obstacle clockwise or counterclockwise. After that,
the Evader goes in the opposite direction. If both players touch the obstacle, they
run around it until the capture occurs.

Test 4
In this test the domain has a circular hole in the center. The radius r of the circle is
7Δx. We choose ε = 10−4, VP = 2, VE = 1, n = 50, nc = 48+1. Convergence
was reached in 108 iterations. The CPU time (IBM - 8 procs) was 1d 17h 27m 43s,
the wallclock time was 6h 39m 00s. Note that handling with a circular obstacle
inside the domain of computation is not easy as in the previous test where the
boundary of the obstacle matches with the lattice. We adopt the following proce-
dure. First of all, we define the radius r of the circle as a multiple of the space
step Δx. Then, at every node (P=(i, j), E=(k, l)), we compute the distance dPO

(resp., dEO) between P (resp., E) and the center of the domain. Let us focus on
P , E being treated in the same way. If r ≤ dPO < r+ Δx, then we say that P in
on the ”numerical boundary” of the circle. The exterior normal vector η(i, j) to
the (numerical) boundary of the circle is simply given by the coordinates of the
node (i, j), so that we can easily compute the scalar product η · a where a is the
desired direction of P . If the scalar product is negative, we label the direction a
as not admissible.

Figure 12 shows two optimal trajectories corresponding to the starting points:{
P = (−1.9,−1.9)
E = (1.9, 1.9)

{
P = (−0.6, 0)
E = (1, 0.4).

The behavior of the optimal trajectories is similar to the previous Test.
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Figure 12: Optimal trajectories for Test 4.

6.2 Case VP = VE

When VP = VE the value function v is discontinuous on ∂T . In this case no
convergence results are known, nevertheless the numerical scheme seems to work
very well. We remember that results in Sec. 4 guarantee that v < 1 (the capture
always occurs). This is confirmed by the following test.

Test 5
We choose ε = 10−3, VP = 1, VE = 1, n = 50, nc = 36. Convergence was
reached in 66 iterations. Figure 13 shows the value function T (0, 0, xE , yE) and
its level sets. Figure 14 shows the value function T (1.15, 1.15, xE , yE) and its
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Figure 13: Test 5. Value function T (0, 0, xE , yE) (left) and its level sets (right).

level sets. Figure 15 shows four optimal trajectories corresponding to the starting
points:{

P = (0, 1)
E = (0, 0)

{
P = (1, 1.5)
E = (−0.5, 0)

{
P = (1.3, 1.8)
E = (0, 0)

{
P = (−1.9,−1.9)
E = (−1.7,−1.9).
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Figure 14: Test 5. Value function T (1.15, 1.15, xE , yE) (left) and its level sets (right).
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Figure 15: Optimal trajectories for Test 5.

Test 6
In this test the domain has a circular hole in the center. The radius of the circle is
7Δx. Since the domain is no more convex, we have no guarantee that the time of
capture is finite. Numerical results show that the value function v is equal to 1 in
a large part of the domain.

It is well known that it is not possible to recover the optimal trajectories whenever
v = 1 (T = ∞) since from that regions capture never happens. Indeed, ifVP ≤ VE

the approximate solution shows a strange behavior. Even if v < 1, in some cases the
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computed optimal trajectories tend to stable trajectories such that P never reaches
E. Although this is due to some numerical error, these trajectories are extremely
realistic so they give to us a guess about the optimal strategies of the players in the
case E wins. In this Test (and others below) we show this behavior.

We choose ε = 10−4, VP = 1, VE = 1, n = 50, nc = 48 + 1. Convergence
was reached in 94 iterations. The CPU time (IBM - 8 procs) was 1d 12h 05m 22s.
Figure 16 shows one optimal trajectory corresponding to the starting point
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Figure 16: Optimal trajectories for Test 6.

{
P = (−1.8, 0)
E = (1.2, 0).

In this example, there is no capture within 150 time steps. The asymptotic behavior
of the trajectory is stable since once the two players reached the internal circle,
they run around it forever. It should be noted that, at the beginning of the game, E
leaves the time to go by in order to touch the boundary of the circle exactly when
P touches it.

This strange behavior urges us to invent some method to compute rigorously
the trajectories corresponding to the E’s win, in order to confirm our guess.
Maybe we can do it considering the time-dependent problem (so that we work in
R

5 as Alziary de Roquefort does [2]). This allows one to choose a time-dependent
velocity VE(t) such that it is very fast for 0 ≤ t < t̄ (capture impossible) and very
slow for t > t̄ (capture unavoidable). For such a velocity we have v < 1 so we
can compute optimal trajectories but, for 0 ≤ t < t̄, E will attempt to maintain a
trajectory such that capture does not occur.

6.3 Case VP < VE

If VP < VE the value function v is discontinuous on ∂T . Moreover, we have no
guarantee that the time of capture is finite. Numerical results show that the value
function v is equal to 1 in a large part of the domain.
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Test 7
We choose ε = 10−3, VP = 1, VE = 1.25, n = 50, nc = 48 + 1. Convergence
was reached in 53 iterations. The CPU time (IBM - 8 procs) was 12h 43m 02s,
the wallclock time was 2h 18h 06s.
Figure 17 shows the value function T (−1,−1, xE , yE) and its level sets.
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Figure 17: Test 7. Value function T (−1,−1, xE , yE) (left) and its level sets (right).

Figure 18 shows two optimal trajectories corresponding to the starting points{
P = (−1,−1)
E = (−1, 1)

{
P = (−1,−1)
E = (−0.5,−0.5).

Note that the Pursuer approaches the corner in which capture occurs along the
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Figure 18: Optimal trajectories for Test 7.

diagonal of the square in order to block off the Evader’s escape.

Test 8
We choose ε = 10−4, VP = 1, VE = 1.5, n = 50, nc = 36. Convergence was
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reached in 65 iterations. The CPU time (IBM - 8 procs) was 15h 48m 46s, the
wallclock time was 2h 30m 19s.
Figure 19 shows two optimal trajectories corresponding to the starting points:{

P = (0.5, 0.5)
E = (1.5, 1.5)

{
P = (0,−0.8)
E = (−0.3,−1.3).

In the example on the left,E makes believe he wants to be caught in the upper-left
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Figure 19: Optimal trajectories for Test 8.

corner but after a while he turns on the right toward the upper-right corner. In the
example on the right, there is no capture within 2,000 time steps (see Test 6) and
the asymptotic behavior of the trajectories is quite stable. Moreover, we note that
the ratio between the two radii of the circles are about 1.5 as the ratio between the
velocities of the two players (so that they complete a rotation in the same time).
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Abstract
The famous game of two cars is a pursuit-evasion dynamic game. In the
extended version presented here, a correct driver (evader) on a freeway detects
a wrong-way driver (pursuer in a worst case scenario), i.e., a car driving on the
wrong lanes of the road or in the wrong direction. The correct driver must try to
avoid collision against all possible maneuvers of the wrong-way driver. Addi-
tionally, he must try to stay on the freeway lanes. Analytically, the game is not
fully solvable. The state-space is cut by various singular manifolds, e.g., barri-
ers, universal, and dispersal manifolds. Here, discretized Stackelberg games are
solved numerically for many positions in the state-space. The resulting trajec-
tories and their adherent information are used to synthesize optimal strategies
with artificial neural networks. These networks learn the optimal turn rates and
optimal velocity change rates. The networks are trained with the high-end neu-
rosimulator FAUN (Fast Approximation with Universal Neural Networks). A
grid computing implementation is used which allows significantly shorter com-
puting times. This implementation runs on low-budget, idle PC clusters and
moreover power saving allows to wake up and shut down computers automat-
ically. Parallelization on cheap hardware is one of the key benefits of the pre-
sented approach as it leads to fast but nonetheless good results. The computed
artificial neural networks approximate the Stackelberg strategies accurately.
The approach presented here is applicable to many other complex dynamic
games which are not (fully) solvable analytically.

Key words. Dynamic game, Stackelberg game, synthesis of optimal strategies,
artificial neural networks, parallel computation, grid computing, game of two
cars.
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1 The Game of Two Cars Revisited

Even today, several thousand cases of people driving on the wrong side of the
road are officially registered on German freeways every year. The actual number
is estimated to be several times higher. Often, people are injured or even killed.
A collision avoidance device can help to minimize the dangers resulting from
wrong-way drivers. This can be modeled as a pursuit-evasion dynamic game. In
the present paper, an enhanced version of the game of two cars is investigated. The
idea is that the maneuvers of wrong-way drivers are generally unpredictable, e.g.,
because of drunkenness, fatigue, or panic. It is therefore suitable for the correct
driver to assume the worst and to act, as if the wrong-way driver was trying to
capture him. The correct driver chooses the optimal strategy against all possible
decisions of the wrong-way driver. The resulting dynamic game is modeled as
Stackelberg game and the neurosimulator FAUN is used to synthesize strategies.

To simplify our real life problem, we restrict ourselves to a collision avoidance
problem for two cars: one is driven by the correct driver E, the other one by the
wrong-way driver P. For this collision avoidance problem the kinematic equations
can be modeled by:

ẋP = vP sinφP , (1)

ẋE = vE sinφE , (2)

ẏ = vP cosφP − vE cosφE , (3)

v̇E = bEηE , (4)

φ̇P = wPuP , (5)

φ̇E = wE(vE)uE ; (6)

see Fig. 1. The subscripts P and E of the notations refer to the wrong-way driver
(the pursuer) P and the correct driver (the evader) E, respectively. The independent
variable t denotes time, the state variables xP , xE denote the distance of P and
E from the left-hand side of the freeway, and y denotes the distance between P
and E orthogonal to the x-direction. The state variables φP , φE denote the driving
directions of P and E and vP , vE are the velocities of P and E. The control variables
uP , uE denote the turn rates of P and E, and ηE the velocity change rate. Without
oversimplification, vP is taken as constant and the maximum angular velocities
wP (vP ) and wE(vE) are prescribed depending on the type of car. The kinematic
constraints of bounded radii of curvature are taken into account by the control
variable inequality constraints

−1 ≤ uP ≤ +1, (7)

−1 ≤ uE ≤ +1. (8)

Steering uP = ±1 and uC = ±1 means executing an extreme right/left turn for P
and E, respectively. The kinematic constraint of acceleration and deceleration for



The Game of Two Cars Revisited 209

Figure 1: State variables of the collision avoidance problem for two cars. The evader is
allowed to be on the edge strip with two wheels. The corresponding state variables for
evader and pursuer are denoted with subscripts E and P , respectively.

E is taken into account by the control variable inequality constraint

−1 ≤ ηE ≤ +0.48. (9)

The constraint
0m ≤ xE ≤ 15m (10)

considers the fact that E wants to stay on the freeway. A similar constraint for
P is explicitly rejected, as a worst-case situation for E is analyzed. It is indeed
imaginable that the wrong-way driver P doesn’t care if his car is damaged or he is
injured when leaving the freeway.

The maximum deceleration rate is given by bE = 10.72m/s2. This corresponds
to a modern car. The maximum angular velocities are given by:

wP =
μ0g

vP
, (11)

wE =
μ0g

vE
. (12)

The constant μ0 = 0.55 corresponds to the adhesion coefficient on dry asphalt and
g = 9.81m/s2 is the acceleration of gravity.
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The goal of the correct driver E is to avoid collision against all possible maneu-
vers of P. It can be formulated as

min
γP ∈ΓP

max
γE∈ΓE

min
t0≤t<∞

d(z(t)) (13)

with the vector z := (xP , xE , y, vE , φP , φE) of state variables, with (feedback)
strategies γP (z) and γE(z), with sets ΓP and ΓE of all admissible strategies,
and with Euclidean distance d(z) between P and E. The control variables are
determined by uP (z) := γP (z) and (uE(z), ηE(z)) := γE(z). The strategy γP is
admissible, if the constraint (7) is fulfilled for all t ∈ [t0, tf ], and the strategy γE is
admissible, if the constraints (8), (9), and (10) are fulfilled for all t ∈ [t0, tf ]. The
collision avoidance maneuver starts at the time t0 at z(t0) = z0, when the correct
driver E notices P. The collision avoidance maneuver ends at the terminal time
tf < ∞ when the minimum distance between P and E is reached. Theoretically,
it is imaginable that the game continues if P turns on the street. This case is
deliberately ignored.

The present collision avoidance game is an enhancement of the game of two
cars as introduced, e.g., in [23]. It can be embedded in the theory of pursuit and
evasion. If the state constraint (10) is omitted and constant velocity vE is assumed,
the present game corresponds to the game of two cars. If additionally the correct
driver E needs not obey the constraint of bounded curvature, i.e., uE ∈] − ∞,∞[,
the homicidal chauffeur game arises. In [33] a neural network solution for this
relatively simple game is presented. Nevertheless, the full solutions of the game of
two cars and even the homicidal chauffeur game are extraordinarily baffling. The
state-space is cut by diverse singular manifolds. Neither the game of two cars nor
the homicidal chauffeur game can be solved fully, i.e., optimal strategies γ∗

P (z)
and γ∗

E(z) cannot be calculated explicitly for all z, for all velocities vP and vE ,
and for all maximum angular velocitieswP andwE . Nevertheless various collision
avoidance problems have been investigated; see, e.g., [3, 4, 13–15, 26–30, 34, 37–
39, 42, 44, 46, 47].

As the goal of this paper is not to give an analytical solution for the presented
enhanced game of two cars, but to show that even complex dynamic games can
be solved with neural networks, a more basic approach is chosen; see also [7].
Therefore, the computation of strategies is realized with a Stackelberg game. First,
E optimizes his strategy against all possible maneuvers of P. Then, P optimizes his
strategy against the well-known strategy of E. This very conservative assumption
is unfair for E but is part of our worst-case analysis.

It has to be noted, that the need to compute a solution first, albeit numerical,
presents a potential limitation. The required numerical computation is time con-
suming and can only be difficultly realized in real-time. This is, of course, one of
the reasons, why artificial neural networks are used.
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2 The Neurosimulator FAUN

The following excursus explains the basics of a neurosimulator and the advantages
of parallelization. Generally, a neurosimulator can be useful when collected data
has to be connected even if classical methods like linear or nonlinear regression
don’t work. At the Institut für Wirtschaftsinformatik in Hanover, the neurosimula-
tor FAUN (Fast Approximation with Universal Neural Networks) has been under
active development since 1996.

The process of finding suitable artificial neural networks is called training. This
training can take CPU hours or even days on a single personal computer. This is
explained by the fact that several networks are tried, normally between 100 and
10,000. The trained neural networks have no mutual dependencies. It is possi-
ble to split the training task on several threads. This is meant by coarse-grained
parallelization in contrast to fine grained parallelization. The advantage of coarse-
grained parallelization is that the communication network can be quite slow, stan-
dard fast Ethernet with 100 Mbit/s is sufficient. The parallel version of FAUN runs
on homogeneous computer clusters as well as on heterogeneous personal com-
puter networks using a parallel programming package which has to be previously
installed and configured. This is a disadvantage and inspired the authors to the
development of the grid computing client briefly described in this paper.

The Hanover School of Economics owns a student and staff computer cluster
with — amongst others — 38 Pentium IV computers at 2.66 GHz running the
operating system Windows XP professional. As the cluster is rarely used and almost
only for special lectures the combined power of these computers is free most of
the time. This leads to the idea of using the unused capacities for calculations
and therefore reducing the need of an external computation-only cluster or an
expensive supercomputer. The condition is that other occasional users are not
disturbed and that the configuration necessities are low. To make the configuration
more ecological, a mechanism is needed that allows to wake up the computers
from the standby state and to shut them down again.

The currently available parallel programming packages cannot fulfill all these
wishes. They require configuration and wake up or shutdown is not implemented.
This means that an alternative concept has to be developed. Our new grid computing
client is installed by simply copying the files onto the computer and is further
on managed via a web interface. As modularity is a main design goal, the client
cannot only cooperate with the neurosimulator but offers functionalities that make
it possible to hook up other programs. For the basic programming paradigms used,
see [1, 17, 18, 22, 24, 35, 40, 41].

In the following the concepts of low-budget grid computing and the FAUN
grid computing client are briefly discussed to give an idea of the software used
for the strategy synthesis. Reachable economies at the School of Economics are
highlighted. Then, the Stackelberg game used to generate trajectories for the neu-
ral network training is presented. Finally, the results of neural network guidance
compared to the equivalent Stackelberg game are discussed.
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Figure 2: Price comparison of different computer types for coarse-grained parallelization.
Note that costly computers offer more advantages than simple CPU speed and that therefore
it is not advisable to use a cluster for massively parallel tasks.

3 The FAUN Grid Computing Client

Grid computing is normally used when high performance in a broad sense is
needed. This can mean high availability or HPC in its actual sense, i.e., raw com-
puting power is required. It is worth looking at the significant differences in the
initial investment for obtaining roughly the same computing power; see Fig. 2.
Ranging from affordable 71 Euros per GFlops/s with a standard personal com-
puter the range goes up to more than 6,000 Euros per GFlops/s with a massively
parallel IBM supercomputer. Yet, these two extremes are not identical. The stan-
dard personal computer comes without enhanced manufacturer support, doesn’t
offer remote administration features and — perhaps most important of all — has a
comparatively slow interprocessor communication. Indeed the maximum available
speed is 1 GBit/s with a standard network card. On the other hand, the supercom-
puter ships with 32 CPUs which are mutually connected at a 100times that speed.
The 32 CPUs have two cores and correspond to (2×32 =) 64 conventional CPUs.
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Therefore, Fig. 2 has to be read carefully and the potential customer has to
decide, whether high interprocessor communication speeds are important or not
so relevant for the given task. In several cases and also with a neurosimulator
the answer is clear: interprocessor communication speed isn’t the bottleneck. It
is advisable to use standard hardware. However, it is not enough to simply buy
the hardware. The computers also have to communicate with one another in a
sensible way so that the required task is achieved. That is the reason why certain
manufacturers offer so-called blades. These are made of mostly standard CPUs but
have a very compact design and are easy to manage remotely. Although not offering
the advantages of massively parallel systems they cost at least approximately four
times as much as a standard computer even for a small blade. Most institutions
have unused computing capacities like clusters or staff computers. This leads to the
wish to use these resources comfortably. A middleware is needed that interfaces the
actual computational application, e.g., the neurosimulator, with basic management
functions being file transfer, message passing and power management.

The importance of the latter point is shown in Fig. 3. Actually, the cluster of
the School of Economics for students and staff with its 38 Pentium IV computers
is powered on only on the five working days from 10 am to 4 pm, i.e., 6 hours
per day on roughly 40 weeks per year. The average power consumption is shown
in Tab. 3. The standby state means that the computers can be woken up with a
so-called magic packet.

It is assumed that the computers are powered on, but mostly without load as is
the case when doing simple typewriting or Internet surfing. Using a standard rate
of 18.13 ct/kWh the energy costs per year are calculated. The second considered
case (full on) happens when the cluster is used for computation without power
management, i.e., the cluster would be used to full capacity four hours per working
day on 40 weeks for computation additionally. If the cluster wasn’t powered off
during the computation pauses, 3134 Euros would be wasted in idle time every
year. The same case with power management (upper graph in the figure) would
reduce the energy costs considerably.

Another concept — distributed computing — can also provide additional com-
puting capacity nearly for free. Distributed computing describes the fact that the
computation is done at various locations and on various types of computers. This
can be, e.g., staff computers or laptops all over the university or even at home.
The computers only need to be at least temporarily connected via a network. This
network is normally an Ethernet or the Internet. The challenge for distributed com-

Table 1: Measured average power consumption (Pentium IV, 2.66 GHz)

state consumption in Wh
standby 3.4
idle on 67.5
full load 113.3
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Figure 3: Power consumption (equivalent value in Euro) of the cluster with grid function-
ality and in full on status. Standby describes the power consumed by the computers simply
being plugged. Idle means that the computers are on but do nothing. FAUN is the power
used by FAUN computations. Wasted finally stands for the value of the current that would
be drained if the computers were on all the year.

puting programs is to unify the computers to work together. See [2] for advanced
links. Yet, a client providing grid computing functionalities as middleware is also
suitable for distributed computing. The combination of distributed and grid com-
puting used with parallel programming techniques is the target of the client. Dis-
tributed computing offers the opportunity to use computers all over the world with
an easy to install client. Grid computing leads to error tolerance and an easy con-
figurable system with advanced features. Up until now, usually only automatic
wakeup and shutdown is concretely implemented.

For simple parallelization purposes specialized programming packages can be
used. For general information, [22] and [10] are a good start. The most common
packages are the Message Passing Interface (MPI) and the Parallel Virtual Machine
(PVM); see [12,16] for information. A first parallel version of the neurosimulator
FAUN indeed uses PVM; see [9] and [8] for examples. But these packages are not
suitable for programming a modular grid computing client.

The testbed for the grid computing client is shown in Fig. 4. It is decided that an
individual protocol is developed for the grid computing client, which will connect
to a central computing server. Known criteria for quality software are taken into
account.
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Figure 4: FAUN grid computing configuration.

A detailed description of the neurosimulator FAUN can be found in [6]; see
also [5] and [25] for real life applications and [31, 32] for the last development
steps. For information on differences between a coarse-grained and fine-grained
parallelization see [8]. General introductions and more details are offered by [11,
16, 17, 19–21, 36, 43, 45]. The present parallelization of FAUN uses the master
slave principle. The master program faun_m starts several instances of the slave
program faun_s.

To get a good quality neural network it is necessary to compute a certain amount
of neural networks. This amount varies with the difficulty of the problem. The
quality of the neural network is primarily measured by the difference between the
output as it is given by the neural network formula and the real output given by
the training and validation data.

The specific amount of neural networks that will be calculated has to be deter-
mined heuristically. This amount also depends on the “difficulty” of the problem.
After the computation the best network is chosen. This is the network that approxi-
mates the data better than all others. The neurosimulator uses a global optimization
procedure with SQP optimization. Yet, it is not uncommon that difficult problems
need long calculation times: One minute or more for every successfully trained
neural network on a single personal computer, Pentium IV at 3.4 GHz.

The calculation time increases linearly with the amount of training and validation
data. This is the initial reason why a parallel and now a grid computing version of
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FAUN is developed. Computing times of one day or more are simply not acceptable
especially for real time applications.

The parallelized version of FAUN based on the grid computing client runs
without preliminary installation and offers additional features in comparison to
the first version using PVM. The advantage of coarse-grained parallelization is
common to all versions: a parallelization degree between 0.9 and 0.97. The meaning
of this number is that if 100 computers work together, the computation will not be
exactly 100 times as fast as with a single computer. But it will still be 90 – 97 times
as fast as with a single computer. The loss of computing power can be explained
with the additional administration and communication overhead1.

A design goal coming together with the development of the grid computing
client is to interface the parallel HPC version of FAUN to the already existing web
interface for single processor computation developed by S. König. Now the web
interface allows to manage the additional grid computing features, i.e., wake up
and shutdown of the clients. It is then possible to decide which computers will be
used for the computation. This offers the possibility that several users can share
the resources simultaneously.

Another specialty has to be taken into account. The cluster of the School of
Economics which is mainly used as testbed is protected with a firewall. That means
that no access is possible from outside although the clients can connect from inside
to arbitrary destinations. This is a problem when “sleeping” computers have to
be woken up, because no inner access is available. A solution consists in leaving
an intermediary computer with low power consumption on in the cluster. It will
receive the wake up requests and send a magic packet to the desired computer.

4 Stackelberg Game and Neural Network Solution

In order to be able to compute a Stackelberg game, a sensible discretization has
to be chosen. For the three control variables uP , uE , and ηE an appropriate set of
controls has to be found. If |UP |, |UE |, and |HE | denote the number of elements in
the respective set and s denotes the number of steps in the discretization, we have:

p = (|UP | · |UE | · |HE |)s (14)

different strategies to choose from. As these strategies have to be computed for
many different points to get good training data, it is wise to take small sets. There-

1Imagine a bunch of potatoes that have to be peeled (famous “potato peeling problem”). A
single person will work for a long time. If a second person helps the peeling will probably
be twice as fast. But if more and more persons join in the peeling time will be spent on
handing the potatoes from one to another and the entire process will be more and more
inefficient. Finally, the largest potato determines the minimum time achievable.
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fore, the smallest sets are chosen, which gives:

UP = {−1, 1}, (15)

UE = {−1, 1}, (16)

HE = {−1, 0.48}. (17)

Rightly, the reader may argue that this is too small a set for getting exact results.
But two facts, besides the required computation time, have to be considered. First,
sensible strategies seem to indicate that only extreme left/right turns or full decel-
eration/acceleration give good results. Second, the question has to be answered,
which exact numbers should then be chosen to complete the sets. As the focus is
on showing the opportunities of neural networks related to dynamic game, it seems
acceptable to go with this simple approach. The choice of s is also dictated by the
need for keeping the computation time small. Even with parallelization readily
available an exponential increase can’t be ignored. A viable approach is given with

s = 10, (18)

although it is clear, that a higher value would have yielded a finer discretiza-
tion. Stackelberg strategies are computed for 69800 points in the six-dimensional
state space. For the computation parallelization is used, too. The strategies lead to
690000 points for which strategies exist because of (18). Every point in the state
space belonging to a strategy can in fact be considered as being the initial set of
another strategy.

Additionally, the strategies can be “mirrored” for P at the middle of the road,
when the corresponding state variables, especially the angles, are also mirrored.
This doubles the number of points so that approximately 1.4 million exist. The
resulting maneuvers for five chosen start points can be seen in the upper row of
Fig. 5. Even without a detailed analysis, it can be seen that the reactions are sensible
and that the street boundary conditions are met. As positions are calculated by
the display program from the center of the rectangle representing the car, it is
acceptable for E to be off the road with two wheels. But the reader will notice hat
“half” of E is always on the road and that means that the street boundaries are
honored.

It is now necessary to cut out training and validation data for the neurosimulator
FAUN. As 1.4 million points would be too much, 50,000 points are taken. For
this, the state space is equally divided in 100 hypercubes. These hypercubes are
filled with 500 randomly chosen points of the appropriate region. The purpose of
this procedure is to prevent the neurosimulator from overtraining one region and
neglecting another. Finally, three hyperspheres are used as validation data. The
ratio of training and validation data is 4 : 1 giving approximately 42,000 training
and 8,000 validation inputs.
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Figure 5: Trajectories for different start configurations of xP and xE . The first row shows
the result from the Stackelberg simulation; in the second row neural network guidance is
used. The results hardly differ. Pursuer coming from above (grey), evader coming from
below (black).



The Game of Two Cars Revisited 219

In the case of neural networks parallelization can achieve a high speed up and
shortens the computation time to only several hours in contrast to several days.
For different parameter settings of the neurosimulator 1,000 neural networks are
computed for each control variable and the best is taken. For instance, the resulting
neural network for control variable uE is given by the following lengthy result.
It has to be kept in mind, though, that this formula can be computed in real time
compared to the Stackelberg solution:

uE =((−1) + (2 ∗ ((tanh(((tanh((3.36253335
+ (((2 ∗ ((xP − 0.01061)/14.97877)) − 1) ∗ 0.78373677)
+ (((2 ∗ ((xE − 0.01296)/14.97407)) − 1) ∗ (−3.2545598))
+ (((2 ∗ ((y − 0.76436)/65.01923)) − 1) ∗ (−0.2829929))
+ (((2 ∗ ((vE − 14.04071)/40.37917)) − 1) ∗ 0.02903405)
+ (((2 ∗ ((φP − 2.92346)/0.43626)) − 1) ∗ (−0.14377207))
+ (((2 ∗ ((φE − (−0.27143))/0.60569)) − 1) ∗ (−2.4273138))))
∗ 7.3417816) + (tanh((4.32403995
+ (((2 ∗ ((xP − 0.01061)/14.97877)) − 1) ∗ (−0.89812738))
+ (((2 ∗ ((xE − 0.01296)/14.97407)) − 1) ∗ 3.813688)
+ (((2 ∗ ((y − 0.76436)/65.01923)) − 1) ∗ (−0.3494907))
+ (((2 ∗ ((vE − 14.04071)/40.37917)) − 1) ∗ 0.065534994)
+ (((2 ∗ ((φP − 2.92346)/0.43626)) − 1) ∗ 0.21560794)
+ (((2 ∗ ((φE − (−0.27143))/0.60569)) − 1) ∗ 2.8371935)))
∗ (−6.4195971)) + (−0.42285788)
+ (((2 ∗ ((xP − 0.01061)/14.97877)) − 1) ∗ (−5.0039272))
+ (((2 ∗ ((xE − 0.01296)/14.97407)) − 1) ∗ 5.531147)
+ (((2 ∗ ((y − 0.76436)/65.01923)) − 1) ∗ (−0.024304409))
+ (((2 ∗ ((vE − 14.04071)/40.37917)) − 1) ∗ 0.028052)
+ (((2 ∗ ((φP − 2.92346)/0.43626)) − 1) ∗ 1.5422002)
+ (((2 ∗ ((φE − (−0.27143))/0.60569)) − 1) ∗ 4.8255601)))
+ 0.95)/1.9))). (19)

In the context of this paper we don’t want to explain the above formula in detail
as an in-depth analysis of neural network formulas is furnished in [6]. For the
reader it is more important to grasp its general significance. The formula is simple
in the sense that besides the tanh function only elementary operators are used
on the state variables: The first factor of the outer product on each line is only
responsible for appropriate scaling. The second factor is the corresponding weight.
The formula is thus fast to compute.
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Figure 6: Resulting guidanceuE for different positions ofxP andxE using neural networks
(y = 42m, vE = 42m

s
, φP = π, φE = 0). The Z-shape marks the dispersal surfaces of

this game.

As can be seen on Fig. 5 which compares Stackelberg game and neural network
guidance, the results hardly differ “optically”. And, indeed, a more detailed analysis
at some exemplary points yields good results. Figure 6 shows the result of neural
network guidance for the control variable uE . It is clear that E has to steer left
when he is left of P and right when he is right of P. Therefore, a dispersal surface at
the diagonal for xP = xE can be expected and is indeed reproduced by the neural
network. Continuous colors are added for better legibility of the plot. Normally
the output of the neural network would be mapped to ±1 as this is, what is trained
with the Stackelberg game. Figure 6 also shows that the boundary constraints are
observed, leading to the typical Z-shape of the figure. Indeed, for xE ≈ 0m and
xE ≈ 15m E has to steer in the opposite direction to stay on the freeway. Of course,
this brings him nearer to P and thus to capture.

The occurring error is analyzed in more detail in Fig. 7. A point is set if the
sign of the neural network output is opposite to the Stackelberg game. Errors only
happen at the dispersal surfaces and don’t reach far. This means, that a little away
from the dispersal surface the sign is correct. A small error on the diagonal doesn’t
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Figure 7: Occurring errors for uE . A point is set, if the neural network would steer in the
opposite direction of the Stackelberg solution. This happens only on the diagonals, where
it doesn’t matter much and on the limits of the road for xE where the boundary conditions
have to be met (y = 42m, vE = 42m

s
, φP = π, φE = 0). Figure 10 complements this

qualitative error plot with absolute values.

harm much as this constellation is very bad for E anyway. Other small errors can be
observed at the street boundaries, where the neural network guidance sometimes
reacts too early and sometimes too late as will be explained in more detail on Fig. 8.
Note, that in fact errors at the street boundaries are of marginal importance as this
could also be controlled by other means. Indeed, today’s trucks are already often
equipped with special devices that warn the driver, if the truck leaves its lane.

Figure 9 shows the value of the game. In this case, the time until capture is not
taken, but merely the minimal distance between P and E, because it is the payoff
which divides between accident (capture from P) and unharmed drive (evasion of
E). The actual minimum distance for evasion can be set adequately but d = 1.5m
seems a good approximation for a normal car. Figure 9 has to be read as follows:
black areas signalize capture in other cases E can evade. The upper plot makes
the whole game look satisfactorily for E as capture only occurs when P and E are
almost face to face on the freeway. But this doesn’t have to always be like that. The
good results for E can only be achieved because of the relatively small y = 42m
at the beginning of the game in the upper plot.
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Figure 8: Neural network guidance for different values of y and xE , while xP = 5m
fixed (vE = 42m

s
, φP = π, φE = 0). The guidance is (almost) error free on the road. The

(hard) boundary conditions are not always honored for small distances of y, but this doesn’t
change the outcome of the game much.

If this distance is significantly greater P can achieve capture. We have to consider
that at least E is bounded by the width of the road. The Game of Two Cars therefore
offers disadvantages for E compared to a game where, for instance, the whole xy-
plane can be played on. Small distances are taken, because on a normal freeway
the distance drivers and possibly collision avoidance gear can overview are not
too long. Only for small distances are collision avoidance devices of interest,
because they close the gap which results from the human capacity of reaction. A
gloomier outlook for E can be seen in the lower part of Fig. 9. The initial distance
is approximately twice as large as in the upper plot and the speed at the begin
of the game is also reduced. When both actors start in the middle of the road
nothing changes much. But when P and E are both near the border of the same
side of the freeway the situation worsens for E as P has more time (and more space
for maneuvers) to close in on E. If the initial distance between P and E is larger
the situation degrades even more. A similar worsening can also be noticed for
smaller starting velocities vE of E, although a slight compensation happens due to
the increased possibility for maneuvers. Indeed, the angular velocity wE depends
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on E as shown in (12). In certain situations a speed reduction can therefore be
interesting, see below.

Figure 10 analyzes the case in more detail. The difference between the Stack-
elberg and the neural network result is shown. As can already be expected from
the qualitative Fig. 7, the biggest errors happen on the dispersal surfaces. On the
other hand, it has to be noticed that the errors are small in comparison to the width
of the street. For the biggest error the inequality:

Δmax <
0.7m
15m

≈ 0.047

holds. The average error is significantly smaller:

Δavg <
0.2m
15m

≈ 0.013.

Most parts of the diagonal are within Δavg and therefore the outcome for E is not
much worse using neural network guidance compared to the Stackelberg game.

Finally, the resulting dependencies of uE using neural network guidance for
various distances y is plotted in Fig. 8. Deliberately the initial position of P is
set to xP = 5m. As might be expected, a dispersal surface is clearly seen at
xE = 5m. However, the behavior at the boundaries of the freeway is surprising.
The “rough direction” is right, but the neural network seems to react too early for
large distances y and too late for small distances. This is a disadvantage but can
be explained by the distribution of the training data. Although the distribution is
smoothed by cutting out hypercubes it is nevertheless the case, that much more
points have been calculated for small distances y as these are the most interesting.
For larger distances (y ≈ 80m) fewer points have been calculated and very few are
on the border. The frequency of boundary points is low for large distances y and
high for small distances. As neural networks are continuous functions the results
are exaggerated for small and large y. A better fine tuning of the training parameters
for the neurosimulator might improve the behavior and will be explored.

Up to the emphasis of the discussion has been on the control variables uE and
uP — the steering directions of E and P. However, the game comprises a third
control ηE being the velocity change rate. Figure 11 shows that acceleration or
deceleration is sensible for different initial ratios of vE(t0) : vP . First, a dispersal
surface can be found at vE(t0) = vP (= const.). In the neighborhood of this
boundary E will accelerate if vE(t0) > vP and decelerate if vE(t0) < vP , the
regions marked B and C, respectively. (The singular case vE(t0) = vP is not
analyzed here.) This can be explained by the fact that in both cases an advantage
can be gained. Accelerating reduces the time until y = 0 and thus the time P
has for maneuvering. In contrast, by decelerating E increases his maneuverability
but also the total time of the game. If, e.g., E accelerates with vE(t0) < vP the
disadvantage of the reduced maneuverability doesn’t outweigh the advantage of
the total game time reduction and vice versa.
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Figure 9: Payoff distance. Upper plot: y = 42m, vE = 42m
s

, φP = π, φE = 0. Lower
plot: y = 80m, vE = 27m

s
, φP = π, φE = 0. Black color signalizes that a collision

cannot be avoided.
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Figure 10: Payoff distance error: y = 42m, vE = 42m
s

, φP = π, φE = 0. The typical
Z-shape of the dispersal surface appears. The error stays mostly below 0.2m. The pattern
which can be seen in the low error regions is due to the interpolation through neural networks,
which will deviate from the Stackelberg solution in the areas where no training data are
available.

Figure 11: ηE for fixed xE(t0) = 11m, xP (t0) = 4m. Negative values signify that
E is decelerating while positive values show an acceleration. The dispersal surface at
vE(t0) = vP is noticeable.
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There is, however, a sharply delimited dispersal surface where it again makes
sense for E to decelerate (even if vE(t0) > vP ) or accelerate (even if vE(t0) < vP ),
regions A and D. The greater the initial distance y(t0), the sooner this inversion
happens. Qualitatively, both phenomena are understandable. On the one hand, the
disadvantages of reduced maneuverability resp. velocity cannot be negated. On
the other hand, for short distances and hence short game duration, the choice of
ηE is more persistent and an inverse strategy only occurs for very high or very low
velocities. It is clear that this qualitative analysis is unsatisfying and that further
research will be dedicated to a solid explanation of Fig. 11.

The question remains whether the resulting neural network can be implemented
as onboard system. The problems of positioning in the state space apart: Eq. (19)
consists of 3 hyperbolic tangents, 39 multiplications, 19 divisions, 22 additions,
and 50 subtractions. The hyperbolic tangents are expensive in terms of floating
point operations and count for 10. This gives 160 floating point operations for one
control. As E has two controls a total of 320 operations follows. Even if 1000
computations occur per second, i.e., 320∗103 operations, modern processors easily
manage 3 ∗ 109 operations per second.

5 Conclusion and Outlook

Artificial neural networks are successfully employed to synthesize optimal strate-
gies for the enhanced game of two cars. This game is much more realistic than
the original game of two cars because constraints keep the correct driver on the
freeway lanes always.

The usage of grid/distributed computing offers high-performance, low-budget
computing (often at no costs for idle computers). Idle PCs are typical for pub-
lic or company PC/computer clusters, e.g., at the Hanover School of Economics
38 modern PCs are idle during every night and on weekends. Software quality
requirements increase: Issues like security and integrity become more important
and moreover user friendliness, maintainability, and secrecy (user shouldn’t notice
computations on their office PCs). Grid/distributed computing is of particular rel-
evance for all tasks of coarse-grained parallelization where interprocessor com-
munication speed is of minor importance for the overall performance.

The neurosimulator FAUN repeats analogous tasks many times in order to train
many artificial neural networks. Thus FAUN is well suited for distributed comput-
ing and a coarse-grained parallelization cuts down computing times significantly.
Problems like the enhanced game of two cars which need computing days or even
weeks on a standard PC can be solved in few hours. FAUN can also be used, e.g.,
for the solution of other (pursuit-evasion) dynamic games, aerospace guidance
problems or forecasting problems of exchange or interest rates.

Nevertheless the usage of artificial neural networks is no easy to use black box
method as often assumed. Problem analysis and formulation and also training
necessitate deep knowledge. Usually knowledge about the special application is
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important, too. With the distributed computing version of FAUN the user friendli-
ness increases as usage is possible via a graphical web frontend. No manual editing
of configuration files is necessary.

The developed grid computing client is not limited to the neurosimulator FAUN.
Modularity enables the usage with other programs which can therefore benefit from
automatic client updates and remote power management. Future development aims
at improved security, reduction of bandwidth requirements, and better automation
of installation and management.

The application of artificial neural networks to general dynamic games is very
promising. It cannot replace a thorough mathematical analysis (and a solution
where possible) but for many problems not (fully) solvable a fast and reliable
numerical approximation of the solution often becomes possible. Six state and
three control variables are involved here but even higher-dimensional dynamic
games can be solved numerically using artificial neural networks and a high-end
neurosimulator.
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Abstract
The paper is devoted to the investigation of a time-optimal differential game

in which the pursuer possesses increased control capabilities comparing to the
classical homicidal chauffeur problem. Namely, the pursuer steers not only
the angular velocity of turn but can additionally change the magnitude of his
linear velocity. For such a new variant of the dynamics with non-scalar control
of the pursuer, a complete description of families of semipermeable curves is
given and the dependence of the structure of level sets of the value function on
a parameter that defines the bound on the magnitude of the pursuer’s velocity
is explored by numerical methods.

Key words. Time-optimal control, pursuit-evasion differential game, value
function, semipermeable curves, homicidal chauffeur game, numerical con-
struction.
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1 Introduction

One of the most well-known model problems in the theory of differential games
is the homicidal chauffeur problem proposed by R. Isaacs in 1951 (see [9]; [10]).
The pursuer P (a car) and the evader E (a pedestrian) are moving in the plane.
The dynamics are:

P : ẋp = w sin θ E : ẋe = v1

ẏp = w cos θ ẏe = v2

θ̇ = w u/R, |u| ≤ 1; |v| ≤ ρ.

(1)

P. Bernhard et al. (eds.), Advances in Dynamic Games and Their Applications,  
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The linear velocity w of the car is constant. The angular velocity of rotation of
the linear velocity vector is bounded, which means that the radius of turn of the
car is bounded from below. The minimal turning radius is denoted by R.

The pedestrian is a non-inertial object that can change the value and direction
of his velocity v = (v1, v2)′ instantaneously. The maximal possible value of the
velocity is specified.

By a given circular neighborhood of his current geometric position, player P
tries to capture player E as soon as possible.

The book by R. Isaacs [10] contains some elements of solution of the homici-
dal chauffeur problem. A complete solution to the problem is given in works by
J. V. Breakwell and A. W. Merz (see [4]; [15]). Some other variants of differential
games with the homicidal chauffeur dynamics are investigated in [12]; [5]; [13];
[2]; [6]. In many papers (see, e.g., [1], [19]), the homicidal chauffeur game is used
as a test problem for evaluating the efficiency of algorithms for the computation
of the value function and optimal strategies.

The dynamics like the ones of playerP have very long history beginning with the
paper by A. A. Markov [14]. In particular, the model is utilized when considering
control problems related to the aircraft motion in a horizontal plane (see, e.g., [18]).

In papers on theoretical robotics, this model of dynamics is often referred to as
Dubins’ car because the paper [8] contains a theorem on the number and type of
switches of the open-loop control that brings the object from a given state with a
specified direction of the velocity vector to a terminal state for which the direction
of the velocity vector is also prescribed.

By normalizing the time and geometric coordinates, one can always achieve
w = 1, R = 1 in system (1). Therefore, system (1) takes the form

P : ẋp = sin θ E : ẋe = v1

ẏp = cos θ ẏe = v2

θ̇ = u, |u| ≤ 1; |v| ≤ ν.

(2)

Recent theoretical works on controlled cars use intensively the following
dynamics (see [20]; [11]):

ẋp = w sin θ
ẏp = w cos θ
θ̇ = u

|u| ≤ 1, |w| ≤ 1,

(3)

in which the car has two controls. The first control u steers the forward motion
direction h = (sin θ, cos θ)′ of the car. The second control w changes the magni-
tude of the linear velocity instantaneously. The velocity vector is directed along h
for w > 0, and opposite to h for w < 0. If w = 0, the object remains immovable.
Of course, instantaneous change of the velocity is a mathematical idealization. But
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following [20], p. 373, “for slowly moving vehicles, such as carts, this seems like
a reasonable compromise to achieve tractability”.

In papers on robotics, model (3) is called Reeds and Shepp’s car. Time-optimal
problems with Reeds and Shepp’s dynamics were considered in [20], [24], [3],
[22], [25], [23].

It seems quite natural to consider differential games where the pursuer has
additional control capabilities comparing with dynamics (2). Namely, the pursuer
can instantaneously change the value of his linear velocity within some bounds.
In other words, Isaacs-Dubins’ car turns into Reeds-Shepp’s type car. The present
paper is devoted to the investigation of such a differential game.

The purpose of this paper is to give a complete description of families of semiper-
meable curves for the problem considered and construct level sets of the value
function by numerical methods. In the paper [16], a similar investigation is done
by the authors for the classical homicidal chauffeur problem as well as for an
“acoustic” variant of the dynamics and for a conic surveillance-evasion game. The
present work continues the investigation in [16]. The difference is that, for the first
time, non-scalar control of the pursuer in the homicidal chauffeur game is consid-
ered. This makes the families of semipermeable curves and the structure of level
sets of the value function more complicated.

In papers on theoretical robotics, considerable attention is devoted to the ana-
lytical description of the boundary of reachable sets in the plane of geometric
coordinates for Dubins’ car model (i.e., a = 1) and for Reeds and Shepp’s model
(i.e., a = −1) (see [7], [21], [25], and references herein). Results on the construc-
tion of level sets of the value function presented in the paper can be interpreted as
a description of time-limited game reachable sets for a car with a given range of
the instantaneous change of the linear velocity magnitude. During the process of
motion, the car is subjected to a dynamic non-inertia disturbance that can distort
the velocity vector within prescribed bounds. If this disturbance becomes vanish-
ing small, the game reachable sets are transformed into usual reachable sets for the
control problem in the absence of disturbances. But even for a = 1 and a = −1
the analytical description of these sets is not simple. The authors do not know any
papers that study reachable sets for a �= ±1, and all the more so when dynamic
disturbances are presented.

2 Statement of the homicidal chauffeur game with a more
agile pursuer

Let the dynamics in original coordinates be:

P : ẋp = w sin θ E : ẋe = v1

ẏp = w cos θ ẏe = v2

θ̇ = u

|u| ≤ 1, a ≤ w ≤ 1; |v| ≤ ν.

(4)
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xp, xe

yp, ye

0

(
xp(t)
yp(t)

) θ(t) y

x

(
xe(t)
ye(t)

)

Figure 1: Movable reference system.

The constraint on the value of the angular velocity u does not depend on the
magnitude of the linear velocity. The value w of the linear velocity can change
instantaneously within the bounds a ≤ w ≤ 1, where a is a fixed parameter
that fulfills the condition a ∈ [−1, 1]. The parameter ν in the constraint on the
magnitude |v| of the velocity v = (v1, v2)′ of player E is assumed to be from the
interval [0, 1).

The objective of playerP is to capture playerE in a closed circular neighborhood
of radius r around his geometrical state as soon as possible.

Let us apply the reduced coordinates from ([10], pp. 29–30) which determine
the relative position of playerE in the rectangular coordinate system x, y with the
origin at P and the axis y directed along the vector h, i.e., along the velocity vector
of P computed for w = 1. The reduced coordinate system is explained in Fig. 1.

The dynamics (4) are transformed into:

ẋ = −y u+ vx

ẏ = x u− w + vy

|u| ≤ 1, a ≤ w ≤ 1, v = (vx, vy)′, |v| ≤ ν.

(5)

In the reduced coordinates, the objective of player P is to bring the state (x, y)
to a given terminal setM being a circle of the radius r with the center at the origin.

If a = 1, the dynamics (5) coincides with the homicidal chauffeur ones.
In the paper, numerically obtained level sets Wτ = {(x, y) : V (x, y) ≤ τ} of

the value function V (x, y) of the time-optimal differential game with dynamics (5)
will be presented. The structure of these sets depending on the parameter a will
be explored.

The level sets are computed using an algorithm for solving time-optimal differ-
ential games developed by the authors [16].
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3 Families of semipermeable curves

When solving differential games in the plane, it is useful to carry out a preliminary
study of families of smooth semipermeable curves that are determined by the
dynamics of the controlled system. The knowledge of these families for time-
optimal problems allows to verify the correctness of the construction of barrier
lines on which the value function is discontinuous.

A smooth semipermeable curve is a line with the following preventing property:
one of the players can prevent crossing the curve from the positive side to the
negative one, the other player can prevent crossing the curve from the negative
side to the positive one.

Below, the notations

P = {(u,w) : |u| ≤ 1, w ∈ [a, 1]}, Q = {v : |v| ≤ ν}

are used for the constraints on the controls of players P and E.

A. Consider the Hamiltonian

H(�, z) = min
ξ∈P

max
v∈Q

�′f(z, ξ, v), z, � ∈ R2. (6)

Here,

f(z, ξ, v) = p(z)u+ gw + v,

z = (x, y)′, ξ = (u,w)′, p(z) = (−y, x)′, g = (0,−1)′.

We study nonzero roots of the equationH(�, z) = 0, where z ∈ R2 is fixed. Since
the function � → H(�, z) is positively homogeneous, it is convenient to assume
that � ∈ E , where E is the circumference of unit radius centered at the origin.

Let �, �∗ ∈ E , � �= �∗. The notation � ≺ �∗ (� � �∗) means that the vector �
can be obtained from the vector �∗ using a counterclockwise (clockwise) rotation
through an angle smaller than π. In fact, this order relation will be used only for
vectors that are sufficiently close to each other.

Fix z ∈ R2 and consider roots of the equationH(�, z) = 0, � ∈ E . A vector �∗
is called the strict root “−” to “+” if there exist a vectorκ ∈ R2 and a neighborhood
S ⊂ E of the vector �∗ such that H(�∗, z) = �′∗κ = 0 and H(�, z) ≤ �′κ < 0
(H(�, z) ≥ �′κ > 0) for vectors � ∈ S satisfying the relation � ≺ �∗ (� � �∗).
Similarly, the strict root “+” to “−” is defined through replacing � ≺ �∗ (� � �∗)
by � � �∗ (� ≺ �∗). The roots “−” to “+” and “+” to “−” are called roots of the
first and second type, respectively. In the following, when utilizing the notation
� ≺ �∗ (� � �∗) we will keep in mind that � is from a neighborhood S like that
mentioned in the definition of the roots.

Denote by Ξ(�, z) the collection of all ξ ∈ P that provide the minimum in (6),
that is:

Ξ(l, z) = argmin{�′(p(z)u+ gw) : ξ ∈ P}.
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If �∗ is a strict root of the first (second) type, take ξ(1)(�∗, z) (ξ(2)(�∗, z)) equal
to argmin{�′(p(z)u+ g w) : ξ ∈ P(�∗, z)}, where � ≺ �∗ (� � �∗). Note that the
result does not depend on the choice of �. Let

v(1)(�∗) = v(2)(�∗) = argmax{�′∗v : v ∈ Q}.

Since Q is a circle, v(i)(�∗), i = 1, 2, is a singleton.
If �∗ is a root of the first type, consider the vectograms f(z, ξ(1)(�∗, z),Q), and

f(z,P , v(1)(�∗)). We have

�′f(z, ξ(1)(�∗, z), v) ≤ max
v∈Q

�′f(z, ξ(1)(�∗, z), v) = H(�, z) ≤ �′κ < 0 (7)

for v ∈ Q and � ≺ �∗. For � � �∗, it holds:

max
v∈Q

�′v ≤ �′v(1)(�∗) + �′κ/2

because κ is orthogonal to �∗ (and hence to v(1)(�∗)), and �′κ > 0. Thus,

H(�, z) ≤ min
ξ∈P

�′f(z, ξ, v(1)(�∗)) + �′κ/2.

The last inequality yields

�′f(z, ξ, v(1)(�∗))≥min
ξ∈P

�′f(z, ξ, v(1)(�∗))≥H(�, z)−�′κ/2 ≥ �′κ/2 > 0 (8)

for ξ ∈ P and � � �∗.
Relations (7) and (8) ensure that the vectograms f(z, ξ(1)(�∗, z),Q), and

f(z,P, v(1)(�∗)) do not contain zero and are located with respect to the direction
of the vector f (1) = f(z, ξ(1)(�∗, z), v(1)(�∗)), as it is shown in Fig. 2a.

Therefore, the existence of a strict root �∗ of the first type at a point z ensures
together with taking the control ξ(1)(�∗, z) (v(1)(�∗)) by player P (E) that the
velocity vector f(z, ξ(1)(�∗, z), v) (f(z, ξ, v(1)(�∗))) is directed to the right (to the
left) with respect to the direction of the vector f (1) for any control v (ξ) of player
E (P ). Such a disposition of the vectograms means that player P (E) guarantees
the trajectories do not go to the left (to the right) with respect to the direction
of f (1). The direction of the vector f (1) is called the semipermeable direction of
the first type. The vector f (1) is orthogonal to the vector �∗, its direction can be
obtained from �∗ by a clockwise rotation through the angle π/2.

Arguing similarly, we obtain that the existence of a strict root �∗ of the second
type at a point z ensures together with taking the control ξ(2)(�∗, z) (v(2)(�∗))
by player P (E) that the velocity vector f(z, ξ(2)(�∗, z), v) (f(z, ξ, v(2)(�∗)))
is directed to the left (to the right) with respect to the direction of the vector
f (2) = f(z, ξ(2)(�∗, z), v(2)(�∗)) for any control of player E (P ). This means
that player P (E) guarantees the trajectories do not go to the right (to the left)
with respect to the direction of f (2). The direction of the vector f (2) is called
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Figure 2: (a) Semipermeable direction of the first type. (b) Semipermeable direction of
the second type.

the semipermeable direction of the second type. The vector f (2) is orthogonal
to the vector �∗, its direction can be obtained from �∗ by a counterclockwise
rotation through the angle π/2 (see Fig. 2b).

Thus, there is a significant difference in the location of the vectograms for strict
roots of the first and second type.

B. We distinguish semipermeable curves of the first and second types. A smooth
curve is called semipermeable of the first (second) type if the direction of the
tangent vector at any point along this curve is the semipermeable direction of the
first (second) type.

The side of a semipermeable curve that player P (E) can keep is called positive
(negative). The positive (negative) side of a semipermeable curve of the first type
is on the right (on the left) when looking along the semipermeable direction. The
opposite is valid for semipermeable curves of the second type.

Figure 3 illustrates the role of semipermeable curves of the first and second
type in solving a game of kind with the classical homicidal chauffeur dynamics,
the restriction Q is of a rather large radius. The objective of player P is to bring
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Figure 3: Semipermeable curves of the first and second type and capture set.

trajectories to the terminal set M which is a circle centered at the origin, the
objective of playerE is opposite. Denote by c and d the endpoints of the usable part
[10] on the boundary ofM . The semipermeable curves of the first and second type
that are tangent to the setM and pass through the points c and d, respectively, define
completely the capture set B of all points for which guaranteed time of attaining
M is finite. The curves are faced towards each other with the positive sides.

C. In Fig. 4, the families of semipermeable curves for the classical homicidal
chauffeur dynamics are presented. There are families Λ(1),1 and Λ(1),2 of the first
type and families Λ(2),1 and Λ(2),2 of the second type. The second upper index
in the notation Λ(i),j indicates those of two extremal values of control u that
corresponds to this family: j = 1 is related to curves which are trajectories for
u = 1; j = 2 is related to curves which are trajectories for u = −1. The arrows
show the direction of motion in reverse time. Due to symmetry properties of the
dynamics, all families can be obtained from only one of them (for example, Λ(1),1)
by means of reflections about the horizontal and vertical axes.

The construction of mentioned four families of smooth semipermeable curves
can be explained as follows.

Let a = 1 in system (5). Assign the set

B∗ = {(x, y) : −y + vx = 0, x− 1 + vy = 0, v ∈ Q}

to the control u = 1, and the set

A∗ = {(x, y) : y + vx = 0, −x− 1 + vy = 0, v ∈ Q}

to the control u = −1. Hence,B∗ is the set of all points in the plane x, y such that
the velocity vector of system (5) for w = 1 vanishes at u = 1 and some v ∈ Q.
We have A∗ = −B∗.

Consider two tangents to the setsA∗, B∗ passing through the origin (see Fig. 5),
and mark arcs a1a2a3 and b1b2b3 on ∂A∗, and ∂B∗, respectively.
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Figure 4: Families of smooth semipermeable curves for the classical homicidal chauf-
feur dynamics.
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Figure 5: Auxiliary arcs generating the families of smooth semipermeable curves for the
classical homicidal chauffeur dynamics.

Attach an inextensible string of a fixed length to the point b1 and wind it up on
the arc b1b2b3. Then wind the string down keeping it taut in the clockwise direction.
The end of the string traces an involute, which is a semipermeable curve of the
family Λ(1),1. A detailed proof of this fact is given in [17]. The complete family
Λ(1),1 is obtained by changing the length of the string.
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Figure 6: Auxiliary arcs generating the families of smooth semipermeable curves for
dynamics (5); a = 0.33, ν = 0.3.
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Figure 7: Three families of smooth semipermeable curves of the first type corresponding
to u = 1 for dynamics (5); a ≥ −ν, ν = 0.3.

The family Λ(2),2 is obtained as the collection of the counterclockwise-involutes
of the arc a1a2a3 by attaching the string to the point a3 .

The family Λ(2),1 is generated by the clockwise-involutes of the arc b1b2b3
provided the string is attached to the point b3.

The family Λ(1),2 is composed of the counterclockwise-involutes of the arc
a1a2a3 provided the string is attached to the point a1.

D. Families of semipermeable curves corresponding to dynamics (5) are
arranged in a more complicated way (see Figs. 6–10).

Figure 6 shows auxiliary lines used for the construction of the families. Here,
A+

∗ and B+
∗ are the circles of radius ν with the centers at the points (−1, 0) and

(1, 0), respectively. The circle A+
∗ (B+

∗ ) consists of all points (x, y) such that the
right-hand side of system (5) becomes zero for u = −1 (u = 1), w = 1, and
some v ∈ Q. The only difference in the definition of the circle A−

∗ (B−
∗ ) is that

w = a instead of w = 1 is used. For Fig. 6, a = 0.33, ν = 0.3. Six thick arcs
on the boundaries of the circles are the only lines utilized for the construction of
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Figure 8: Three families of smooth semipermeable curves of the second type corresponding
to u = 1 for dynamics (5); a ≥ −ν, ν = 0.3.

B−
∗ B+

∗

0

�

x

y

Figure 9: Auxiliary arcs generating the families of smooth semipermeable curves corre-
sponding to u = 1 for dynamics (5); a = −0.6, ν = 0.3.
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Figure 10: Four families of smooth semipermeable curves of the first type corresponding
to u = 1 for dynamics (5); a = −0.6, ν = 0.3.
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families of smooth semipermeable curves.
In the problem considered, for a ≥ −ν, there are three families Λ(1),1,1+,

Λ(1),1,1−, and Λ(1),1,2 of semipermeable curves of the first type that correspond
to u = 1 (instead of one family in the classical homicidal chauffeur problem).
The families are drawn in Fig. 7. Every one of these three families consists of
the involutes of one of the three arcs. The families Λ(1),1,1+ and Λ(1),1,2 overlap.
There is also an overlap between the families Λ(1),1,1− and Λ(1),1,2 over the part
of the family Λ(1),1,1− in the region above the line y = −ν. If a → 1, the union of
three families gives the family Λ(1),1 of the classical homicidal chauffeur problem.

Figure 8 shows the families Λ(2),1,1+, Λ(2),1,1−, and Λ(2),1,2 of the second type
corresponding to u = 1. They are obtained by the reflection of corresponding
families from Fig. 7 about the horizontal axis and by changing the direction of
arrows. Families Λ(2),2,1+, Λ(2),2,1−, and Λ(2),2,2 can be obtained by the reflection
of corresponding families from Fig. 7 about the vertical axis (the direction of
arrows does not change).

Families Λ(1),2,1+, Λ(1),2,1−, and Λ(1),2,2 of the first type can be obtained by
the reflection of families Λ(2),1,1+, Λ(2),1,1−, and Λ(2),1,2 about the vertical axis.

For −1 ≤ a < −ν, the family Λ(1),1,2 splits into two families: Λ(1),1,2− and
Λ(1),1,2+. Everything else is similar to the case a ≥ −ν. The lines that define the
families of smooth semipermeable curves corresponding to u = 1 are depicted in
Fig. 9. In Fig. 10, four families of the first type for u = 1 are presented.

4 Level sets of the value function

In this section, results of the computation of level sets Wτ of the value function
V (x, y) for time-optimal differential game with dynamics (5) will be presented.
The collection of all points (x, y) ∈ ∂Wτ such that V (x, y) = τ is called the
front corresponding to the reverse time τ . The computational procedure [16] for
the construction of the level sets runs backward in time on the interval [0, τf ]. The
value of τf is given below in the figure captions. For all figures, the horizontal axis
is x, the vertical axis is y.

It is supposed in all examples that the set M is a circle of radius r = 0.3 with
the center at the origin, and the control u is bounded as |u| ≤ 1.

The following 6 variants of parameter values will be considered:

1. a=1, 2. a = 0.25, 3. a = −0.1, 4. a=−0.4, 5. a = −0.6, 6. a = −1.

The variants are ordered by decreasing value of the parameter a. Remind that the
constraint on the control w of player P is a ≤ w ≤ 1. Therefore, the capabilities
of player P increase with the decrease of value a.

In every variant, the constraint on the control of player E is |v| ≤ ν = 0.3.
In the computations, the circleM is approximated by a regular 30-polygon, the

circular constraint of player E is replaced by a regular octagon.
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A. Let now describe level sets of the value function.
1) Figure 11 presents level sets Wτ for the classical homicidal chauffeur prob-

lem, variant 1. The value function is discontinuous on two barrier lines: the right
barrier line is a semipermeable curve of the family Λ(1),1, the left one is a semiper-
meable curve of the family Λ(2),2 (see Fig. 4). The right barrier terminates at the
lower tangent to the circle B∗ passing through the origin, the left one terminates
at the lower tangent to the circleA∗. After the termination, the barriers are contin-
ued by the lines formed of the corner points on the fronts of level sets. The value
function is not differentiable on these lines.

-4

-2

 0

 2

 4

 6

 8

-8 -6 -4 -2  0  2  4  6  8

M

y

x

Figure 11: Level sets Wτ for the classical homicidal chauffeur problem; τf = 10.3.

We can conclude about lines of discontinuity of the value function by analyzing
the families of semipermeable curves before the construction of level sets of the
value function. The knowledge of these families is utilized for the verification of
numerical computation of level sets.

After bending round the right and left barriers, the right and left parts of the
front meet on the vertical axis at time τ = 7.82. A closed front occurs and a hole
is generated which is completely filled out at time τ = 10.3.

2) If a ≥ −ν = −0.3, then there is only one usable part on the boundary ∂M
for the chosen radius r = 0.3 of the terminal circle M . It is located in the upper
part of ∂M . Its right (left) endpoint is the intersection point of ∂M with the upper
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Figure 12: Long barrier emanating from the point c.

tangent toB+
∗ (A+

∗ ) passing through the origin. In Fig. 12, c and d are the endpoints
of the usable part (from which the fronts are emitted in the backward procedure).

For chosen values r = 0.3 and ν = 0.3, there exists a value ā ∈ (0, 1) of the
parameter awhich separates the case of a “long” barrier from the case of a “short”
one. The barrier lines emanate from the points c and d of the usable part. Due to the
symmetry of the solution with respect to the vertical axis, one can only consider the
right barrier emanating from the point c. The right long barrier is a semipermeable
curve obtained by a smooth junction of a curve of the family Λ(1),1,1+ going
backward in time from the point cwith a curve of the family Λ(1),1,2 and, later on,
with a curve of the family Λ(1),1,1− (see Fig. 7). The first junction can occur on the
horizontal line y = ν = 0.3 (denote it byCD), the second one is on the horizontal
line y = −ν = −0.3 (denote it by FL). The right and left long barriers are shown
in Fig. 12. The right short barrier consists of a curve of the family Λ(1),1,1+ going
backward in time from the point c up to the line CD.

If the intersection point s of the last-mentioned semipermeable curve with the
lineCD is to the left from the point g = (a, ν)′, being a tangent point of the lineCD
and the setB−

∗ , then the barrier can be continued by a curve of the family Λ(1),1,2.
Therefore, we obtain a long barrier. If the point s is to the right from g, there is no
any extension. In this case, a short barrier occurs. The coincidence s = g defines
a critical value ā. The transient case a = ā is of great theoretical importance.

The value a = 0.25 in variant 2 is close to ā. The results of the computation of
setsWτ for this variant are presented in Fig. 13. The obtained right and left barriers
are long. Since in the computation the constraint |v| ≤ ν is a regular octagon,
the sets B+

∗ , B−
∗ , A+

∗ , and A−
∗ are octagons as well. Figure 14 shows an enlarged

fragment of Fig. 13 with additionally drawn sets A+
∗ and A−

∗ .
3) Figure 15 presents computation results for variant 3. Enlarged fragments of

Fig. 15 are shown in Figs. 16 and 17.
Here, the right barrier that emanates from the right endpoint c of the usable

part on ∂M belongs to the family Λ(1),1,1+. In the notations of Fig. 12, the point
s is to the right of the point g that results in the short barrier. The left barrier
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Figure 13: Level sets Wτ for differential game (5); a = 0.25, τf = 6.7.
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Figure 14: Enlarged fragment of Fig. 13.

which is symmetrical to the right one with respect to the vertical axis belongs to
the family Λ(2),2,1+. The termination of barriers on the horizontal line y = 0.3
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Figure 15: Level sets Wτ for differential game (5); a = −0.1, τf = 4.89.

is completely in accordance with the results that follow from the knowledge of
families of semipermeable curves.

After bending round the barrier lines, the ends of the front go down along the
negative sides of the barriers and then move along the boundary of the terminal
set. This is well seen in Figs. 16 and 17. Parts of the front near the right and
left sides of the terminal set and far from it move with different velocities, which
yields the generation of the right and left singular lines where the value function
is non-differentiable.

Values τf given in the captions of Figs. 11, 13, and 15 correspond to the time
instants at which the “inner hole” is filled out with the fronts.

4) Consider variant 4 (see Figs. 18 and 19). For this variant, two usable parts on
∂M arise. The upper usable part is larger than the lower one.

The right and left barriers emanating from the endpoints of the upper usable
part are semipermeable curves of the families Λ(1),1,1+ and Λ(2),2,1+, respectively.
They terminate, as expected, on the horizontal line y = 0.3. Outside set M , the
value function is discontinuous on these two lines only.

The ends of the fronts which propagate from the lower usable part move very
slowly along ∂M (see Fig. 20a). At some time, a local non-convexity with a kink
is formed on a going down front. This kink rises upwards and after some time it
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Figure 16: Enlarged fragment of Fig. 15.
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Figure 17: One more enlarged fragment of Fig. 15.

reaches the endpoint of the front on ∂M . In fact, a new endpoint of the front that
moves along ∂M faster than before arises. Then, after some time, this endpoint
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Figure 18: Level sets Wτ for differential game (5); a = −0.4, τf = 3.
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Figure 19: Enlarged fragment of Fig. 18.

meets the endpoint of the front going down along ∂M . A closed front is formed
(Fig. 19).
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Figure 20: Continuous and discontinuous value function. (a) Enlarged fragment of Fig. 19,
a = −0.4. The region of fronts accumulation is shown. The value function is continuous
outside setM . (b) Level sets for a = −0.425. The value function is discontinuous outside
set M on the barrier line ek.

5) For a ≤ ã = −0.3
√

2, there are barrier lines that emanate from the endpoints
of the lower usable part and terminate at the horizontal straight line y = −ν =
−0.3. The left barrier line is a semipermeable curve of the family Λ(1),1,2−, the
right one is a semipermeable curve of the family Λ(2),2,2−.

Figure 20b computed for a = −0.425 shows the lower fronts bending round the
left barrier line. This can be compared with Fig. 20a computed for a = −0.4. At
first sight, the pictures are very similar. However, the value function in Fig. 20b
is discontinuous on the barrier line ek, while the value function in Fig. 20a is
continuous in a similar region below the set M .

The behavior of lower fronts for values a close to ã initiates the following
question which, to our opinion, can hardly be answered based on numerics only. Is
it true that for a = −0.3

√
2 the endpoints of the lower fronts stay at the endpoints

e, f of the usable part till some time τ̂ > 0 and only for τ > τ̂ begin to go down
along the barrier lines?

Figures 21 and 22 show level sets of the value function for a = −0.6 (variant 5).
Fronts generated by the upper and lower usable parts encounter at some time
τ∗ = 1.41 (see Fig. 22). For τ > τ∗, the computation continues from the
closed front.

6) For a = −1 (variant 6 being shown in Fig. 23), the computed sets are
symmetrical with respect to both horizontal axis x and vertical axis y. Two short
upper barrier lines like in variants 3, 4, and 5 are present. The lower barrier lines
are symmetrical to the upper ones with respect to the axis x.

Note that, for ν = 0, the set Wτ coincides with the reachable set G(t,M) of
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Figure 21: Level sets Wτ for differential game (5); a = −0.6, τf = 3.5.
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system (3) in the plane of geometric coordinates at time t = τ with M being
the initial set and with initial orientation of the forward motion direction h along
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Figure 23: Level sets Wτ for differential game (5); a = −1, τf = 4.
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Figure 24: Enlarged fragment of Fig. 23.

the vertical axis. For Reeds and Shepp’s model and the point set M = {0}, the
boundary∂G(t, {0}) is well investigated analytically in [21]. Besides, the structure
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of open-loop controls u(·),w(·) that bring the system to ∂G(t, {0}) is established.
The sets Wτ shown in Fig. 23 are similar to the ones in Fig. 7 from [21]. But, to
our opinion, the principal, and important fact for applications is that the optimal
guaranteed time (the value function V (x, y)) is not continuous if disturbances are
presented (i.e., ν > 0). If ν = 0, the value function is continuous.

The numerical procedure utilized for the computation of all level sets presented
above uses an automatic adjustment of the step width Δ of the backward construc-
tion. The initial value of Δ, which is usually equal to 0.01, can decrease up to 10
times in the course of construction. The fronts are shown with the time step 0.1 in
Figs. 11, 13, 14, 18–20, and with the time step 0.05 in Figs. 15–17, Figs. 21–24.

B. In Fig. 25, level setsWτ computed for τ = 1 are presented. Five sets are shown
that correspond to the following values of parameter a: 1, 0.25,−0.1,−0.6,−1.
One can see how the setWτ grows with the decrease of a, i.e., with the increasing
length of the interval [a, 1] from which the control w is being chosen. For a =
1, 0.25,−0.1, the set Wτ consists of an upper piece only; for a = −0.6,−1, a
lower piece is added. The upper and lower pieces are symmetrical for a = −1.

Level sets W (τ) for τ = 3 are given in Fig. 26.
Figures 25 and 26 demonstrate not only the dependence of the size of sets Wτ

on the parameter a. The boundary of every set from Fig. 25 (τ = 1) and every set
from Fig. 26 (τ = 3) contains the common upper smooth arcmn. This means that
the optimal feedback control of player P for initial points on mn is the same as
in the classical game, i.e., w ≡ 1. Any other common arcs on ∂Wτ do not exist.
Therefore, for those initial points on ∂Wτ which do not belong to the arcmn, the
optimal control of player P should utilize both the value w = 1 and w = a. The
construction of optimal feedback control of player P on the base of level sets of
the value function is a separate question which is not discussed in this paper. For
Reeds and Shepp’s problem (i.e., for a = −1), the optimal feedback control in the
absence of disturbances (i.e., for ν = 0) has been constructed in papers [22], [23].

C. Figure 27 demonstrates the discontinuity curves of the value function depend-
ing on the parameter a. As it was already mentioned, the upper usable part defined
by the points c and d on the boundary of the circle M is the same for all values
a ∈ [−1, 1]. The right and left barrier lines emanate from the points c and d. For
a ∈ [a, 1], where a ≈ 0.25, we have long barriers (Fig. 27a). For a ∈ [−1, a),
the barriers are short (Fig. 27b). The short barriers terminate on the horizontal line
y = ν = 0.3. For a ∈ [−0.3, 1], the lower part of the boundary of the circle M
between the points c and d is a discontinuity curve of the value function.

If a ∈ [−1,−0.3), there is a lower usable part ef (Fig. 27b) on the boundary of
the circle M , which increases with decreasing a. The arcs cf and de on ∂M are
discontinuity curves of the value function. If a ∈ (ã,−0.3), where ã = −0.3

√
2,

barrier lines emanating from the points e and f do not exist. For a ∈ [−1, ã], there
is a barrier line being a first type semipermeable curve of the family Λ(1),1,2− that
emanate from the left endpoint e of the usable part. The curve terminates on the
horizontal line y = −ν = −0.3. The right barrier emanated from the point f is
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Figure 25: Level sets Wτ , τ = 1, of the value function for various magnitudes of the
parameter a.

symmetrical to the left one with respect to the vertical axis and is a second type
semipermeable curve.

5 Conclusion

It is known that the optimal control problems with dynamics describing an inertial
car (see, e.g., [11]) are very complicated to study. This is why simplified models
are widely used in mathematical literature. In particular, Reeds and Shepp’s model
is popular enough.

It is assumed in this model that the car can change instantaneously not only the
angular velocity but also the direction of its motion to the opposite one without
any loss in the velocity.

Therefore, we have two controls. The first control u is bounded as |u| ≤ 1
and defines the angular velocity, the second control w = ±1 specifies the direc-
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Figure 26: Level sets Wτ , τ = 3, of the value function for various magnitudes of the
parameter a.

tion of motion. Using the convexification of vectograms, we can replace the con-
straint w = ±1 by the constraint |w| ≤ 1. Thus, we can speak about an instan-
taneous change of the linear velocity in the range from −1 to +1 for Reeds and
Shepp’s model.

It is supposed in the paper that control w which instantaneously changes the
magnitude of the linear velocity is restricted as a ≤ w ≤ 1. Here, a ∈ [−1,+1]
is the parameter of the problem. For a = 1, we have the car with the constant
magnitude of the linear velocity. For a = −1, we obtain Reeds and Shepp’s car.

Using the above-mentioned dynamics of the car, we investigate a differential
game which is similar to the famous homicidal chauffeur game by R. Isaacs. The
objective of the player P that controls the car is to catch as soon as possible a non-
inertial pedestrian E in a given circular neighborhood of P -state. For a = 1, this
game becomes the classical one.

After we applied Isaacs’ transformation, the construction of level sets of the
value function is run in the two-dimensional plane of reduced coordinates. The
level sets are computed using the algorithm developed by the authors for time-
optimal differential games in the plane. This algorithm enables to construct the
level sets of the value function (in other words, the fronts or isochrones) with good
accuracy, which allows us to investigate in detail the regions of accumulation of
fronts, the discontinuity lines of the value function, and the behavior of fronts near
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Figure 27: Discontinuity lines of the value function depending on the parameter a;
(a) a ≥ a ≈ 0.25; (b) a < a.

such lines. In the paper, the structure of level sets is analyzed depending on the
parameter a .

Additionally and independently on the construction of level sets of the value
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function, the families of smooth semipermeable curves defined by the dynamics
of the problem are described in the plane of reduced coordinates. The knowledge
of these families enables to validate the discontinuity lines computed in the course
of run of the algorithm for the construction of level sets. Since the families of
semipermeable curves depend on the dynamics only, they can be also used in other
problems with mentioned dynamics, for example, in time-optimal problems with
objectives of the players that are different from those considered in this paper.
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Abstract
In this paper we characterize the credibility of linear-incentive equilibrium

strategies for the class of linear-quadratic differential games. This class is
widely used in applications of differential games in economics and manage-
ment science. We derive a general condition for credibility and illustrate its
use on two examples: one is a general homogenous linear-quadratic game and
the second is an environmental-economics game.

Key words. Linear-quadratic differential games, cooperation, incentive equi-
libria, credibility, environmental economics
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1 Introduction

An important issue in cooperative differential games is the sustainability over
time of the efficient solution agreed upon by the players at the initial date of the
game. Intuitively, an agreement will last for its whole intended duration if, at any
intermediate instant of time τ ∈ [0, T ], where T is the end date of the agreement,
each player prefers (payoffwise) to continue being part of the agreement rather
than leaving it. Haurie (1976) was the first to point out that sustainability is not
necessarily always at hand. He provided two possible reasons for an agreement
to be broken at that intermediate instant of time τ ∈ [0, T ]:

(1) The original agreement may not be a solution of the cooperative game that
starts out at τ , and, therefore, the players would not go for its continuation.

(2) A player may find it optimal to deviate (or cheat) by implementing a different
strategy than the one prescribed by the agreement.

P. Bernhard et al. (eds.), Advances in Dynamic Games and Their Applications,  
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Different avenues have been suggested in the literature to go around, at least to
some extent, of such instabilities. One option is to assume that the agreement is
binding (i.e., renegotiation-free), as done in some early work in cooperative differ-
ential games (see, e.g., Liu (1973)). Such an assumption does not, however, stand
an empirical test. Indeed, simple observation shows that agreements, albeit duly
signed, are broken every day (divorce is an illustrative example!). Another approach
is to design a cooperative solution or an agreement which is time-consistent, i.e.,
along the cooperative state trajectory, no player finds it optimal to switch to her non-
cooperative control at any intermediate instant of time (see, Yeung and Petrosyan
(2005), Jørgensen and Zaccour (2001a, 2002), Petrosjan and Zaccour (2003), Pet-
rosjan and Zenkevich (1996), and Petrosjan (1997)). Note that the test consists
in comparing the cooperative and non-cooperative payoffs-to-go. An alternative
possibility is to design an agreeable agreement. Agreeability requires the com-
parison condition of the payoffs-to-go to hold along any state trajectory and not
only along the cooperative one, and thus it is a stronger sustainability concept
than time-consistency (see, e.g., Kaitala and Pohjola (1990, 1995) and Jørgensen
et al. (2003, 2005)). Finally, one can attempt to design an agreement which is
self-enforceable, i.e., is an equilibrium1. One approach to embody the coopera-
tive solution with the equilibrium property is to use so-called trigger strategies.
These strategies are based on the past actions in the game and they include a threat
to punish, credibly and effectively, any player who cheats on the agreement (see,
e.g., Tolwinski et al. (1986) and Dockner et al. (2000)).

In a two-player differential-game setting, another approach, which is our topic,
is to support the cooperative solution by incentive strategies (see, e.g., Ehtamo
and Hämäläinen (1986, 1989, 1993), Jørgensen and Zaccour (2001b), and Martı́n-
Herrán and Zaccour (2005)). Incentive strategies are functions of the possible
deviation of the other player and recommend to each player to implement her part of
the cooperative (desired or coordinated) solution whenever the other player is doing
so. Although these strategies are relatively easy to construct, one concern is their
credibility. By this we mean that each player will, indeed, implement her incentive
strategy, and not the coordinated solution, if she observes that the other one has
deviated from the coordinated solution. In Martı́n-Herrán and Zaccour (2005),
we provided a condition to check for the credibility of incentive strategies for the
class of linear-state differential games. We illustrated its use on two examples
taken from the literature, showed that the proposed linear-incentive strategies are
not always credible, and provided non-linear ones which are always credible. In
this follow-up paper, we consider the credibility of incentive strategies for the class
of linear-quadratic differential games (LQDG) and derive a credibility condition
which can be (relatively easily) be checked.

1It may happen that the cooperative solution is in itself an equilibrium, as in some differential
games of special structure (see, e.g., Chiarella et al. (1984), Rincón-Zapatero et al. (2000),
and Martı́n-Herrán and Rincón-Zapatero (2005)). In such setting, the problem is solved.
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The differential games literature in economics, management science, and other
applied areas, has often adopted the linear-quandratic (LQ) structure. The main
reason for its popularity is that this structure allows to capture some needed eco-
nomic properties (e.g., marginal decreasing returns, saturation effects) in still a
tractable manner. Many examples of applications of such class of differential
games can be found in the recent books by Dockner et al. (2000), Jørgensen and
Zaccour (2004), Engwerda (2005), Yeung and Petrosyan (2005), and the survey
by Jørgensen and Zaccour (2007).

The rest of the paper is organized as follows. In Sec. 2, we recall the ingredi-
ents of linear-quadratic differential games and derive the coordinated solution. In
Sec. 3, we define incentive strategies and equilibrium and provide a characteriza-
tion formula for assessing their credibility. In Sec. 4, we illustrate our result on an
environmental-economics LQ game. In Sec. 5, we conclude.

2 Linear-Quadratic Differential Games

We focus on two-player LQDG with one state variable. The game is played over an
infinite time horizon. To save on notation, we assume that each player has a scalar
control, although all results can be generalized to a multidimensional control case.

The optimization problem of player i is as follows:

max
ui(t)

{
Wi =

∫ ∞

0
e−ρt

(
1
2
[mix

2(t) + u′(t)Riu(t)] + qix(t)

+
2∑

j=1

(rij + dijx(t))uj(t)

)
dt

}
,

subject to: ẋ(t) = αx(t) +
2∑

i=1

βiui(t), x(0) = x0, (1)

where x(t) ∈ R is the state variable, x0 is the initial state, ui(t) is the control
variable of player i ∈ {1, 2}, and u′(t) = (u1(t), u2(t)) ∈ R

2. Here, Ri ∈ R
2×2

are symmetric matrices for all i ∈ {1, 2}. The element in row j and column k in
matrix Ri is denoted by Ri

jk. Finally, rij , dij ,mi, qi, α, βi are constants and ρ is
the discount rate (ρ > 0).

In what follows, we assume that the players implement stationary Markovian
strategies, which is a standard assumption in autonomous, infinite-horizon differ-
ential games. Due to stationarity, equilibrium strategies and value functions do not
depend explicitly on t.
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2.1 Cooperative solution

Assume that the players agree to play a cooperative game in which they jointly
maximize the aggregate payoff:

2∑
i=1

Wi =
2∑

i=1

∫ ∞

0
e−ρt

(
1
2
[mix

2(t) + u′(t)Riu(t)] + qix(t)

+
2∑

j=1

(rij + dijx(t))uj(t)

)
dt .

The next proposition characterizes the solution of the cooperative problem that we
wish to sustain by incentive equilibrium strategies.

Proposition 2.1. Denote by (uc
1, u

c
2) the cooperative solution2. The optimal con-

trols uc
i , i = 1, 2, which are linear in the state variable x are given by:

uc
i (x) = Ac

ix+Bc
i , i = 1, 2 . (2)

The optimal state trajectory is:

xc(t) =
(
x0 +

Xc
1

Xc
2

)
eXc

2t − Xc
1

Xc
2
. (3)

Constants Ac
i , B

c
i and Xc

i are given by:

Ac
i =

(dij + djj + acβj)(Ri
ij +Rj

ij) − (dii + dji + acβi)(Ri
jj +Rj

jj)

(Ri
ii +Rj

ii)(R
i
jj +Rj

jj) − (Ri
ij +Rj

ij)
2 ,

Bc
i =

(rij + rjj + bcβj)(Ri
ij +Rj

ij) − (rii + rji + bcβi)(Ri
jj +Rj

jj)

(Ri
ii +Rj

ii)(R
i
jj +Rj

jj) − (Ri
ij +Rj

ij)
2 ,

Xc
1 = Bc

1β1 +Bc
2β2, Xc

2 = α+Ac
1β1 +Ac

2β2 .

Coefficients ac, bc, and cc are characterized in Appendix A.

Proof. In the cooperative game the players jointly optimize the aggregate payoff.
Let us denote by

V c(x) =
ac

2
x2 + bcx+ cc ,

the optimal value function of this game. Using the Hamilton-Jacobi-Bellman (HJB)
equation, we obtain from the first-order optimality condition that the optimal con-
trols satisfy the following system:

(Ri
ii+R

j
ii)ui+(Ri

ij+R
j
ij)uj+rii+rji+(dii+dji)x+βi(V c)′(x) = 0, i = 1, 2 .

2From now on the time argument is omitted so no confusion can arise.
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The solution to this system is uc
i , i = 1, 2, given in (2). The expressions of these

optimal controls depend on the coefficients of the value function ac, bc, which can
be determined by identification by means of the HJB equation. Their expressions
are collected in Appendix A.

Inserting the optimal controls in the state equation and solving leads to the
optimal state trajectory in (3). �

Once the optimal cooperative solution is obtained, we can compute the part
corresponding to each player of the total cooperative payoff.

Corollary 2.1. Player i’s optimal payoff under the cooperative strategy is given
by:

Wi(uc
1, u

c
2) = Kc

1i

(
x0 +

Xc
1

Xc
2

)2 1
ρ− 2Xc

2

+
(
x0 +

Xc
1

Xc
2

)(
Kc

2i − 2Kc
1i

Xc
1

Xc
2

)
1

ρ−Xc
2

+
Xc

1

Xc
2

(
Kc

2i −Kc
1i

Xc
1

Xc
2

)
1
ρ
, (4)

where ρ−Xc
2 and ρ− 2Xc

2 are assumed to be positive, and

Kc
1i = Ac

idii +Ac
jdij +

mi

2
+

(Ac
i )

2
Ri

ii

2
+

(
Ac

j

)2
Ri

jj

2
+Ac

iA
c
jR

i
ij ,

Kc
2i = qi +Ac

irii +Ac
jrij +Bc

i (dii +Ac
iR

i
ii +Ac

jR
i
ij)

+Bc
j (dij +Ac

iR
i
ij +Ac

jR
i
jj) ,

i, j ∈ {1, 2}, i �= j.

Proof. Substitute in each player objective functional the control by uc
i , i = 1, 2

given in (2), and the state variable by its optimal trajectory given in (3):

Wi(uc
1, u

c
2) =

∫ ∞

0

[
1
2
[mi(xc)2(t) + (uc)′(t)Riuc(t)] + qix

c(t)

+
2∑

j=1

(rij + dijx
c(t))uc

j(t)

]
e−ρt dt ,

where uc denotes the vector (uc
1, u

c
2). After some computations and arranging

terms, the expression above can be rewritten as:

Wi(uc
1, u

c
2) =

∫ ∞

0

[
Kc

1i(x
c)2(t) +Kc

2ix
c(t) +K3i

]
e−ρt dt ,
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where

K3i = Bc
i rii +Bc

jrij +
1
2

[
(Bc

i )
2
Ri

ii +
(
Bc

j

)2
Ri

jj + 2Bc
iB

c
jR

i
ij

]
,

i, j ∈ {1, 2}, i �= j .

Integrating over time leads to the expression in (4), where assumptions ρ−Xc
2 >

0 and ρ−2Xc
2 > 0 are needed to guarantee a convergent improper integral. �

The following proposition provides the players’ payoffs, and resulting state
trajectory, for any pair of linear strategies. These results are needed in the next
section.

Proposition 2.2. If (û1, û2) is any pair of linear controls, given by

ûi(x) = Âix+ B̂i , (5)

then the corresponding state trajectory is

x̂(t) =

(
x0 +

X̂1

X̂2

)
eX̂2t − X̂1

X̂2
,

and player i’s payoff is given by:

Wi(û1, û2) = K̂1i

(
x0 +

X̂1

X̂2

)2
1

ρ− 2X̂2

+

(
x0 +

X̂1

X̂2

)(
K̂2i − 2K̂1i

X̂1

X̂2

)
1

ρ− X̂2

+
X̂1

X̂2

(
K̂2i − K̂1i

X̂1

X̂2

)
1
ρ
,

where ρ−X̂2 and ρ−2X̂2 are assumed to be positive and constants X̂k, K̂1l, k =
1, 2; l = 1, . . . 3 are obtained changing Ac

i , B
c
i by Âi, B̂i in Xc

k, K
c
1l, k =

1, 2; l = 1, . . . 3.

Proof. Replacing (û1, û2) in the state equation and solving leads to the state
trajectory.

Player i’s payoff when the pair of linear controls (û1, û2), given by (5), is used
can be obtained along the same lines as in Corollary 2.1. �

3 Incentive Equilibria

The cooperative solution characterized above is not, in general, an equilibrium. As
mentioned in the Introduction, our aim is to sustain the coordinated solution in time
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by means of incentive equilibrium strategies and characterize their credibility. For
the sake of completeness, let us recall the definition of an incentive equilibrium
strategy.

Let (uc
1, u

c
2) ∈ R × R be the desired cooperative solution. Denote by

Ψ1 = {ψ1 |ψ1 : R −→ R}, Ψ2 = {ψ2 |ψ2 : R −→ R} ,
the sets of admissible incentive strategies.

Definition 3.1. A strategy pair ψ1 ∈ Ψ1, ψ2 ∈ Ψ2 is an incentive equilibrium at
(uc

1, u
c
2) if

W1(uc
1, u

c
2) ≥ W1(uc

1, ψ2(u1)), ∀u1 ∈ R ,

W2(uc
1, u

c
2) ≥ W2(ψ1(u2), uc

2), ∀u2 ∈ R ,

ψ1(uc
2) = uc

1, ψ2(uc
1) = uc

2 .

In order to keep things simple, we shall confine in what follows ourselves to
linear-incentive strategies, that is:

ψj(ui) = uc
j +Dj(ui − uc

i ), i, j = 1, 2, i �= j , (6)

with Dj , j = 1, 2, denoting a non-zero constant.
To characterize an incentive equilibrium we need to solve the following pair of

optimal control problems where each player assumes that the other is using the
incentive strategy given in (6):

max
ui

Wi =
∫ ∞

0

⎛⎝1
2
[mix

2 + u′Riu] + qix+
2∑

j=1

(rij + dijx)uj

⎞⎠ e−ρt

s.t.: ẋ = αx+
2∑

i=1

βiui, x(0) = x0, ρ > 0 , (7)

uj = ψj(ui) = uc
j +Dj(ui − uc

i ), i, j = 1, 2, i �= j .

The next proposition characterizes the solutions of these optimal control prob-
lems.

Proposition 3.1. An interior solution u∗
i (i = 1, 2) of the optimal control prob-

lem in (7) is given by:

u∗
i (x) = A∗

i x+B∗
i , i = 1, 2 , (8)

where:

A∗
i = −

dii + dijDj + (Ac
j −Ac

iDj)(Ri
ij +Ri

jjDj + a∗
i (βi + βjDj))

Ri
ii +Dj(2Ri

ij +Ri
jjDj)

,

B∗
i = −

rii + rijDj + (Bc
j −Bc

iDj)(Ri
ij +Ri

jjDj + b∗i (βi + βjDj))
Ri

ii +Dj(2Ri
ij +Ri

jjDj)
.

Coefficients a∗
i , b

∗
i , and c∗i are characterized in Appendix A.
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Proof. Let us denote by

V ∗
i (x) =

a∗
i

2
x2 + b∗i x+ c∗i

the optimal value function of the optimal control described below. Using the
Hamilton-Jacobi-Bellman (HJB) equation from the first-order optimality condi-
tion and after some easy computations, we obtain the optimal control u∗

i in (8).
Note that the expression of u∗

i is written in terms of the coefficients of the value
function a∗

i , b
∗
i , which can be determined by identification using the HJB equation.

Their expressions are printed in Appendix A. �

To determine an incentive equilibrium we need to impose

u∗
i = uc

i , i = 1, 2 .

Using this fact, the following proposition establishes necessary conditions which
must be satisfied by the incentive equilibrium strategies.

Proposition 3.2. To be an incentive equilibrium at (uc
1, u

c
2), a strategy pairψ1 ∈

Ψ1, ψ2 ∈ Ψ2 given by (6) must satisfy the following condition:

Dj =
T i

23T
i
11 − T i

13T
i
21

T i
12T

i
21 − T i

11T
i
22
, j, i = 1, 2, i �= j , (9)

where coefficients T i
kl, k = 1, 2, l = 1, . . . , 3 are given in Appendix A and T i

21
and T i

12T
i
21 − T i

11T
i
22 for i = 1, 2 are assumed to be non-null.

Proof. Since the cooperative control of each player, uc
i , must equal u∗

i , from
expressions (2) and (8) we have:

Ac
i = A∗

i , Bc
i = B∗

i , i = 1, 2 .

For each player these two equations can be rewritten as a second-order polynomials
in Dj , as follows:

T i
11D

2
j + T i

12Dj + T13 = 0 , (10)

T i
21D

2
j + T i

22Dj + T23 = 0 . (11)

The coefficients T i
kl, k = 1, 2, l = 1, . . . , 3 are collected in Appendix A. From

Eq. (11), under assumption T i
21 �= 0, we derive:

D2
j = −T22Dj + T23

T21
.

Replacing this expression in (10) we obtain a linear equation inDj . Under assump-
tion T i

12T
i
21 − T i

11T
i
22 �= 0, the solution of this equation is given by (9). �



Credible Linear-Incentive Equilibrium Strategies 269

3.1 Credibility of Incentive Strategies

For an incentive equilibrium to be credible, it must be in the best interest of each
player to implement her incentive strategy if the other player deviates from the
coordinated solution rather than to play her part of the cooperative solution. A
formal definition follows.

Definition 3.2. The incentive equilibrium strategy pair ψ1 ∈ Ψ1, ψ2 ∈ Ψ2 at
(uc

1, u
c
2) is credible in U1 × U2 if the following inequalities are satisfied:

W1(ψ1(u2), u2) ≥ W1(uc
1, u2) , ∀u2 ∈ U2 , (12)

W2(u1, ψ2(u1)) ≥ W2(u1, u
c
2) , ∀u1 ∈ U1 . (13)

Note that the above definition characterizes the credibility of equilibrium strate-
gies for any possible deviation in the set U1 × U2. However, in order to preserve
the linear-quadratic structure of the game, we restrict our analysis to the linear-
incentive strategies defined by (6). Moreover, we assume that if one player deviates
from the cooperative solution, then she will use a control ũi which is supposed to
be linear and given by:

ũi(x) = Ãix+ B̃i , (14)

where Ãi, B̃i are two constants. Let us denote by

Fi = {ui admissible |ui(x) = Ãix+ B̃i}, i = 1, 2 . (15)

The next proposition states the credibility conditions for a linear-quadratic dif-
ferential game under the previous assumptions.

Proposition 3.3. Consider the differential game defined by (1) and denote by
(uc

1, u
c
2) its cooperative solution. The incentive equilibrium strategy pair ψ1 ∈

Ψ1, ψ2 ∈ Ψ2 at (uc
1, u

c
2) given by (6) is credible for any deviation u1 ∈ F1 and

u2 ∈ F2 if the following conditions hold:[
K̃1i

(
X̄2i

)2(ρ− 2X̃2i)
(
X̃1i + x0X̃2i

)2

−K̄1i

(
X̃2i

)2
(ρ− 2X̄2i)

(
X̄1i + x0X̄2i

)2] (ρ− X̃2i)(ρ− X̄2i)

+
[
(ρ− X̄2i)

(
X̄2i

)2(K̃2iX̃2i − K̃1iX̃1i)((ρ− X̃2i)X̃1i + x0X̃2i)

− (ρ− X̃2i)
(
X̃2i

)2
(K̄2iX̄2i − K̄1iX̄1i)((ρ− X̄2i)X̄1i + x0X̄2i)

]
(ρ− 2X̃2i)(ρ− 2X̂2i) > 0 ,
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i = 1, 2, where

X̃1i = βi(Bc
i −Di(Bc

j − B̃j)) + βjB̃j ,

X̃2i = α+ βi(Ac
i −Di(Ac

j − Ãj)) + βjÃj ,

X̂1i = βiB
c
i + βjB̃j ,

X̂2i = α+ βiA
c
i + βjÃj ,

and constants K̃ki, K̄ki, for k = 1, 2 can be obtained replacing in K̂ki constants
Âi, Âj , B̂i, B̂j byAc

i −Di(Ac
j − Ãj), Ãj , B

c
i −Di(Bc

j − B̃j), B̃j in case of K̃ki,

and by Ac
i , Ãj , B

c
i , B̃j in case of K̄ki, with i, j = 1, 2, i �= j.

Proof. We have to check that inequalities (12) and (13) are satisfied for u2 ∈ F2
and u1 ∈ F1, respectively. Note that the linear-incentive equilibrium strategy pair
ψ1 ∈ Ψ1, ψ2 ∈ Ψ2 at (uc

1, u
c
2) given by (6) for u1 ∈ F1, u2 ∈ F2 reads:

ψi(uj) = uc
i +Di(uj − uc

j) = Ac
ix+Bc

i +Di(uj − (Ac
jx+Bc

j ))

= Ac
ix+Bc

i +Di(Ãjx+ B̃j − (Ac
jx+Bc

j ))

= [Ac
i −Di(Ac

j − Ãj)]x+Bc
i −Di(Bc

j − B̃j), i, j = 1, 2, i �= j .

It suffices to compute the expressions of the different payoffs appearing in these
inequalities taking into account the expression of player i’s payoff along a given
pair of linear controls established in Proposition 2.2. The payoffs can be expressed
as:

Wi(ψi(uj), uj) = K̃1i

(
x0 +

X̃1i

X̃2i

)2
1

ρ− 2X̃2i

+

(
x0 +

X̃1i

X̃2i

)(
K̃2i − 2K̃1i

X̃1i

X̃2i

)
1

ρ− X̃2i

+
X̃1i

X̃2i

(
K̃2i − K̃1i

X̃1i

X̃2i

)
1
ρ
, i, j = 1, 2, i �= j .

Wi(uc
i , uj) = K̄1i

(
x0 +

X̄1i

X̄2i

)2 1
ρ− 2X̄2i

+
(
x0 +

X̄1i

X̄2i

)(
K̄2i − 2K̄1i

X̄1i

X̄2i

)
1

ρ− X̄2i

+
X̄1i

X̄2i

(
K̄2i − K̄1i

X̄1i

X̄2i

)
1
ρ
, i, j = 1, 2, i �= j .

Expressions ρ− X̃2, ρ− 2X̃2, ρ− X̄2 and ρ− 2X̄2 are assumed to be positive in
order to have convergent improper integrals. Easy, but tedious, computations lead
to the inequalities in the proposition. �
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The two inequalities provide conditions which could be checked once the spe-
cific functions involved are at hand.

To illustrate the analysis of the credibility of incentive equilibrium strategies, we
consider two examples. One is a simple homogeneous LQDG where the objective
functionals do not involve a state-control interaction term, nor the other player’s
control. This example does not refer to a particular economics application and is
fully treated in Appendix B. It is meant to show that, even in a relatively simple
setting, the credibility conditions are tedious. The following example corresponds
to a global environmental problem.

4 An Environmental-Economics Example

Let player i’s optimization problem be given by:

max
ui

{
Wi =

∫ ∞

0
e−ρt

[
ui

(
γi − 1

2
ui

)
− 1

2
ϕix

2
]
dt

}
,

s.t.: ẋ = β(ui + uj) − αx, x(0) = x0 ,

where β, γi and ϕi, i, j ∈ {1, 2}, i �= j are positive parameters and 0 < α < 1.
This problem has the following features:

• The objective functional of player i is quadratic in control and state and
depends on the player’s own control only. Note that, contrary to the homoge-
nous example treated in Appendix 2, here a linear term in the control is
included.

• There is no interaction neither between the controls nor between the controls
and the state.

Admittedly, this structure is restrictive but fits actually many models belonging
to an active area of applications of differential games, namely global environmental
problems. In such a context the control ui is the emissions level and the state x is
the accumulated stock of pollution. Assuming that emissions are a proportional
by-product of industrial activities, revenues generated from these activities can be
expressed equivalently in terms of emissions seen here as an input in production.
Thus, the function fi(ui) = ui

(
γi − 1

2ui

)
represents the concave revenue function

of player i. Revenues depend only on own industrial activities, and not on the other
players’ ones. Pollution induces damage costs, given by 1

2ϕix
2, assumed to depend

on accumulated pollution. The state dynamics describes pollution accumulation.
It says that the variation in its level is the sum of emissions, scaled by a parameter,
minus what is absorbed by nature (α is termed the absorption rate).

The environmental models in Van der Ploeg and De Zeeuw (1992) and Dockner
and Long (1993) are particular cases of our specification. Indeed, both models are
completely symmetric (γi = γ, ϕi = ϕ for all players). The first paper studies an
n-country model, while the second one concentrates on a two-region differential
game. Both papers compare cooperative and noncooperative emissions strategies,
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but are not interested in the issue of sustainability. List and Mason (2001) recon-
sider the same problem with two asymmetric players. To derive the Markov-perfect
noncooperative strategies, they assume γj = θγi and ϕj = ωϕi (which are more
restrictive than our structure). Fernández (2002) studies transboundary water pol-
lution and takes into account asymmetry of the two countries’ costs and benefits. In
Fernández (2002), each player has three control variables and the characterization
of optimal equilibrium is carried out by means of numerical simulations. Another
paper, which uses a similar specification to analyze a pollution control problem, is
Kaitala and Pohjola (1995). Their model is asymmetric since one group of coun-
tries is assumed to be non-vulnerable to global warming. This assumption leads to
an analytically solvable model, since one only needs to solve a decoupled system
of algebraic Riccati equations.

In the cooperative (joint maximization) solution the linear optimal strategies
and quadratic value function are given by:

uc
i (x) = γi + β(acx+ bc), V c(x) =

ac

2
x2 + bcx+ cc , (16)

where

ac =
2α+ ρ±

√
(2α+ ρ)2 + 8β2(ϕ1 + ϕ2)

4β2 ,

bc =
β(γ1 + γ2)ac

α+ ρ− 2β2ac
,

cc =
γ2
1 + γ2

2 + 2βbc(γ1 + γ2 + βbc)
2ρ

.

The optimal state trajectory is:

xc(t) =
(
x0 − β(γ1 + γ2 + 2βbc)

α− 2β2ac

)
e−(α−2β2ac)t +

β(γ1 + γ2 + 2βbc)
α− 2β2ac

.

The state dynamics of the game has a globally asymptotically stable steady state
if α− 2β2ac > 0. It can be shown that to guarantee this inequality, the expression
of ac where the square root is affected by a negative sign has to be chosen. From
now on, by ac we refer to this root. Let us note that with this choice coefficients
ac and bc are negative and cc is positive. Therefore, when the cooperative game is
played the stock of pollution converges in the long run to the positive steady-state
value, given by:

β(γ1 + γ2 + 2βbc)
α− 2β2ac

=
Xc

1

Xc
2
.
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Player i’s optimal payoff under the cooperative strategy is given by:

Wi(uc
1, u

c
2) =

[
Cc

1i − Xc
1

Xc
2

(
Cc

2i + Cc
3i

Xc
1

Xc
2

)]
1
ρ

−
(
x0 − Xc

1

Xc
2

)(
Cc

2i + 2Cc
3i

Xc
1

Xc
2

)
1

ρ+Xc
2

− Cc
3i

(
x0 − Xc

1

Xc
2

)2 1
ρ+ 2Xc

2
,

where

Cc
1i =

1
2
(γi + βbc)(γi − βbc), Cc

2i = β2acbc, Cc
3i =

1
2
[(βac)2 + ϕi] .

If (û1, û2) is any pair of linear controls, given by

ûi(x) = Âix+ B̂i ,

the state trajectory associated is

x̂(t) =

(
x0 − β(B̂1 + B̂2)

α− β(Â1 + Â2)

)
e−(α−β(Â1+Â2))t +

β(B̂1 + B̂2)
α− β(Â1 + Â2)

.

The state dynamics of the game has a globally asymptotically stable steady state
if α− β(Â1 + Â2) > 0.

Furthermore, player i’s payoff is given by:

Wi(û1, û2) =

⎡⎣(γi − B̂i)Âi
X̂1

X̂2
+
(
γi − 1

2
B̂i

)
B̂i − 1

2
(Â2

i + ϕi)

(
X̂1

X̂2

)2
⎤⎦ 1
ρ

+

(
x0 − X̂1

X̂2

)[
(γi − B̂i)Âi − (Â2

i + ϕi)
X̂1

X̂2

]
1

ρ+ X̂2

− 1
2
(Â2

i + ϕi)

(
x0 − X̂1

X̂2

)2
1

ρ+ 2X̂2
,

where X̂2 is assumed to be positive in order to have convergent improper integrals
and

X̂1 = β(B̂1 + B̂2), X̂2 = α− β(Â1 + Â2) .

4.1 Linear-Incentive Strategies

We focus now on the characterization of linear-incentive strategies of the type
established in (6). An interior solution u∗

i (i = 1, 2) of the optimal control problem
(7) characterizing the incentive strategies satisfies:

u∗
i (x) = γi + β(1 +Dj)(a∗

i x+ b∗i ), i, j = 1, 2, i �= j , (17)
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where constants a∗
i , b

∗
i are determined using the Hamilton-Jacobi-Bellman equa-

tion associated with the optimal control problem. Assuming that the value function
of problem (7) is given by V ∗

i = a∗
i

2 x
2 + b∗i x + c∗i , and using the standard tech-

nique, coefficients a∗
i , b

∗
i , and c∗i are determined:

a∗
i =

2acβ2(Dj − 1) + 2α+ ρ±
√

(2acβ2(Dj − 1) + 2α+ ρ)2 + 4(1 +Dj)2β2ϕi

2(1 +Dj)2β2
,

b∗i =
a∗

i β(γi + γj − bc(Dj − 1)β)
ac(Dj − 1)β2 − a∗

i (1 +Dj)2β2 + α+ ρ
,

c∗i =
γi(γi + 2b∗i β) + b∗i β[2γj + (−2bc(Dj − 1) + b∗i (1 +Dj)2)β]

2ρ
.

To determine a linear-incentive equilibrium we need to impose

u∗
i = uc

i , i = 1, 2 ,

where u∗
i and uc

i are given by (17) and (16), respectively. From the above equality
we obtain the following conditions:

(1 +Dj)a∗
i = ac, (1 +Dj)b∗i = bc, i, j = 1, 2, i �= j . (18)

Therefore, the following ratios must be satisfied:

ac

bc
=
a∗

i

b∗i
, i = 1, 2 .

The previous equalities once the expressions of bc and b∗i in terms of ac and a∗
i ,

respectively, have been replaced, after some computations simplify as follows:

−2acDj + a∗
i (1 +Dj)

2 = 0, i = 1, 2 .

Taking into account the first condition in (18), one has that the slope of the linear-
incentive equilibrium strategy is unitary, that is,

Dj = 1, j = 1, 2 ,

and the incentive strategies are given by:

uj = ψj(ui) = uc
j − uc

i + ui = γj − γi + ui, i, j = 1, 2, i �= j .

From the last equality we have that firm j’s emissions are greater (lower) than
those of firm i if and only if Aj is greater (lower) than Ai.
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Coefficients a∗
i , b

∗
i , and c∗i under assumption Dj = 1 read:

a∗
i =

2α+ ρ±
√

(2α+ ρ)2 + 16β2ϕ

8β2 ,

b∗i =
β(γi + γj)a∗

i

α+ ρ− 4β2a∗
i

,

c∗i =
γi(γi + 2βb∗i ) + 2βb∗i (γj + 2βb∗i )

2ρ
.

Note that, in this case, these expressions are independent of the coefficients of the
value function associated with the cooperative game.

From the conditions in (18), one has ac = 2a∗
i , b

c = 2b∗i . An easy computation
establishes that these conditions are satisfied if and only if ϕi = ϕj . That is, both
firms must have the same damage cost parameter. From now on, let denote by ϕ
this common damage cost.

We focus on credible linear-incentive strategies for any deviation in set Fi as
defined in (15). The fulfillment of inequalities in (23) guarantees that the linear-
incentives strategies are credible when linear deviations in set Fi are considered.

The two sides of the inequality for player i after some computations read:

Wi(ψi(uj), uj) =

[
C̃1i − X̃1

X̃2

(
C̃2i + C̃3i

X̃1

X̃2

)]
1
ρ

−
(
x0 − X̃1

X̃2

)(
C̃2i + 2C̃3i

X̃1

X̃2

)
1

ρ+ X̃2

− C̃3i

(
x0 − X̃1

X̃2

)2
1

ρ+ 2X̃2
,

Wi(uc
i , uj) =

[
C

′
1i − X

′
1

X
′
2

(
C

′
2i + C

′
3i

X
′
1

X
′
2

)]
1
ρ

−
(
x0 − X

′
1

X
′
2

)(
C

′
2i + 2C

′
3i

X
′
1

X
′
2

)
1

ρ+X
′
2

− C
′
3i

(
x0 − X

′
1

X
′
2

)2
1

ρ+ 2X ′
2
,
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where

C̃1i =
1
2
(γ2

i − (γj − B̃j)
2
), C̃2i = −(γj − B̃j)Ãj , C̃3i =

1
2
(Ã2

j + ϕ) ,

X̃1 = β(γi − γj + 2B̃j), X̃2 = δ − 2βÃj ,

C
′
1i =

1
2
(γ2

i − (βbc)2), C
′
2i = β2acbc, C

′
3i =

1
2
((βac)2 + ϕ) ,

X
′
1 = β(γi + βbc + B̃j), X

′
2 = δ − β2ac − βÃj ,

and X̃2 and X
′
2 are assumed to be positive in order to have globally stable steady

states, which also guarantee convergent improper integrals.
In the noncooperative case, it is easy to establish that the stationary Markovian

Nash equilibrium strategies are given by uN
i (x) = γi + β(aNx+ bN ), where the

value functions are by V nc
i (x) = aN

2 x
2 + bNx+ cNi and the superscriptN stands

for Nash equilibrium. Note that the quadratic and linear coefficients are the same
for all the players, due to symmetry in objectives and dynamics.

Following the standard approach for solving HJB equations, we obtain the fol-
lowing coefficients for the noncooperative value functions:

aN =
ρ+ 2α−

√
(ρ+ 2α)2 + 12β2ϕ

6β2 < 0 ,

bN = − aNβ(γ1 + γ2)
3β2aN − (ρ+ α)

< 0 ,

cNi =
γ2

i + 2βbN (γ1 + γ2) + 3(βbN )2

2ρ
.

The equilibrium noncooperative state trajectory is given by:

xN (t) =

(
x0 −

β
(
γ1 + γ2 + 2βbN

)
α− 2β2aN

)
e(α−2β2aN )t +

β
(
γ1 + γ2 + 2βbN

)
α− 2β2aN

.

The state dynamics of the game has a globally asymptotically stable steady state
if α−2β2aN > 0. It can be proved that to guarantee this inequality and therefore,
the globally asymptotically stable steady state, the only possibility is to choose
aN < 0.

As usual, in this kind of model, the non-cooperative solution leads to emission
levels greater than those prescribed by the cooperative solution. Then, one can
suppose that if one player deviates from the cooperative solution, he is going
to choose an emission level greater than that corresponding to the cooperative
solution.

Therefore, we try to characterize emission levels that correspond with linear
deviations in set Fi that are greater than the cooperative ones and for which the
credibility conditions in (23) are fulfilled.
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These last inequalities are quite complex and involve all the parameters of the
model as well as Ãj , B̃j coefficients of the emission levels along the deviation
from the cooperative solution. For that reason, it is not possible to analytically
characterize the feasible set for Ãj and B̃j which ensure credibility of the incentive
strategies. We resort to numerical simulations to carry out this analysis.

Let consider the following values of the model parameters:

ϕ1 = ϕ2 = ϕ = 1, β = 1, ρ = 0.1, α = 0.2, γ1 = 1.01, γ2 = 1, S0 = 0.05 .

Under this assumption, the coefficients of the cooperative and non-cooperative
game are given by

ac = −0.8828, bc = −0.8590, aN = −0.5, bN = −0.5583 ,

and the cooperative and non-cooperative emission strategies are:

uc
1(x) = 0.1510 − 0.8828x, uc

2(x) = 0.1410 − 0.8828x ,

uN
1 (x) = 0.4517 − 0.5x, uN

2 (x) = 0.4417 − 0.5x .

The incentive equilibrium strategies associated with linear deviations of the
form ũi(x) = Ãix+ B̃i, i = 1, 2, are:

u1(x) = ψ1(ũ2(x)) = γ1 − γ2 + ũ2(x) = 0.01 + Ã2x+ B̃2 ,

u2(x) = ψ2(ũ1(x)) = γ2 − γ1 + ũ1(x) = −0.01 + Ã1x+ B̃1 .

The credibility conditions for player 1 and 2 read:

0.0010Ã5
2 + (−4.4360 + 0.04B̃2)Ã4

2 + 0.4(−72.7103 + B̃2)(−0.2635 + B̃2)Ã3
2

+ 11.2426(−0.0501 + B̃2)(4.9011 + B̃2)Ã2
2

+ 30.4507(−0.5656 + B̃2)(−0.0194 + B̃2)Ã2

− 21.3055(−0.0423 + B̃2)(−0.0148 + B̃2) ≥ 0 ,

0.0010Ã5
1 + (−4.4364 + 0.01B̃1)Ã4

1 + 0.4(−72.7203 + B̃1)(−0.2735 + B̃1)Ã3
1

+ 11.2426(−0.0601 + B̃1)(4.8911 + B̃1)Ã2
1

+ 30.4507(−0.5756 + B̃1)(−0.0248 + B̃1)Ã1

− 21.3055(−0.0526 + B̃1)(−0.0248 + B̃1) ≥ 0 .

Plotting the left-hand side of the previous inequalities allows us to determine the
intervals for parameters Ãi, B̃i, i = 1, 2 that lead to credible incentive strategies.
The credible ranges are as follows:

Ã1 ∈ [−0.85,−0.7], B̃1 ∈ [0.15, 0.2], Ã2 ∈ [−0.9,−0.7], B̃2 ∈ [0.15, 0.2] .
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Figure 1: Credible set for deviations of player 1.
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Figure 2: Credible set for deviations of player 2.

Figures 1 and 2 show the credibility conditions for player 2 and 1 for deviations
of the opponent in the credible ranges. Figures 3 and 4 show these conditions for
wider ranges of the deviations parameters, and therefore, leading to non-credible
strategies out of the credible ranges.

For linear deviations associated with parameter values in these intervals the
following results apply. First, the emission levels as well as the firms’ benefits
are positive for any value of the pollution stock. Second, along the deviation the
emission levels of both players are greater than those agreed in the cooperative
game but lower than those prescribed by the completely non-cooperative Nash
game.

Note that the admissible set of deviations for player 1 leading to credible incen-
tive strategies is wider than that of player 2. This result can be explained by the
asymmetric assumption for coefficients γ1 and γ2 associated to the revenue func-
tions of both players.
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Figure 3: Credibility condition of player 2 for deviations of player 1.
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Figure 4: Credibility condition of player 1 for deviations of player 2.

Tables 1 and 2 show the emission levels of both players under cooperation
(superscript c), non-cooperation (Nash game, superscript N ) and when the incen-
tive strategies are implemented (ψi(ũj), i, j = 1, 2, i �= j) for a linear deviation of
the rival (ũj(x) = Ãjx+B̃j). Both tables collect the results for different deviation
levels for player 1, Table 1, and player 2, Table 2.

From these results we can conclude that only small deviations from the cooper-
ative emission levels lead to credible strategies.

5 Concluding Remarks

We characterized in this paper the conditions to have credible linear-incentive
equilibrium strategies in the class of linear-quadratic differential games. The lat-
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Table 1: Emission levels for an initial pollution stock S0 = 0.05.
Different deviations of player 1.

Ã1 = −0.85 Ã1 = −0.8 Ã1 = −0.7
B̃1 = 0.15, B̃1 = 0.2 B̃1 = 0.15, B̃1 = 0.2 B̃1 = 0.15, B̃1 = 0.2

ũ1 0.1075 0.1575 0.11 0.16 0.115 0.165
u2 = ψ2(ũ1) 0.0975 0.1475 0.10 0.15 0.105 0.105
uc

1 0.1068 0.1068 0.1068
uc

2 0.0968 0.0968 0.0968
uN

1 0.4267 0.4267 0.4267
uN

2 0.4167 0.4167 0.4167

Table 2: Emission levels for an initial pollution stock S0 = 0.05.
Different deviations of player 2.

Ã2 = −0.9 Ã2 = −0.8 Ã2 = −0.7
B̃2 = 0.15, B̃2 = 0.2 B̃2 = 0.15, B̃2 = 0.2 B̃2 = 0.15, B̃2 = 0.2

ũ2 0.105 0.155 0.11 0.16 0.115 0.165
u1 = ψ1(ũ2) 0.115 0.165 0.12 0.17 0.125 0.175
uc

1 0.1068 0.1068 0.1068
uc

2 0.0968 0.0968 0.0968
uN

1 0.4267 0.4267 0.4267
uN

2 0.4167 0.4167 0.4167

ter is popular in economics and management science applications of differential
games, because it allows the inclusion in the models of important features such as
economics of scale, decreasing marginal returns, etc., while still being tractable
(i.e., admitting analytical solutions). One message of this paper is that obtaining
credibility for even linear-incentive strategies is tedious. A second one is that cred-
ibility may be at hand for only small deviations with respect of the cooperative (or
agreed-upon) strategies.

Appendix A

Coefficients ac, bc, and cc of the cooperative value function (Proposition 2.1)

Coefficient ac satisfies the following quadratic equation:

Ξ1(ac)2 + Ξ2a
c + Ξ3 = 0 ,

where

Ξ1 = −
(
Ri

jj +Rj
jj

)
βi

2 + 2
(
Ri

ij +Rj
ij

)
βiβj −

(
Ri

ii +Rj
ii

)
βj

2 ,
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Ξ2 = −2 (dij + djj)
(
−
(
Ri

ij +Rj
ij

)
βi +

(
Ri

ii +Rj
ii

)
βj

)
− 2 (dii + dji)

((
Ri

jj +Rj
jj

)
βi −

(
Ri

ij +Rj
ij

)
βj

)
+
((

Ri
ij +Rj

ij

)2
−
(
Ri

ii +Rj
ii

)(
Ri

jj +Rj
jj

))
(−2α+ ρ) ,

Ξ3 = (mi +mj)
(

−
(
Ri

ij +Rj
ij

)2
+
(
Ri

ii +Rj
ii

) (
Ri

jj +Rj
jj

))
− (dij + djj)

2
(
Ri

ii +Rj
ii

)
+ 2 (dii + dji) (dij + djj)

(
Ri

ij +Rj
ij

)
− (dii + dji)

2
(
Ri

jj +Rj
jj

)
.

Coefficient bc solves the following equation:

Σ1b
c + Σ2 = 0 ,

where

Σ1 = (dij + djj)
((
Ri

ij +Rj
ij

)
βi −

(
Ri

ii +Rj
ii

)
βj

)
− (dii + dji)

(
(Ri

jj +Rj
jj)βi −

(
Ri

ij +Rj
ij

)
βj

)
+ ac

(
−
(
Ri

jj +Rj
jj

)
βi

2 + 2
(
Ri

ij +Rj
ij

)
βiβj −

(
Ri

ii +Rj
ii

)
βj

2
)

+
((

Ri
ij +Rj

ij

)2
−
(
Ri

ii +Rj
ii

)(
Ri

jjβi +Rj
jj

))
(−α+ ρ) ,

Σ2 = (dij + djj)
((
Ri

ij +Rj
ij

)
(rii + rji) −

(
Ri

ii +Rj
ii

)
(rij + rjj)

)
+ (qi + qj)

(
−
(
Ri

ij +Rj
ij

)2
+
(
Ri

ii +Rj
ii

)(
Ri

jjβi +Rj
jj

))
+ (dii + dji)

((
Ri

ij +Rj
ij

)
(rij + rjj) − (rii + rji)

(
Ri

jj +Rj
jj

))
+ ac

[((
Ri

ij +Rj
ij

)
(rij + rjj) − (rii + rji)

(
Ri

jj +Rj
jj

))
βi

+
((
Ri

ij +Rj
ij

)
(rii + rji) −

(
Ri

ii +Rj
ii

)
(rij + rjj)

)
βj

]
.

Coefficient cc satisfies the following equation:

ρ (1 + cc)
((

Ri
ij +Rj

ij

)2
−
(
Ri

ii +Rj
ii

)(
Ri

jj +Rj
jj

))
+ bc

[((
Ri

ij +Rj
ij

)
(rij + rjj) − (rii + rji)

(
Ri

jj +Rj
jj

))
βi

+
((
Ri

ij +Rj
ij

)
(rii + rji) −

(
Ri

ii +Rj
ii

)
(rij + rjj)

)
βj

]
= 0 .
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Coefficients a∗
i , b

∗
i , and c∗i of the optimal value function associated to the

incentive optimal control problem (Proposition 3.1)

Coefficient a∗
i satisfies the following quadratic equation:

Δ1(a∗
i )

2 + Δ2a
∗
i + Δ3 = 0 ,

where

Δ1 = (βi +Djβj)
2
,

Δ2 = 2 ((dii + dijDj) (βi +Djβj)

+
(
Ac

j −Ac
iDj

) ((
Ri

ij +DjR
i
jj

)
βi −

(
Ri

ii +DjR
i
ij

)
βj

))
+
(
Ri

ii +Dj

(
2Ri

ij +DjR
i
jj

))
(−2α+ ρ) ,

Δ3 = (dii + dijDj)
2

+
(
Ac

j −Ac
iDj

)2 (
Ri

ij

2 −Ri
iiR

i
jj

)
−mi

(
Ri

ii +Dj

(
2Ri

ij +DjR
i
jj

))
+ 2
(
Ac

j −Ac
iDj

) (
−dij

(
Ri

iiDjR
i
ij

)
+ dii

(
Ri

ij +DjR
i
jj

))
.

Coefficient b∗i solves the following equation:

Λ1b
∗
i + Λ2a

∗
i + Λ3 = 0 ,

where:

Λ1 = (dii + dijDj) (βi +Djβj) + a∗
i (βi +Djβj)

2

+
(
Ri

ii +Dj

(
2Ri

ij +DjR
i
jj

))
(−α+ ρ)

+
(
Ac

j −Ac
iDj

) ((
Ri

ij +DjR
i
jj

)
βi −

(
Ri

ii +DjR
i
ij

)
βj

)
,

Λ2 = (rii +Djrij) (βi +Djβj)

+
(
Bc

j −Bc
iDj

) (
Ri

ijβi −Ri
iiβj +Dj

(
Ri

jjβi −Ri
ijβj

))
,

Λ3 = rij
(
Dj (dii + dijDj) −

(
Ac

j −Ac
iDj

) (
Ri

ii +DjR
i
ij

))
+ qi

(
−Ri

ii −Dj

(
2Ri

ij +DjR
i
jj

))
+
(
Bc

j −Bc
iDj

) (
−dij

(
Ri

ii +DjR
i
ij

)
+ dii

(
Ri

ij +DjR
i
jj

)
+
(
Ac

j −Ac
iDj

) ((
Ri

ij

)2 −Ri
iiR

i
jj

))
+ rii

(
dii + dijDj +

(
Ac

j −Ac
iDj

) (
Ri

ij +DjR
i
jj

))
.

Coefficient c∗i is characterized by the following equation:

Θ1c
∗
i + Θ2b

∗
i + Θ3 = 0 ,
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where

Θ1 = 2
(
Ri

ii +Dj

(
2Ri

ij +DjR
i
jj

))
,

Θ2 = 2 (rii +Djrij) (βi +Djβj)

+ 2
(
Bc

j −Bc
iDj

) (
DjR

i
jjβi −Ri

iiβj +Ri
ij (βi −Djβj)

)
,

Θ3 = rii
2 + 2Djrij +Djrij (−2 + 2rii +Djrij)

+
(
Bc

j −Bc
iDj

)2 ( (
Ri

ij

)2 −Ri
iiR

i
jj

)
+ 2
(
Bc

j −Bc
iDj

) (
−
(
rij
(
Ri

ii +DjR
i
ij

))
+ rii

(
Ri

ij +DjR
i
jj

))
.

Coefficients T i
kl, k = 1, 2, l = 1, . . . , 3, i = 1, 2 of the equations

characterizing the incentive equilibrium strategies (Proposition 3.2)

T i
11 = −Ri

jj

((
Ri

jj +Rj
jj

)(
dii + dji +Ac

i

(
Ri

ii +Rj
ii

)
+ acβi

)
−
(
Ri

ij +Rj
ij

)(
dij + djj +Ac

i

(
Ri

ij +Rj
ij

)
+ acβj

))
,

T i
12 = 2djjR

i
ij

(
Ri

ij +Rj
ij

)
− 2 (dii + dji)Ri

ij

(
Ri

jj +Rj
jj

)
− 2acRi

ij

(
Ri

jj +Rj
jj

)
βi

+
(
Ac

iR
i
ij −Ac

jR
i
jj

)((
Ri

ij +Rj
ij

)2
−
(
Ri

ii +Rj
ii

)(
Ri

jj +Rj
jj

))
+ dji

((
Ri

ij −Rj
ij

)(
Ri

ij +Rj
ij

)
+
(
Ri

ii +Rj
ii

) (
Ri

jj +Rj
jj

))
+
(
(2ac − a∗

i )R
i
ij

(
Ri

ij +Rj
ij

)
+a∗

i

(
−Rj

ij

2
+
(
Ri

ii +Rj
ii

)(
Ri

jj +Rj
jj

)))
βj ,

T i
13 = −

(
Ri

jj +Rj
jj

)(
−diiR

j
ii +Ri

ii (dji + acβi)

−
(
Ri

ii +Rj
ii

) (
−Ac

jR
i
ij + a∗

i βi

))
−
(
Ri

jj +Rj
jj

)
(
(dji + acβi)Ri

ii − diiR
j
ii − (a∗

i βi −Ac
jR

i
ij)(R

i
ii +Rj

ii)
)
,

T i
21 = Ri

jj

((
Ri

jj +Rj
jj

)(
rii +Bc

i

(
Ri

ii +Rj
ii

)
+ rji + bcβi

)
−
(
Ri

ij +Rj
ij

)(
−rij +Bc

i

(
Ri

ij +Rj
ij

)
+ rjj + bcβj

))
,
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T i
22 = −

(
Ri

ij +Rj
ij

)(
rij

(
Ri

ij +Rj
ij

)
+ 2Ri

ijrjj

)
−
((
Ri

ii +Rj
ii

)
rij − 2Ri

ij (rii + rji)
)(

Ri
jj +Rj

jj

)
+
((

Ri
ij +Rj

ij

)2
−
(
Ri

ii +Rj
ii

)(
Ri

jj +Rj
jj

))
×(

−Bc
iR

i
ij +Bc

jR
i
jj + b∗i βj

)
+ 2bcRi

ij

((
Ri

jj +Rj
jj

)
βi −

(
Ri

ij +Rj
ij

)
βj

)
,

T i
23 =

((
Ri

ij +Rj
ij

)2
−Rj

ii

(
Ri

jj +Rj
jj

))(
rii +Bc

jR
i
ij + b∗i βi

)
−Ri

ii

(
−
(
Ri

jj +Rj
jj

) (
−Bc

jR
i
ij + rji + (bc − b∗i )βi

)
+
(
Ri

ij +Rj
ij

)
(rij + rjj + bcβj)

)
.

Appendix B: A Homogeneous LQ Example

The class of homogeneous LQDG is characterized by the absence of linear terms
in the objective functional of player i, i.e., qi = rij = 0 in (1) for all i, j ∈ {1, 2}.
Player i’s optimization problem then becomes:

max
ui

⎧⎨⎩Wi =
∫ ∞

t0

e−ρt

⎡⎣1
2
[mix

2 + u′Riu] +
2∑

j=1

dijujx

⎤⎦ dt
⎫⎬⎭ (19)

ẋ = αx+
2∑

j=1

βjuj , x(t0) = x0 .

Economic applications which considered homogeneous LQDG include Neck
and Dockner (1987), Cohen and Michel (1988), and Aarle et al. (1995). The model
in Neck and Dockner (1987) is fully symmetric and assumes that the control and
state variables do not interact (i.e., dij = 0 ∀i, j ∈ {1, 2}). This last assumption
is also made in the two-player differential game in Aarle et al. (1995). Cohen and
Michel (1988) study a game that fits exactly the formulation in (19).

It is well known that if the players cooperate by maximizing the sum of their
objective functionals in a homogeneous LQDG, then:

• the optimal strategies are linear in the state: uc
i (x) = γc

i x;
• the value function is quadratic, V c(x) = rcx2, where rc is a solution to a

second-degree polynomial.
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Example 5.1. Let player i’s optimization problem be given by

max
ui

{
Wi =

∫ ∞

t0

e−ρt[giu
2
i +mix

2]dt
}
,

s.t.: ẋ = αx+
2∑

j=1

βjuj , x(t0) = x0 ,

where gi �= 0.
In the cooperative (joint maximization) case, it is easy to check that the optimal

linear strategies and quadratic value function are

uc
i (x) = −rcβi

gi
x, V c(x) = rcx2 , (20)

where rc is real and given by

rc =
2α− ρ±

√
(2α− ρ)2 + 4

∑2
j=1mj

∑n
j=1

β2
j

gj

2
∑2

j=1
β2

j

gj

,

if (2α− ρ)2 + 4
∑2

j=1mj

∑2
j=1

β2
j

gj
≥ 0.

The optimal state trajectory is

xc(t) = x0e

(
−rc ∑2

j=1

β2
j

gj
+α

)
t
.

The state dynamics of the game has a globally asymptotically stable steady state

if −rc
∑2

j=1
β2

j

gj
+ α < 0.

Player i’ s optimal payoff in the cooperative game is given by:

Wi(uc
1, u

c
2) =

(
(rc)2

β2
i

gi
+mi

)
1

ρ− 2α+ 2rc
∑2

j=1
β2

j

gj

x2
0 .

Let (û1, û2) be any pair of linear controls, given by

ûi(x) = Âix+ B̂i .

The corresponding state trajectory is then

x̂(t) = x0e
(β1A1+β2A2+α)t .

The state dynamics of the game has a globally asymptotically stable steady state
if β1A1 + β2A2 + α < 0.
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Furthermore, player i’s payoff is given by:

Wi(û1, û2) = (giA
2
i +mi)

1
ρ− 2(β1A1 + β2A2 + α)

x2
0 ,

where ρ − 2(β1A1 + β2A2 + α) is assumed to be positive in order to have a
convergent improper integral.

We focus now on the characterization of linear-incentive strategies of the type
established in (6).

An interior solution u∗
i (i = 1, 2) of the optimal control problem (7) character-

izing the incentive strategies satisfies:

u∗
i (x) = −r∗

i (βi + βjDj)x
gi

, i, j = 1, 2, , i �= j , (21)

where constant r∗
i is determined using the Hamilton-Jacobi-Bellman equation

associated with the optimal control problem. Assuming that the value function of
problem (7) is given by V ∗

i = r∗
i x

2, and using the standard technique, the coeffi-
cient r∗

i is given by:

r∗
i =

2α− ρ− 2βjr
c
(

βj

gj
− βi

)
±

√[
2α− ρ− 2βjrc

(
βj

gj
− βi

)]2
+ 4mi

(βi+βjDj)2

gi

2 (βi+βjDj)2

gi

.

To determine a linear-incentive equilibrium we need to impose

u∗
i = uc

i , i = 1, 2 ,

where u∗
i and uc

i are given by (21) and (20), respectively. From the above equality,
we obtain the slope of the linear-incentive equilibrium strategy:

Dj =
(
rc

r∗
i

− 1
)
βi

βj
. (22)

Replacing this expression in (21), u∗
i can be rewritten as:

r∗
i =

migi − (rc)2β2
i

gi

[
ρ+ 2βjrc

(
βj

gj
− βi

)
− 2α

] .
Substituting this last expression in (22),Dj can be expressed as a function only of
rc as follows:

Dj =

⎛⎝rcgi

[
ρ− 2α+ 2βj

(
βj

gj
− βi

)
rc
]

migi − β2
i (rc)2

− 1

⎞⎠ βi

βj
.
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As in Sec. 3.1, in order to study the credibility of the incentive equilibrium
strategies we assume that if one player deviates from the cooperative solution she
will use a linear control as given in (14). Therefore, we focus on credible linear-
incentive strategies for any deviation in set Fi as defined in (15).

To assess the credibility of the linear-incentive strategies for linear deviations
in set Fi, the following inequalities must to be satisfied:

Wi(ψ(uj), uj) ≥ Wi(uc
i , uj) ∀uj ∈ Fj , i, j = 1, 2, i �= j . (23)

The left- and right-hand sides of last inequality for player i after easy computations
read:

Wi(ψ(uj), uj) =

{
gi

[
−βi

gi
rc +Di

(
Aj +

βj

gj
rc

)]2
+mi

}
1

ρ− 2Γi
x2

0 ,

Wi(uc
i , uj) =

(
β2

i

(rc)2

gi
+mi

)
1

ρ− 2Λi
x2

0 ,

where ρ−2Γi and ρ−2Λi are assumed to be positive in order to have a convergent
improper integral, and

Γi = βi

[
Di
βj

gj
− βi

gi

]
rc +Aj(βiDi + βj) + α ,

Λi = −β2
i

rc

gi
+ βjAj + α .

Easy but tedious computations allow us to rewrite the credibility conditions
in (23) as follows:

Di

(
Aj +

βj

gj
rc

){
(ρ− 2Λ)

[
−2βir

c + giDi

(
Aj +

βj

gj
rc

)]
+

2βi

(
β2

i

(rc)2

gi
+mi

)}
≥ 0 ,

i, j = 1, 2, i �= j.
The linear-incentive strategies are credible for any deviation in (15) if both

inequalities are satisfied simultaneously. An exhaustive study of the inequality
corresponding to player i leads to the following result. The credibility condition
for player i is fulfilled if and only if one of the following conditions is satisfied:

(1) Di > 0

(a) Aj ≥ −rc βj

gj
and

C2
2i − 4C1iC3i < 0 and C3i ≥ 0
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or

C2
2i − 4C1iC3i ≥ 0 and

⎧⎨⎩
Aj ≥ max{A+

j , A
−
j }

or
Aj ≤ min{A+

j , A
−
j }

.

(b) Aj ≤ −rc βj

gj
and

C2
2i − 4C1iC3i < 0 and C3i < 0

or

C2
2i − 4C1iC3i ≥ 0 and Aj ∈ [min{A+

j , A
−
j },max{A+

j , A
−
j }] .

(2) Di < 0

(a) Aj ≥ −rc βj

gj
and

C2
2i − 4C1iC3i < 0 and C3i < 0

or

C2
2i − 4C1iC3i ≥ 0 and Aj ∈ [min{A+

j , A
−
j },max{A+

j , A
−
j }] .

(b) Aj ≤ −rc βj

gj
and

C2
2i − 4C1iC3i < 0 and C3i ≥ 0

or

C2
2i − 4C1iC3i ≥ 0 and

⎧⎨⎩
Aj ≥ max{A+

j , A
−
j }

or
Aj ≤ min{A+

j , A
−
j }

.

Constants Ck, k = 1, . . . , 3 are given by:

C1i = −2βjgiDi ,

C2i = giDi

(
ρ+ 2β2

i

rc

gi
− 2α

)
− 2βjr

c

(
−2βi + giDi

βj

gj

)
,

C3i = rc

(
ρ+ 2β2

i

rc

gi
− 2α

)(
−2βi + giDi

βj

gj

)
+ 2βi

(
β2

i

(rc)2

gi
+mi

)
.

The lower and upper bounds for Aj are:

A
(+,−)
j =

−C2i ±
√
C2

2i − 4C1iC3i

2C1i
,
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where A+
j is the expression where the square root is affected by a positive sign.

Similar conditions ensuring the credibility for player j can be derived analo-
gously, changing subscript i by j. Merging the conditions for both players we
obtain those which must be satisfied to guarantee that the linear-incentive strate-
gies are credible.
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Abstract
In the framework of an interval market model already used in [6,7,5], we

tackle the case of a digital option with its discontinuous terminal payment.
In this paper we develop the synthesis approach via the investigation of the
trajectory field à la Isaacs-Breakwell.

Key words. Differential games, Isaacs’ equation, option pricing.

AMS Subject Classifications. Primary 91A23; Secondary 49L20, 91B28.

1 Introduction

In [3,4,6], we introduced a robust control approach to option pricing using a
non stochastic model of the market uncertainties and a minimax approach. Sev-
eral authors used simultaneously and independently similar approaches. The same
market model has previously been used in [12]1, who coined the phrase “interval
model”, and also in [9], where the author stresses that due to the incompleteness
of the market, the hedge is a super-replication, and the premium computed is a
“seller’s price”. While these references use tools quite different from ours, a very
similar theory (actually strictly more general, and consequently less detailed) has

1Available as a preprint as early as 2000.

P. Bernhard et al. (eds.), Advances in Dynamic Games and Their Applications,  
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been developed in [11,1] and related papers. See also a further development of
similar ideas in [13]. A rather exhaustive survey of our own theory can be found
in [5]. A discussion of the strengths and weaknesses of this approach, as compared
to the classical Black and Scholes theory, can be found in [6].

We tackle here the case of a digital call. This is a contract whereby the writer (also
called here the trader) pledges to pay the buyer a fixed amount D at a prescribed
final time (or exercise time) T if the market price of a specified underlying stock
at this time is not less than a given price K (also called the strike). This defines
a payoff of the option which is a discontinuous function of the final price of the
underlying stock. This is to be contrasted with classical—or “vanilla”— options
where the payoff is continuous and even convex.

In this paper, we develop the analysis in terms of the field of extremal trajec-
tories, reconstructing the Value function via a classical synthesis approach à la
Isaacs-Breakwell. This allows us to completely solve the problem and to exhibit a
representation theorem similar to that of [8,5], with the same linear vector PDE,
but with a different coefficient q+, and different sets of initial conditions and gra-
dient discontinuities.2

2 The model

We quickly recall the overall framework. The reader is referred to our previous
works, i.e., [5], for a more detailed description.

Parameters The parameters of our problem are the exercise time T , strike K,
amount3 D, transaction cost rates C+ and C−, depending on whether it is a buy
or a sale, and the similar c+ and c− that apply to the closure costs, with C− ≤
c− ≤ 0 ≤ c+ ≤ C+, andC−C+ �= 0. We let ξ > 0 denote the amount of a buy of
underlying stock, and ξ < 0 denote a sale of an amount −ξ. The transaction costs
are C+ξ or C−ξ, respectively, both positive. Moreover, we shall (realistically)
assume that 1 + C− > 0.

We shall use the notation Cεξ to mean C+ξ if ξ > 0 and C−ξ if ξ < 0. A
similar convention will apply to such notations as qε(v̌ − v) where qε will mean
q+ or q− (to be defined) depending on the sign ε of (v̌ − v).

Furthermore, two constant bounds τ− < 0 and τ+ > 0 on the relative stock
price rate of change are known. See the market model below.

We assume that via the classical change of variables to end-time values, the
riskless interest rate has been factored out.

State variables In these end-time values, the state variables are:
• the uunderlying stock price u,

2A much more detailed and complete analysis is to appear in [14].
3Without loss of generality, this could have been taken as 1. Keeping it as D helps one
keep track of the physical dimensions in the calculations. The meaningful dimensionless
quantity is the ratio D/K.
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• the value of the portfolio’s underlying stock content v,
• the total worth of the portfolio w.

The underlying stock price u is by essence positive. Moreover, since we consider
a call (an increasing payment function), there is no point in considering negative
v’s either, so that we shall always assume that u and v are both non negative.

Market model We use the interval model. In that model, it is assumed that the
stock price is an absolutely continuous function, and furthermore that two numbers,
τ+ and τ−, with τ− < 0 < τ+, are known, such that:

∀t1, t2 , eτ−(t2−t1) ≤ u(t2)
u(t1)

≤ eτ+(t2−t1) . (1)

We call Ω the set of such admissible stock price trajectories. Alternatively, we shall
let τ = u̇/u and let τ(t) be a measurable function with for all t, τ− ≤ τ(t) ≤ τ+.
We shall call Ψ the set of all such admissible rate functions.

Trader controls and strategy The control of the trader is through buying or
selling underlying stocks. He may either do so in a continuous trading mode, a
classical fictitious mode whereby one buys stocks at a continuous rate ξ(t), (a sale
if ξ < 0,) or in an impulsive mode or discrete trading. In that later mode, the
trader buys (or sells) lump sums at finitely many freely chosen time instants. We
shall call these times tk, k = 1, 2, . . . and the amount traded at these instants ξk,
of signs εk. Hence, the function ξ(·) will be considered as a sum of a measurable
continuous component and finitely many weighted translated Dirac impulses. We
shall call Ξ the set of such admissible trader’s controls.

The trader acts knowing the market situation (fictitiously), with no time delay.
The mathematical metaphor of that hypothesis is as follows: a strategy is a non-
anticipative function φ : Ω → Ξ. (The initial portfolio content v(0) = v0 will
usually be considered as zero. Yet, to be more general, we must let φ also depend
on it.) In practice, we shall implement it as a state feedback ξ(t) = ϕ(t, u(t), v(t)).
We do not attempt to describe all admissible state feedbacks, being content to check
that the one we exhibit actually yields an admissible non-anticipative strategy.
We let Φ be the set of admissible non-anticipative strategies, and use the notation
ϕ ∈ Φ to mean that a feedback strategy ϕ generates an admissible strategy φ in Φ.

Dynamics The dynamics are:

u̇ = τu , (2)

v̇ = τv + ξ , (3)

ẇ = τv − Cεξ , (4)

and in case the trader decides to make a block buy or sale of stocks of magnitude
ξk at time tk,

v(t+k ) = v(tk) + ξk , (5)

w(t+k ) = w(tk) − Cεξk . (6)
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Payoff At the terminal time T , the trader sells any remaining underlying stock
v(T ) in its portfolio, at a closure cost −c−v(T ), and pays its due D to the buyer
if u(T ) ≥ K. Thus, its incurred cost is N(u(T ), v(T )) with

N(u, v) =
{

−c−v if u < K ,
D − c−v if u ≥ K .

(7)

The total expense born by the trader due to possible losses (or gains) due to stock
price variations, transaction costs, and terminal costs, if the contract has been
written at time t0 with u(t0) = u0 and v(t0) = v0 is therefore

J(t0, u0, v0; ξ(·), τ(·)) = N(u(T ), v(T ))+
∫ T

t0

(Cεξ(t)−τ(t)v(t))+
∑

k

Cεkξk .

(8)
Let

W (t0, u0, v0) := inf
φ∈Φ

sup
τ∈Ψ

J(t0, u0, v0;φ(u(·)), τ(·)) (9)

be the Value function of that differential game problem. The premium that the writer
should charge for this contract, written at time 0, is P (u(0)) = W (0, u(0), 0).

The limit caseu(T ) = K We chose to let the terminal payment be u.s.c., deciding
that the amount D is owed if u(T ) = K. This is no serious restriction in terms of
modelization. But it simplifies the analysis in that it lets the supremum in (9) be a
maximum.

For a given pair (t, u), we shall call ΨK(t, u) the subset of Ψ of controls
τ(·) : [t, T ] → [τ−, τ+] that drive the price from u(t) = u to u(T ) = K, (i.e,
exp

∫ T

t
τ(s) ds = K/u). Finally, we call Λ ⊂ [0, T ] × R+ the set of (t, u)’s for

which ΨK(t, u) �= ∅. This is equivalent to u ∈ [u�(t), ur(t)], with

u�(t) = Ke−τ+(T−t) , ur(t) = Ke−τ−(T−t) . (10)

Further notations We give here for ease of reference some (strange) notations
that we shall use all along hereafter. We let

q−(t) = max{(1 + c−)eτ−(T−t) − 1 , C−} , (11)

q+(u) = min
{

max{(1 + c−)
K

u
− 1 , C−} , C+

}
. (12)

These two numbers will appear as the opposite of the partial derivative ∂W/∂v, or
loss coefficients associated to the fact of having too much, respectively, not enough,
of the underlying stock in the portfolio as compared to an “ideal” content v̌(t, u).

We let also

t− = T − 1
τ− ln

(
1+C−
1+c−

)
, u− = K 1+c−

1+C− , (13)
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t+ = T − 1
τ+ ln

(
1+C+

1+c−

)
, u+ = K 1+c−

1+C+ . (14)

t−, u−, and u+ are the switch values in the definitions (11),12 of q− and q+:

q−(t) =
{
C− if t ≤ t− ,

(1 + c−)eτ−(T−t) − 1 , if t ≥ t− ,

and

q+(u) =

⎧⎨⎩
C+ if u ≤ u+ ,
(1 + c−)K

u − 1 if u+ ≤ u ≤ u− ,
C− if u ≥ u− ,

and t+ is related to u+ as shown in Figs. 1 and 2.

t−

u−

D

E+

F E−
1

E−
3

�T u�
t

u+ K

t+

Figure 1: The various regions, t− < t+.

We shall also let

Qε = (qε 1) , ε = ± , Q =
(
Q+

Q−

)
, (15)

and, wherever q− �= q+ (and hence Q invertible),

T =
1

q+ − q−

(
τ+q+ − τ−q− τ+ − τ−

−(τ+ − τ−)q+q− τ−q+ − τ+q−

)
= Q−1

(
τ+ 0
0 τ−

)
Q .

(16)
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t+

u−

D

E−
1

E−
2

F E−
3

�T u�
t

u+ K

t−

Figure 2: The various regions, t+ < t−.

This matrix appears in Theorem 3.1 below, and, as a consequence, in the repre-
sentation Theorem 4.1. The second form in the equation above makes it, if not
intuitive, at least logically connected to the context.

Finally, we set

1l =
(

1
1

)
, S =

(
1 0
1 0

)
. (17)

V =
(
v
w

)
, V̌ =

(
v̌
w̌

)
. (18)

The notations v̌ and w̌ will appear later.

3 Analysis

3.1 Isaacs equation

One of the issues in investigating that game is to decide how to cope with the
impulse controls. One avenue is to consider the three-dimensional game of degree
with state space (t, u, v) and payoff (8), and to use the differential quasi-variational
inequality (DQVI) associated with that game, as done in [7]. The other avenue, that
we follow here, and also used in [7], makes use of the 4-dimensional representation
in (t, u, v, w), and finds the graph ofW as the boundary of the capturable states. By
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this, we mean states that can be driven by the trader to the target set {w ≥ N(u, v)}
at the terminal time T . In that framework, we use the tools of semipermeability to
construct that boundary, and jump trajectories are just trajectories orthogonal to
the (t, u) plane.

We shall use normals to the boundary of the capturable states of the general form

ν =

⎛⎜⎜⎝
n
p
q
r

⎞⎟⎟⎠
with usually r = 1, i.e., an inward normal. The extremalizing controls will be
given by Isaacs main equation. It can be written in terms of the Hamiltonian

H(t, u, v, w, n, p, q, τ, ξ) = n+ τ [pu+ (1 + q)v] + (q − Cε)ξ

as
sup

ξ
min

τ∈[τ−,τ+]
H(t, u, v, w, n, p, q, τ, ξ) = 0 . (19)

The minimum in τ is always reached at τ = τ ε, with ε = sign(σ) decided by the
switch function σ = −pu− (1 + q)v. Singular trajectories will involve σ = 0.

The supremum in ξ is reached at ξ = 0 if C− ≤ q ≤ C+. Otherwise, the
supremum is ±∞, according to the sign of q. (This corresponds to a jump, of the
same sign as q.)

It follows directly from the dynamics that jump trajectories lie in a (v, w) plane,
and have a slopeCε, ε the sign of the jump. Consequently, any hypersurface made
up of such trajectories has a normal of the form νt = (n p Cε 1). This yields a
singular Hamiltonian in ξ.

The adjoint equations read

ṅ = 0 ,
ṗ = −τp ,
q̇ = −τ(q + 1) ,
ṙ = 0 .

Hence, we may set r = 1 if we manage to choose it such at terminal time.

3.2 Primary field

3.2.1 The sheets (τ−
� ) and (τ−

r )

Trajectories ending in the region u < K, w + c−v = 0 must be with p(T ) = 0,
q(T ) = c−, yielding σ(T ) = −(1 + c−)v(T ) < 0. Therefore, the final τ should
be τ− and ξ = 0. The switch function is constant along such a trajectory. But
these trajectories cannot be integrated beyond t− (see (13)). As a matter of fact,
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the adjoint equations yield q(t) = q−(t) (see (11)), so that before t−, we would
have q < C−, and the control ξ = 0 would no longer maximize the Hamiltonian.

This 2-D set of trajectories (parametrized byu(T ), v(T )) creates a 3-D manifold,
a semi-permeable hypersurface, that we call the sheet (τ−

� ). This manifold obeys
the equation

(τ−
� ) : q−v + w = 0 ,

and its normal ντ− is

νt
τ− = (−τ−(q− + 1)v 0 q− (1) (20)

or, using the notations (15) (18), as:

Q−V = 0 , and νt
τ− = (−τ−Q−1lv 0 q− (1) .

A similar construction holds for trajectories ending in the region u > K, result-
ing in a semi-permeable surface (τ−

r ): Q−V = D, with the same normal (20).

3.2.2 The singular sheet (K)

At u = K, the final paymentN is non differentiable. The semi-permeable normal
can be any element of the super-differential, hence of the form (n p c− 1), p ≤ 0.
The final switch function is thus of the form σ(T ) = −[pK + (1 + c−)v]. Again,
it is constant along a trajectory. If σ < 0, we get the trajectory ur(t) (see (10))
this is the “right” boundary of the sheet (τ−

� ). If σ > 0, we get u�(t) . This will
be seen to be the “left” boundary of the sheet (K) in the region t ≥ t+.

If p(T ) is chosen to make σ(T ) = 0, then sigma will remain zero along any
trajectory (as long as ξ = 0), and hence any τ(t) ∈ [τ−, τ+] is permissible.
Let θ :=

∫ T

t
τ(s)ds. We generate that way a new 3-D manifold parametrized by

(v(T ), θ, t).
It is a valid semi-permeable hypersurface as long as q remains between C− and

C+. One easily sees that q = (1 + c−)K/u − 1, so that the condition q ≤ C+

translates into u ≥ u+ (see (14))—this is the left boundary of that sheet for
t ≤ t+—, and q ≥ C− translates into u ≤ u−—this is the right boundary of that
sheet for t ≤ t−. For t ≥ t+, the left boundary is the trajectory u�(t). For t ≥ t−,
the right boundary is on u = ur(t). On this whole sheet, q = q+(u) (see (12)).

We call this semi-permeable hypersurface the sheet (K). It is also characterized
by Q+V = D, and its normal is νt

K = (0 −Q+1lv/u q+ 1).

3.2.3 Projection in the (t, u) space

It is useful to look at the projection of the different sheets in the (t, u) space. The
domain of validity of each sheets is:

(τ−
� ) : {t ≥ t−} ∩ {u < ur(t)} ,

(τ−
r ) : {t ≥ t−} ∩ {u ≥ ur(t)} ,

(K) : max{u+, ul(t)} ≤ u ≤ min{u−, ur(t)} .
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This shows that (K) and (τ−
l ) coexist in the domain

{t ≥ t−} ∩ {max{u+, ul(t)} ≤ u ≤ ur(t)} ,

and that (K) and (τ−
r ) exist in disjoint (t, u) domains, except along their common

trajectory u = ur(t) for t ≥ t− where they join smoothly since they share q =
(1 + c−)K/ur − 1 = q−.

3.2.4 The dispersal manifold D = (τ−
� ) ∩ (K)

In the region t ≥ t−, max{u+, u�(t)} ≤ u < ur(t), capturable states are char-
acterized by the two conditions w ≥ −q−v and w ≥ D − q+v. The boundary of
capturable states (the graph ofW ) is made of the two sheets (τ−

� ) and (K), between
the end time and their intersection D characterized by v = v̌(t, u), w = w̌(t, u)
with

v̌(t, u) =
D

q+(u) − q−(t)
, w̌(t, u) = −q−(t)v̌(t, u) . (21)

This is a dispersal manifold D, somewhat degenerate in that, on the one hand, one
of the outgoing fields, the sheet (K), is traversed by trajectories generated by any
control τ(·), and, on the other hand, the trajectories of the other “outgoing” field,
the sheet (τ−

� ), actually traverse the dispersal manifold D itself.
This manifold, thus, is born by the sheet (K), and traversed by trajectories

generated by τ = τ−. We shall show hereafter the following fact.

Theorem 3.1. If a manifold V = V̌(t, u) is either

(1) traversed by trajectories τ− and lying on the sheet (K),
(2) traversed by trajectories τ+ and lying on a sheet (τ−),
(3) traversed by trajectories τ+ and trajectories τ−,

it satisfies the partial differential equation

V̌t + T (V̌uu− SV̌) = 0 . (22)

In the present case, as for all other closed formulas obtained thereafter, the PDE (22)
can be checked by direct differentiation.

This PDE was first introduced in [7] for the Focal manifold. In [8], we showed
that it is satisfied by all the singular surfaces of that game, this coming as a surprise.
In [6], we showed that it is a necessary consequence of (23) if this formula is to
be that of a viscosity solution of the Isaacs DIQV. The present paper will prove
the theorem above via the investigation of the field of optimal trajectories, thus
explaining it, perhaps, in a more natural way.

The Value function in that region is therefore

W (t, u, v) = w̌(t, u) + qε(t, u)(v̌(t, u) − v) , (23)

where we recall that in such an expression, ε = sign(v̌(t, u) − v).
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3.2.5 Trivial regions

Outside of Λ If u(t) < u�(t) or u(t) ≥ ur(t), the terminal u(T ) is less than K
or, respectively, larger or equal toK irrespectively of what the players (market and
trader) do. Hence, the final payment to the buyer is certain, the option is actually
without any merit. The only hedge is v = 0, andw = 0 if u(t) < u�(t), orw = D
if u(t) ≥ ur(t). If at a given time t, v(t) happens to be positive, then the trader
should sell it, either immediately at a cost −C−v if t ≤ t−, or at terminal time at
a cost −q−v at worst if t ≥ t−. Hence, it always incurs a cost −q−v (see (11)),
and thus the Value function is

W (t, u, v) = −q−(t)v , or W (t, u, v) = D − q−(t)v ,

depending on whether u lies to the left of Λ or to its right. For t ≥ t−, these regions
are each covered by a single sheet (τ−), which is the graph of the function W .
Formally, this can be written as (23) with v̌ = 0 and w̌ = 0 or D. One may notice
that this V̌ still trivially satisfies (22), or at least V̌t = 0 = V̌uu− SV̌ .

Region t ≤ t−, u ≥ u− Again, that region needs no big theory. There the loss
resulting from keeping a positive v if u(T ) = K is larger than C−v. Hence, the
only sensible strategy is to sell any v at once. The value isW (t, u, v) = D−C−v,
as already seen for larger u’s. The representation (23) can be preserved as in the
previous paragraph.

3.3 Equivocal manifolds

To further analyze that game, we need to distinguish whether t− < t+ or t− > t+.
We choose here to show the detailed analysis for the case t− < t+ because it
displays a richer set of singularities, although it is the less likely in a real life
application. We shall only sketch the (more realistic) case t− > t+, stressing the
main difference. (See Figs. 1 and 2 at the end.)

3.3.1 The equivocal manifold E+ = (τ−
� ) ∩ (↑)

In the region t ∈ [t−, t+], u ≤ u+, the sheet (τ−
� ) still exists, but not the sheet

(K). We have reached (backward) q = C+, therefore we may expect a positive
jump manifold (↑). Such a 3-D manifold must join onto the sheet (τ−

� ) along a
2-D junction manifold that we call E+.

We again call v̌(t, u), w̌(t, u) the values of v andw on E+. This way, the bound-
ary of the capturable states, and hence the graph of W , will still be described
by (23), but now q+ = C+.

Staying on (τ−) for a τ �= τ− requires that d(Q−V)/dt = 0, hence that
(assuming ξ ≥ 0)

−τ−(1 + q−)v + q−(τv + ξ) + τv − C+ξ = 0 ,
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that yields

ξ = (τ − τ−)
1 + q−

C+ − q− v̌ (24)

which is actually non-negative. We conjecture (and will check later) that the junc-
tion will actually be with τ = τ+, and let ξ = ξ+ be the corresponding control.

The requirement that E+ be traversed by trajectories τ+ implies that the dynam-
ics are satisfied with τ+, hence that

v̌t + v̌uτ
+u = τ+v̌ + ξ+ ,

w̌t + w̌uτ
+u = τ+v̌ − C+ξ+ .

Multiplying the first equation by C+ and summing, we get:

C+v̌t + w̌t + τ+[(C+v̌u + w̌u)u− (C+ + 1)v̌] = 0 .

We now notice that it follows from (16), that for ε = ±, it holds thatQεT = τεQε.
Thus this equation can also be written

Q+[V̌t + T (V̌uu− SV̌)] = 0 . (25)

Now, E+ admits the two tangent vectors⎛⎜⎜⎝
1
0
v̌t

w̌t

⎞⎟⎟⎠ and

⎛⎜⎜⎝
0
1
v̌u

w̌u

⎞⎟⎟⎠ .

They must be orthogonal to ντ− as given by (20). This yields two equations:

−τ−(q− + 1)v̌ + q−v̌t + w̌t = Q−V̌t − τ−Q−SV̌ = 0 , (26)

q−v̌u + w̌u = Q−V̌u = 0 .

Multiplying the second one by τ−u and summing and using again τ−Q− = Q−T ,
we get:

Q−[V̌t + T (V̌uu− SV̌)] = 0 . (27)

The two Eqs. (25) and (27) together can be written

Q[V̌t + T (V̌uu− SV̌)] = 0 ,

and asQ is invertible, we get (22) for E+. This proves assertion 2 in Theorem 3.1.
We expect this manifold to join continuously with D on the boundary u = u+,

and as this is not a characteristic curve of that equation, it specifies uniquely its
solution. But we shall also find a more explicit construction via the trajectories.

We still have to check that the junction “does not leak”, or that for a τ < τ+, the
trajectory remaining on (τ−) drifts towards the capturable states, or equivalently
that τ = τ+ minimizes the relevant Hamiltonian.
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For an intermediate value of ξ to be optimal, we need that at the junction, q = C+

on the incoming trajectory. (We have seen that anyhow, the normal to a positive
jump manifold has to have q = C+.) Hence, this will be an equivocal junction, in
the parlance of Isaacs. Let ν+ = (n p C+ 1)t be the normal to the (positive)
jump manifold on E+. Isaacs main equation therefore reads

max
ξ

min
τ

{n+ τ [pu+ (1 + C+)v̌]} = 0 ,

and τ = τ+ is indeed the minimizing τ if [pu + (1 + C+)v̌] as computed along
our trajectories τ+ is non-positive, or equivalently, n ≥ 0, since the Hamiltonian
remains zero by construction.

We shall derive ν+ from the theory of the generalized adjoint equations devel-
oped in [2]. Let us first investigate the conditions at the boundary u = u+. There
v̌ and w̌ are given by (21). Let s be the time at which a trajectory reaches that
boundary. The boundary of D and its tangent are obtained as follows:

D ∩ {u = u+} :

⎛⎜⎜⎝
s
u+
D

C+−q−(s)
−q− D

C+−q−(s)

⎞⎟⎟⎠ , tangent:

⎛⎜⎜⎜⎝
1
0

−Dτ−(1+q−)
(C+−q−)2

C+ Dτ−(1+q−)
(C+−q−)2

⎞⎟⎟⎟⎠ . (28)

Since that manifold is to be contained in E , its tangent must be orthogonal to
ν+. This simply yields n = 0, which is therefore a terminal condition for the
generalized adjoint equation. This equation reads, writing x for (t, u, v, w)

ν̇+ = −∂H

∂x
+ α(t)(ν+ − ντ−),

where α(t) must be chosen so as to maintain the singularity while integrating
backward, i.e., here, q = C+, hence q̇ = 0. This gives

ṅ = α(n+ τ−(1 + q−)v̌) ,

ṗ = (−τ+ + α)p ,

q̇ = −τ+(1 + C+) + α(C+ − q−) ,
ṙ = 0 .

The requirement that q̇ = 0 gives α = τ+(1 + C+)/(C+ − q−) > 0. And the
differential equation for n gives n ≥ 0, since for n = 0, ṅ < 0 and we integrate
backward from n = 0. This provides the sign information we needed.

A final remark, useful in checking that this is a viscosity solution (to appear in
a forthcoming paper) is that Eq. (26) shows that Q−V̌t < 0, and that, writing that
the two tangents to E+ are orthogonal to ν+, we get that Q+V̌t = −n ≤ 0.

Placing (24) in the dynamics, and using the initial conditions (28), the equations
for the trajectories can be integrated in closed form with τ = τ+, leading to the
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closed form formulas:

ũ(t, s) = u+e
τ+(t−s) hence s = t− 1

τ+ ln
(

u
u+

)
v̌(t, ũ(t, s)) = ṽ(t, s) = D

u+(C+−q−(s))

(
C+−q−(s)
C+−q−(t)

) τ+−τ−
−τ−

ũ(t, s)
w̌(t, ũ(t, s)) = w̃(t, s) = −q−(t)ṽ(t, s)

.

3.3.2 The equivocal manifold E− = (↓) ∩ (K)

We now investigate the region t ≤ t−, u ∈ [u+, u−]. The situation is somewhat
symmetrical to that of the preceding paragraph, as in that region the sheet (K) exists
while the sheet (τ−

� ) does not. We therefore expect that a negative jump manifold
(↓) joins onto the sheet (K). We conduct a similar analysis of the junction E−,
still calling v̌(t, u), w̌(t, u) the equations of that 2-D manifold, and formula (23)
will still hold, but now with q− = C−, and q+ = (1 + c−)K/u− 1.

Trajectories staying on (K) must satisfy d(Q+V)/dt = 0. Hence (assuming
ξ ≤ 0), by differentiation (q+ − C−)ξ = 0, thus ξ = 0.

We conjecture (and shall check later on) that the junction is with τ = τ−. The
fact that E− be traversed by trajectories τ− now yields

v̌t + v̌uτ
−u = τ−v ,

w̌t + w̌uτ
−u = τ−v .

Proceeding as in the previous case, we infer that Q−[V̌t + T (V̌uu− SV̌)] = 0.
Writing that the two natural tangent vectors to E− are orthogonal to the normal

νt
K = (0 − (1 + q+)v/u q+ 1) yields the two equations Q+V̌t = 0 and
Q+(V̌u − 1lv/u) = 0. Multiplying the second one by τ+u and adding, we get
Q+[V̌t + T (V̌uu − SV̌)] = 0. This together with the previous similar equation
again yields (22). This proves assertion 1 of Theorem 3.1.

We expect this manifold to join continuously with D at t = t−. This initial

condition can be seen to uniquely specify E− in the region u ≥ u+e−τ−(t− −t).
We call E−

1 the manifold thus generated. Indeed, integrating with τ = τ− and
ξ = 0 yields the same formulas for v̌, w̌ as in D, but with q− replaced by q̃− :=
[(1 + c−) exp(τ−(T − t)) − 1]. This formula is indeed that of q− in the region
t ≥ t−, while here, q− = C−.

A direct calculation then shows thatQ−V̌t < 0. Writing that the tangents to E−

are orthogonal to the normal ν− to the jump manifold again yields n+Q−V̌t = 0,
showing that our construction does give n > 0 which shows that τ = τ− indeed
minimizes the Hamiltonian. (The corner does not leak.)

In the region u ≤ u+ exp(−τ−(t− − t)), the trajectories of E−, if they are still
generated by τ = τ− as we shall show, end up on the line u = u+. Therefore,
the terminal conditions to integrate them retrogressively will be provided by the
analysis of the region u ≤ u+ of the next subsection. For that reason, we do not
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have a closed form for the trajectories of that part, E−
3 , of the equivocal manifold.

We check that indeed τ = τ− will be minimizing the Hamiltonian.
Use again the theory of generalized adjoint equations. It yields here ṅ = αn so

that n cannot change sign along a trajectory. And, as it has to be positive at the
boundary, it will stay so, proving that τ− is indeed minimizing in the Hamiltonian.
(It can easily be seen that α = −τ−(1 + C−)/(q+ − C−) > 0.)

Again, we remark that on the whole equivocal junction, we have QεV̌t ≤ 0,
ε = ±, a property needed in the viscosity solution analysis.

3.4 Focal manifold F = (↓) ∩ (↑)

We now investigate the only region left: t ≤ t−, u ≤ u+. There, neither sheet
(τ−) nor (K) exist to construct an equivocal junction on. We will have two jump
manifolds, one of each sign, joining on a 2-D focal manifold F . The theory of
a similar manifold in the case of a vanilla option was introduced in [7]. A more
general theory of higher-dimensional focal manifolds was developed in [10]. Here,
we may just notice that this manifold has to be traversed by both τ− and τ+

trajectories. According to the analysis provided for E+ and E− above, this shows
that necessarily Qε[V̌t + T (V̌uu − SV̌)] = 0, for both ε = ±, hence resulting
in (22). This proves assertion 3 of Theorem 3.1.

We need to provide (22) with boundary values to uniquely specify F . We
notice that E−

3 satisfies the same set of coupled PDE’s. We may therefore con-
sider that we have a single set of PDE’s to solve in the domain t ≤ t−, ∈
[u�(t), u+ exp(−τ−(t− − t))]. Notice that the coefficients of this linear vector
PDE are continuous. We showed in [10] that the trajectories τ− and τ+ are its
characteristic curves (or, more classically, the characteristic curves of an equiv-
alent scalar second-order PDE). This is a Goursat problem. The solution will be
specified if we give consistent boundary conditions on two such curves. Concern-
ing the right-hand boundary, we have found E−

1 (in closed form) on its right, and
by continuity this provides our boundary condition. It remains to find boundary
conditions on the trajectory u�(t), which is our left-hand boundary.

On u�, if at any time, τ < τ+, the state drifts outside of Λ, and the optimal
strategy is to sell v at once at a cost −C−v, and do nothing (ξ = 0) thereafter.
For this strategy to drive the state to the admissible end states (provide a hedge),
it is necessary that Q−V ≥ 0. This must be maintained along the trajectory u�

(which has τ = τ+), and still allow the state to reach E+ at t = t−. The limit
trajectory thus satisfies Q−V = 0. Differentiating with respect to time, this yields
ξ = τ+v̌(1+C−)/(C+−C−), and we can integrate that limit trajectory backward
from the boundary of E+. (This is the same rule as in E+, thus everything is
smooth.)

There remains to check the signs of the time components of the normals to the
jump manifolds, as we know that their being non-negative insures that the controls
τ used in the construction of the manifold do minimize the relevant Hamiltonian.
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Let νε = (nε pε Cε 1)t be the normal to the jump manifold where ε is the sign
of the jump. We shall denote ε̄ the opposite sign to ε. The components in time and
v of the generalized adjoint equations applied to F give

ṅε = αε(nε − nε̄) ,
0 = −τε(1 + Cε) + αε(Cε − C ε̄) ,

thus

αε = ετε 1 + Cε

C+ − C− > 0 .

The differential equations for n+ and n− are to be integrated backward (not on
the same trajectories, though), so that by a standard inward field argument, if nε̄

is positive, so remains nε.
We now check the initial conditions for these backward integrations. We have

stressed that V̌t and V̌u will be continuous over the whole region of integration
of our PDE, and noticeably at u = u+. On E−, we have seen that necessarily
Q+V̌t = 0. The normal ν+ has to be orthogonal the tangent vector to F (and E−),
which yields n+ +Q+V̌t = 0, hence n+ = 0 on u = u+. Integrating backwards
will indeed provide n > 0 in F as long as n− > 0.

On the left boundary, we have both H = 0 on the incoming negative jump
manifold, and that its normal ν− is orthogonal to the trajectory we specified. This
yields, respectively,

n− + τ−[p−u� + (1 + C−)v̌] = 0 ,

n− + τ+p−u� + τ−(1 + C−)v̌ = 0 ,

so that we get that p− = 0 and n− = −τ−(1 + C−)v̌ > 0.
On the “top” boundary, at t = t−, u ∈ [u�(t−), u+], the jump manifolds join

continuously on the jump manifold towards E+ for the positive jump, to (τ−) for
the negative one. All components of the normal other than the n time-component
are therefore continuous, and the requirement that the Hamiltonian be zero provides
the continuity of the first component.

Thus, both n− and n+ are positive everywhere.
It is a simple matter to recover the controls ξε on F according to the trajectory

τε considered:

ξε =
ε̄ 1

C+ − C− [Qε̄V̌t + τεQε̄(V̌uu− SV̌)] =
ε̄ 1

C+ − C− [
τ ε̄ − τε

τ ε̄
Qε̄V̌t].

The square bracket is nonpositive because, as we have seen, Qε̄V̌t ≤ 0, so that
ξε indeed has the sign of ε as it should. There does not seem to be closed form
formulas for that manifold.

3.5 Case t+ < t−

We only sketch some features of that case.
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The dispersal manifold is similar to the previous one, holding for t ≥ t−,
u ∈ [u�,min{u−, ur(t)}]. For t ≤ t−, a negative jump manifold joins on the
sheet (K) with an equivocal junction, involving τ = τ− and the “singular” control
ξ = 0. In the region “above” the trajectory τ− through (t−, u�(t−)), i.e., u ≥
u�(t−) exp[−τ−(t−t−)], it is completely similar to the junction E−

1 of the previous
case, its being given by the same formulas as D but with q̃− instead of q−.

The region accounted for by the equivocal manifold E+ is empty. But a new
case arises “below” the separating trajectory τ−, as junction trajectories, still built
with τ = τ−, ξ = 0, reach the left boundary of Λ, i.e., u = u�(t) before time t−.
We need therefore a boundary condition for E− in that region, generating a part
E−
2 of the equivocal manifold that comes between E−

1 and E−
3 .

On the boundary u�, two conditions must hold. On the one hand, we must
insure that w(T ) ≥ 0 even if τ = τ− up to time T . Since we are at t < t−,
the trader should sell its stocks as soon as the state drifts off Λ, hence making a
negative jump in v at a cost −C−v. We must therefore have w + C−v ≥ 0. On
the other hand, we want to be on the sheet (K). The limiting states are thus in
{Q−V = 0} ∩ {Q+V = D}, i.e., given by formulas similar to that of D, but this
time with q− = C− : u = u�(s), s ∈ [t−, t+],

v̌(s, u) =
D

q+(u) − C− , w̌(s, u) = −C−v̌(s, u) .

This is indeed a τ dispersal manifold. For τ = τ+, the trader responds with ξ = 0,
the state leaves the above manifold on the sheet (K), and we check that indeed it
remains above the sheet Q−V = 0 since d(Q−V)/dt = (1 + C−)τ+v > 0.

From this 1-D manifold of “terminal” conditions, we integrate backwards the
2-D equivocal junction with τ = τ−, ξ = 0. This whole construction can be
explicitly performed with closed form formulas, allowing one to check the no-
leakage condition (that τ− actually is the minimizing control in the Hamiltonian):

ũ(t, s) = ul(s)eτ−(t−s) =⇒ s = τ+T−τ−t+ln( u
K )

τ+−τ−

v̌(t, ũ(t, s)) = ṽ(t, s) = D
q+(ũ(t,s))−q̃−(t,s)

w̌(t, ũ(t, s)) = w̃(t, s) = −q̃−(t, s)ṽ(t, s)

with q̃−(t, s) = (1 + C−)eτ−(s−t) − 1 < C− since τ−(s− t) < 0.
The other regions bear a close resemblance to the previous case.

4 Conclusion

We have a complete description of the field of optimal trajectories, via a trajectory-
wise description of the singular surfaces. The required sign checks are provided by
the generalized adjoint equations. It proves the following representation theorem.
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Theorem 4.1. The value function is everywhere given by (23), or equivalently:

W (t, u, v) = QεV̌ − qεv , ε = sign(v̌(t, u) − v) ,

where V̌ satisfies the pair of coupled linear PDEs (22), —or V̌t = 0 = V̌uu−SV̌ in
the region where T is not defined because q+ = q−— with appropriate boundary
values as discussed above.

Concerning F and E−
3 , we know of no other way to actually compute them than

integrating these PDEs.
In a forthcoming paper, we shall show through a detailed analysis of the dis-

continuities of the Value function and of its gradient that it actually is a viscosity
solution of the corresponding Isaacs quasi-variational inequality.
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Abstract
This paper deals with a two-person zero-sum game called the search allo-

cation game (SAG). A searcher distributes his searching resources in a search
space to detect a target while the target moves around in the search space
to evade the searcher. The target movement is subject to energy constraints,
which means that the target spends some energy to move and he cannot move
to other places on exhaustion of his energy. However, the target can supply his
energy at the risk of letting himself more likely to be detected by the searcher.
A strategy of the searcher is a distribution of his searching resources and a tar-
get strategy is to select a path running in the search space and make a decision
of energy supply. We propose two linear programming formulations to solve
the SAG with energy supply. We also analyze some characteristics of optimal
strategies by some numerical examples.

Key words. Search game, two-person zero-sum game, linear programming,
dynamic programming.
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1 Introduction

In Search Theory, two models have been mainly studied so far for search games
with moving targets: search-and-evasion game and search allocation game (SAG)
[6]. This paper deals with the SAG. The SAG is a two-person zero-sum game,
in which a searcher and a target take part. The searcher distributes his searching
resources in a search space to detect the target. On the other hand, the target moves
in the search space to avoid the searcher.
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The search problem has many applications such as search-and-rescue activities
and military operations in the ocean. At first, the research on search problems
started from one-sided optimization problems. Koopman [17] got together the
results of the naval Operations Research activities of U.S. Navy in World War II.
He studied so-called datum search, where a target took a diffusive motion from
an exposed point on a randomly selected course. Meinardi [18] models the datum
search as a search game. He considers a discrete model, in which the search is
executed in a discrete space at discrete time points. To solve the game, he tries to
manipulate the target transition so as to make the probability distribution of the
target as uniform as possible in the space at all times. That is why his method is
difficult to be applied to other search problems. His model is one of the search-
and-evasion games. The direct application of the datum search model could be
military operations such as anti-submarine warfare (ASW). Danskin [3] deals with
a search game of ASW, where a submarine selects a course and speed at the
beginning of the search while an ASW helicopter chooses a sequence of points
for dipping a sonar, and he finds an equilibrium point of the game. Baston and
Bostock [1] and Garnaev [5] discuss games to determine the best points of hiding
a submarine and throwing down depth charges by an ASW airplane in a one-
dimensional discrete space. Washburn’s work [21] is about a multi-stage game with
target’s and searcher’s discrete motions, where both players have no restriction on
their motion and a payoff is the total traveling distance until a coincidence of their
positions. Nakai [19] deals with an interesting model in the sense that a safety zone
is set up for the target. His model is also a multi-stage game with the payoff of the
detection probability of the target. Kikuta [15,16] studies a game with the payoff
of traveling cost. Eagle

In those studies, the searcher’s strategy is to choose his search paths. But it
could be a distribution of searching resources in a search space, especially in the
case that the searcher can move faster than the target and can move wherever he
likes. Such a game is called SAG. For the SAG, a basic problem is to determine a
hiding point for a stationary target and a distribution plan of searching resources of
searchers (see Garnaev [6]). Nakai [20] and Iida et al. [13] show research on such
games with stationary targets. Concerning moving target games, there are Hohzaki
and Iida’s papers [14,8,10]. Hohzaki and Iida [9] propose a numerical method to
solve more generalized game, where it is just required that a payoff is concave for
searcher’s strategy and linear for target’s strategy.

In most of the studies on search games outlined above, authors set comparatively
simple constraints on target motion. That is why optimal solutions keep a kind of
uniformity in the problems and then they are easy to be estimated. In Washburn
and Hohzaki [22,12], they consider a datum search game with energy constraint
in a continuous search space. The energy constraint helps the problem to be more
practical but carries off uniformity from optimal solutions. They could not succeed
to derive an optimal solution because the continuous space is more difficult to
deal with than the discrete one for optimization problems, but they propose an
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estimation method for lower and upper bounds on the value of the game. In a
discrete space, Hohzaki et al. [11] propose an exact method to solve a SAG with
energy constraint. Furthermore, Hohzaki [7] elucidates a relation between two
types of SAGs defined on a continuous space and a discrete space.

In Washburn and Hohzaki’s papers [22,12], they handle the target energy as a
state of the target. Dambreville and Le Cadre [2] also take account of a state space
of the target in their model. However, not to mention cars or ships, they can usually
supply the vehicles with fuel or energy. The energy is crucial to the mobility of the
target and the mobility gives the target the flexibility to avoid the searcher. This
paper deals with the supply of energy as one of target strategies.

In the next section, we describe a SAG model with energy supply. In Sec. 3, we
propose a method to solve the SAG by a linear programming problem and give
another linear programming formulation to cope with a large size of problems. We
take some numerical examples to analyze characteristics of optimal strategies of
players in Sec. 4.

2 SAG Model with Energy Supply

Here we define a SAG in which a searcher and target participate, in a discrete
search space.

A1. A search space consists of a discrete geographic cell space and a time space.
The geographic cell space is denoted by K = {1, · · · ,K} and the time space
by T = {1, · · · , T}.

A2. A target moves in the search space. However, his motion is subject to the
following conditions. The target starts from one of cells S0 ⊆ K. From a
cell i at time t, he can move only to a set of cells N(i, t) at the next time
t + 1. He expends energy μ(i, j) to move from cell i to j so that he cannot
move farther than cells that his current energy allows him to go to. He has
initial energy e0. On exhaustion of his energy, he must stay in his current cell
and cannot move to other cells. He can supply his energy by δ > 0 during a
time period. He chooses one of two options concerning the supply of energy:
supply or no-supply. If he takes a strategy of supply, his energy increases by
δ at the end of a relevant time point or at the beginning of the next time. This
strategy, which we call energy-supply strategy, affects the likelihood that the
target is detected, which is explained in detail later in Assumption (A (4)).

Let us denote a target path by ω = {ω(t), t ∈ T }, where ω(t) indicates a
target position at time t, and an energy-supply strategy by σ = {σ(t), t ∈ T },
where σ(t) is 0 for a no-supply strategy and 1 for a supply strategy at time t.

A3. To detect the target, a searcher begins to distribute his searching resources
from time τ and then we denote a time period available for the searching
by T̂ = {τ, τ + 1, · · · , T}. The searcher can use an amount of searching
resources Φ(t) at most at time t ∈ T̂ . The available resources are continuously
divisible.
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We denote a distribution strategy of searching resources by ϕ =
{ϕ(i, t), i ∈ K, t ∈ T }, where ϕ(i, t) is the nonnegative amount of
resources to be distributed in cell i at time t by the searcher.

A4. For a target strategy ρ = (ω, σ) and a searcher strategy ϕ, the searcher
can detect the target with probability 1 − exp(−g(ϕ, ρ)), where g(ϕ, ρ) is
a weighted amount of effective resources distributed along path ω and its
exact expression will be provided later. The weight indicates effectiveness of
unit searching resource in cell i over the detection of the target. The weight
depends on an energy-supply strategy of the target there. It is αi for the no-
supply strategy and βi for the supply-strategy, while αi < βi usually holds.

On detection of the target, the searcher gets reward 1 but the target loses the
same. A payoff of the game is assumed to be given by the searcher’s reward.

In Assumption (A (2)), initial cells of the target S0 could be K or a point. If it
consists of a point, we can model a datum search game, where the target starts from
an exposed point.N(i, t) is a representative for practical geographical constraints.

As a path strategy, the target chooses one path, which is a mapping ω(t) from
T to K. He also chooses his energy-supply strategy σ(t) each time, which is a
mapping from T to S ≡ {0, 1}. A residual energy of the target at time t, e(t), is
given deterministically by his path strategy and energy-supply strategy. On a path
ω, he expends energyμ(ω(t), ω(t+1)) after moving from cellω(t) toω(t+1), but
he can increase his energy by δ by a supply strategy. His energy e(t+ 1) becomes
e(t+ 1) = e(t) − μ(ω(t), ω(t+ 1)) + δσ(t) at the beginning of time point t+ 1.
We represent a combination of a path strategy ω and an energy-supply strategy σ
by ρ = (ω, σ) = {(ω(t), σ(t)), t ∈ T } and call a combination a routing strategy
of the target. Let us denote a feasibility region of routing strategy ρ = (ω, σ) by
P , which is given by the following conditions.

• Initial position: ω(0) ∈ S0
• Geographical constraint: ω(t+ 1) ∈ N(ω(t), t), t = 1, · · · , T − 1
• Initial energy: e(1) = e0
• Conservation law of energy: e(t+1) = e(t)−μ(ω(t), ω(t+1))+δσ(t), t =

1, · · · , T − 1
• Moving energy constraint: μ(ω(t), ω(t+ 1)) ≤ e(t), t = 1, · · · , T − 1

From Assumption (A (3)), a feasible region of searcher’s strategy ϕ is given by:

Ψ = {ϕ |
∑
i∈K

ϕ(i, t) ≤ Φ(t), ϕ(i, t) ≥ 0, i ∈ K, t ∈ T̂ }. (1)

This problem is a two-person zero-sum game with the payoff of the detection
probability of the target because the expected reward of the searcher is just the
detection probability. In the game, the searcher is a maximizer and the target is a
minimizer.

Let us formulate a payoff of the game or a function g(·). Assume that a target
takes a routing strategy ρ = (ω, σ) ∈ P and a searcher takes a distribution plan
of searching resources ϕ. At time t, the target is in cell ω(t), where the searcher
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scatters ϕ(ω(t), t) searching resources. The effectiveness of unit resource is αω(t)
for a no-supply strategy of the target and βω(t) for a supply strategy. Now we can
estimate the weighted amount of resources over path ω by:

g(ϕ, ρ) =
∑
t∈T̂

ϕ(ω(t), t){αω(t)(1 − σ(t)) + βω(t)σ(t)}. (2)

From Assumption (A (4)), a payoff is defined by:

R(ϕ, ρ) = 1 − exp

⎛⎜⎝−
∑
t∈T̂

ϕ(ω(t), t){αω(t)(1 − σ(t)) + βω(t)σ(t)}

⎞⎟⎠ . (3)

Here, let us take a mixed strategy for the target, π = {π(ρ), ρ ∈ P }, where π(ρ) is
the probability that the target chooses a routing strategy ρ. A feasible region of π is

Π = {π(ρ) |
∑
ρ∈P

π(ρ) = 1, π(ρ) ≥ 0, ρ ∈ P } . (4)

For a pure strategy of the searcher ϕ and a mixed strategy of the target π, an
expected payoff is given by R(ϕ, π) =

∑
ρ π(ρ)R(ϕ, ρ). Because the expected

payoff is linear for π and strictly concave for ϕ, we already know that the game
has an equilibrium point, that is, a minimax value of the expected payoff coincides
with a maximin value (See Hohzaki [9]).

3 Equilibrium Point

Here we propose two linear programming formulations to solve the game and
derive optimal strategies of the searcher and the target.

3.1 Formulation using routing strategy of target

From here, we are going to find the value of the game by solving a maximin
optimization problem and derive an equilibrium point for strategiesϕ andπ. Noting∑

ρ∈P π(ρ) = 1, we can transform the problem maxϕ minπ R(ϕ, π) as follows:

max
ϕ∈Ψ

min
π∈Π

R(ϕ, π) = max
ϕ∈Ψ

min
π∈Π

∑
ρ

π(ρ)R(ϕ, ρ) = max
ϕ∈Ψ

min
ρ∈P

R(ϕ, ρ)

= max
ϕ∈Ψ,ζ

{ζ | 1 − exp(−g(ϕ, ρ)) ≥ ζ, ρ ∈ P } .
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A replacement of η = ln(1/(1−ζ)) changes the above expression to the following.

= max
ϕ∈Ψ,η

{1 − exp(−η) | g(ϕ, ρ) ≥ η, ρ ∈ P }

= 1 − exp(− max
ϕ∈Ψ,η

{η | g(ϕ, ρ) ≥ η, ρ ∈ P }) (5)

= 1 − exp

⎛⎝− max
ϕ∈Ψ,η⎧⎪⎨⎪⎩η

∣∣∣∣∣∣∣
∑
t∈T̂

ϕ(ω(t), t){αω(t)(1 − σ(t)) + βω(t)σ(t)} ≥ η, (ω, σ) ∈ P

⎫⎪⎬⎪⎭
⎞⎟⎠ .

The above problem is equivalent to the following linear programming problem:

PS : max
ϕ,η

η

s.t.
∑
t∈T̂

ϕ(ω(t), t){αω(t)(1 − σ(t)) + βω(t)σ(t)} ≥ η, (ω, σ) ∈ P (6)

∑
i∈K

ϕ(i, t) ≤ Φ(t), t ∈ T̂ (7)

ϕ(i, t) ≥ 0, i ∈ K, t ∈ T̂ . (8)

Using an optimal value of the above problem, η∗, we can calculate the maximin
value of the original game or the value of the game by 1− exp(−η∗). At the same
time, a solution of problem (PS) gives us an optimal searcher strategy ϕ∗.

Since problem (PS) is nothing but the maximin problem with a linear form of
expected payoff R(ϕ, π) =

∑
ρ π(ρ)g(ϕ, ρ) from Eq. (5), we adopt this function

R(ϕ, π) as a new expected payoff from now on. Let us turn our attention to a
minimax problem with this expected payoff. We transformR(ϕ, π) first, like this:

R(ϕ, π) =
∑

ρ=(ω,σ)∈P

π(ρ)
∑
t∈T̂

ϕ(ω(t), t){αω(t)(1 − σ(t)) + βω(t)σ(t)}

=
∑
t∈T̂

∑
i∈K

∑
ρ=(ω,σ)∈P

δiω(t)π(ρ)ϕ(i, t){αi(1 − σ(t)) + βiσ(t)}

=
∑
t∈T̂

∑
i∈K

∑
ρ=(ω,σ)∈P it

π(ρ)ϕ(i, t){αi(1 − σ(t)) + βiσ(t)}, (9)

where δij is the Kronecker’s delta and P it is a set of routing strategies with paths
running through cell i at time t. P it is defined by P it ≡ {ρ = (ω, σ) ∈ P |ω(t) =
i}.



A Search Game with a Strategy of Energy Supply for Target 319

Noting
∑

i∈K ϕ(i, t) ≤ Φ(t), we can transform a maximization problem
maxϕR(ϕ, π) with respect to ϕ, as follows:

max
ϕ∈Ψ

R(ϕ, π)

=
∑
t∈T̂

Φ(t) max
i∈K

∑
ρ=(ω,σ)∈P it

π(ρ){αi(1 − σ(t)) + βiσ(t)}. (10)

By introducing variable ν(t) as a substitute for maxi

∑
ρ=(ω,σ)∈P it

π(ρ) {αi(1−
σ(t)) + βiσ(t)}, we obtain a minimax value of R(ϕ, π) by the following linear
programming formulation:

PT : min
π,ν

∑
t∈T̂

Φ(t)ν(t)

s.t.
∑

ρ=(ω,σ)∈P it

π(ρ){αi(1 − σ(t)) + βiσ(t)} ≤ ν(t), t ∈ T̂ , i ∈ K (11)

∑
ρ∈P

π(ρ) = 1 (12)

π(ρ) ≥ 0, ρ ∈ P . (13)

We can obtain an optimal mixed strategy of the target, π∗, by solving problem
(PT ). On the other hand, an optimal searcher’s strategy, ϕ∗, is given by problem
(PS), as we mentioned before. Both problems give us the value of the game, of
course. Practically, we can easily verify that (PS) and (PT ) are dual each other
and then both problems have an identical optimal value. We only need to solve
one of these problems once in order to obtain optimal strategies of both players.
Now we state our results.

Theorem 3.1. The value of the game is given as an optimal value of problem
(PS) or (PT ). An optimal strategy of the searcher, ϕ∗, is given as an optimal
solution of (PS) or optimal dual variables corresponding to condition (11) in
(PT ). An optimal strategy of the target, π∗, is given as an optimal solution of (PT )
or optimal dual variables corresponding to condition (6) in (PS).

3.2 Formulation using transition probability of target

As seen from conditions (6) or (13), formulations (PS) and (PT ) enumerate
all routing strategies of the target P . However, if there is no constraint on the
target motion, we can count the number of strategies up to (2|K|)|T | at most in
search space K × T so that we doubt a computation by (PS) or (PT ) in feasible
computation time although they are linear programming problems. That is why
we are going to develop an alternative formulation to cope with the large size of
the search space.
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For simplicity, we assume that energy consumption function μ(i, j) is integer-
valued, and initial energy e0 and the increase of energy δ by a supply strategy are
also integers in Assumption (A (2)). Now we can denote a set of energy states of
the target by E = {0, · · · , e0, · · · , e0 + Tδ}. To represent a state of the target,
we can use a combination of four elements, say (i, e, s, t), which indicates that
the target is in cell i with residual energy e under a supply (s = 1) or no-supply
(s = 0) strategy at time t. The mixture of target routes, π(ρ), ρ ∈ P , generates
a probability distribution of the state (i, e, s, t). We denote the probability that the
target is in state (i, e, s, t) by q(i, e, s, t). We also define the transition probability,
that the target in state (i, e, s, t) moves to cell j under an energy-supply strategy
r at the next time t + 1, by v(i, e, s, t, j, r). In this subsection, we take variables
q(·) and v(·) as a new target strategy while ϕ(·) is still a searcher’s strategy. We
define other notation. C(i, e, t) = {j ∈ N(i, t)|μ(i, j) ≤ e} is a set of cells, to
which the target in state (i, e, s, t) can move at the next time. C∗(r, i, e, t) = {j ∈
K|i ∈ C(j, e+ μ(j, i) − δr, t− 1)} is a set of cells, from which the target under
an energy-supply strategy r at time t− 1 moves into state (i, e, s, t).

Let us review the expression of the expected payoff (9) and transform it further:

R(ϕ, π) =
∑
t∈T̂

∑
i∈K

ϕ(i, t)
∑

ρ=(ω,σ)∈P it

π(ρ){αi(1 − σ(t)) + βiσ(t)}

=
∑
t∈T̂

∑
i∈K

ϕ(i, t)

⎛⎝αi

∑
ρ∈P it,σ(t)=0

π(ρ) + βi

∑
ρ∈P it,σ(t)=1

π(ρ)

⎞⎠ . (14)

In the last expression,
∑

ρ∈P it,σ(t)=0 π(ρ) or
∑

ρ∈P it,σ(t)=1 π(ρ)means the exis-
tence probability that the target is in cell i at time t under a no-supply strategy s = 0
or under a supply strategy s = 1, respectively. We can replace these probabilities
by
∑

e∈E q(i, e, s, t) with s = 0 or s = 1 using new target strategy q(i, e, s, t) to
obtain another expression for the expected payoff:

R(ϕ, π) =
∑
t∈T̂

∑
i∈K

ϕ(i, t)

⎛⎝αi

∑
e∈E

q(i, e, 0, t) + βi

∑
e∈E

q(i, e, 1, t)

⎞⎠ . (15)

Now we are going to solve a minimax optimization for the expected payoff with
new target strategy q(·) and v(·). First of all, let us define a valueh(t) as a maximum
payoff rewarded by an optimal distribution of searching resources after time t.
From Eq. (14), a part of payoff ϕ(i, t)αi

∑
e∈E q(i, e, 0, t) is locally produced in

cell i at time t for s = 0 or ϕ(i, t)βi

∑
e∈E q(i, e, 1, t) for s = 1. We can see that
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the following dynamic programming formulation holds between h(t) and h(t+1):

h(t)

= max
ϕ∈Ψ

⎧⎨⎩∑
i∈K

ϕ(i, t)

⎛⎝αi

∑
e∈E

q(i, e, 0, t) + βi

∑
e∈E

q(i, e, 1, t)

⎞⎠+ h(t+ 1)

⎫⎬⎭
= Φ(t) max

i∈K

∑
e∈E

(αiq(i, e, 0, t) + βiq(i, e, 1, t)) + h(t+ 1). (16)

In a brace in the first line, the first term indicates the expected payoff yielded at
time t and the second one a maximal payoff expected after t + 1. An expression
in the second line is derived from a feasibility constraint

∑
i∈K ϕ(i, t) ≤ Φ(t).

Equation (16) leads us to an inequality h(t) ≥ Φ(t)
∑

e∈E(αiq(i, e, 0, t) +
βiq(i, e, 1, t)) + h(t+ 1) for any cell i. h(τ) is a maximum expected payoff over
the whole search, which is just what the target desires to minimize. We can for-
mulate a linear programming problem for optimal target strategy q∗, v∗ and the
value of the game:

(PT
m) min h(τ)

s.t. h(t) ≥ Φ(t)
∑
e∈E

(αiq(i, e, 0, t) + βiq(i, e, 1, t)) + h(t+ 1),

i ∈ K, t = τ, · · · , T − 1 (17)

h(T ) ≥ Φ(T )
∑
e∈E

(αiq(i, e, 0, T ) + βiq(i, e, 1, T )) , i ∈ K (18)

q(i, e, s, t) =
∑
r∈S

∑
j∈C(i,e,t)

v(i, e, s, t, j, r),

i ∈ K, e ∈ E, s ∈ S, t = 1, · · · , T − 1 (19)

q(i, e, s, t) =
∑
r∈S

∑
j∈C∗(r,i,e,t)

v(j, e+ μ(j, i) − δr, r, t− 1, i, s),

i ∈ K, e ∈ E, s ∈ S, t = 2, · · · , T (20)∑
i∈S0

∑
s∈S

q(i, e0, s, 1) = 1 (21)

∑
i∈K

∑
e∈E

∑
s∈S

q(i, e, s, t) = 1, t ∈ T (22)

v(i, e, s, t, j, r) ≥ 0, i, j ∈ K, e ∈ E, s, r ∈ S, t = 1, · · · , T − 1. (23)

Conditions (17) and (18) come from the recursive Eq. (16). Conditions (19), (20),
and (22), represent the so-called conservation law of probability flows q(·) and
v(·). Equation (21) is derived from initial conditions of the target: initial cells S0
and initial energy e0. To solve this linear programming problem, we need the order
O(4|K|2|T ||E|) of computer memories for variable v(i, e, s, t, j, r) at most.
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Our next job is to obtain an optimal strategy of the searcher. We also make
use of a dynamic programming equation to formulate another linear programming
problem for an optimal searcher strategy. Let us define a value w(i, e, s, t) as a
minimum expected payoff by an optimal route of the target starting from state
(i, e, s, t) given a searcher strategy ϕ(i, t). In cell i at time t(≥ τ), an energy-
supply strategy s = 0 or s = 1 brings out a local payoff αiϕ(i, t) or βiϕ(i, t),
respectively. From the definition of w(i, e, s, t), we have:

w(i, e, s, t) = min
j∈C(i,e,t)

min
r∈S

{(αi(1 − s) + βis)ϕ(i, t) + w(j, e− μ(i, j) + δs, r, t+ 1)} (24)

after the search starts at time τ . At terminal time T , there occurs a local payoff
w(i, e, s, T ) = (αi(1 − s) + βis)ϕ(i, T ). At time t = 1, · · · , τ − 1 before τ , any
payoff never occurs and then we have a recursive equation

w(i, e, s, t) = min
j∈C(i,e,t)

min
r∈S

w(j, e− μ(i, j) + δs, r, t+ 1). (25)

Over the whole search, the target can minimize the expected payoff down to
mini∈S0 mins∈S w(i, e0, s, 1). On the other hand, the searcher wishes to maxi-
mize the minimum payoff and his optimal strategy produces the maximin value of
the expected payoff. The above discussion validates the following linear program-
ming formulation.

(PS
m) max ξ

s.t. w(i, e0, s, 1) ≥ ξ, i ∈ S0, s ∈ S (26)

w(i, e, s, 1) = 0, i ∈ K, e ∈ E\{e0}, s ∈ S

w(i, e, s, 1) = 0, i ∈ K\S0, e ∈ E, s ∈ S

w(i, e, s, t) ≤ w(j, e− μ(i, j) + δs, r, t+ 1),
i ∈ K, j ∈ C(i, e, t), e ∈ E, s, r ∈ S, t = 1, · · · , τ − 1

w(i, e, 0, t) ≤ αiϕ(i, t) + w(j, e− μ(i, j), r, t+ 1),
i ∈ K, j ∈ C(i, e, t), e ∈ E, r ∈ S, t = τ, · · · , T − 1

w(i, e, 1, t) ≤ βiϕ(i, t) + w(j, e− μ(i, j) + δ, r, t+ 1),
i ∈ K, j ∈ C(i, e, t), e ∈ E, r ∈ S, t = τ, · · · , T − 1

w(i, e, 0, T ) = αiϕ(i, T ), i ∈ K, e ∈ E

w(i, e, 1, T ) = βiϕ(i, T ), i ∈ K, e ∈ E∑
i∈K

ϕ(i, t) = Φ(t), t = τ, · · · , T

ϕ(i, t) ≥ 0, i ∈ K, t = τ, · · · , T.

Even though w(j, e0, s, 1) > ξ for some j ∈ S0, we can change the variable to
w(j, e0, s, 1) = ξ without affecting an optimal value ξ. That is why we can replace
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inequality (26) with w(i, e0, s, 1) = ξ. Anyway, we ought to note that the order
O(2|K||T ||E|) of memory size is required to solve problem (PS

m). This order is
less than problem (PT

m).
From now, let us prove a duality between problems (PS

m) and (PT
m). The duality

would imply that we only need to solve one of the problems once to obtain optimal
strategies of the searcher and the target. Let us generate a dual problem corre-
sponding to problem (PT

m). We assign dual variables η(i, t) to condition (17) and
η(i, T ) to condition (18). After setting dual variables y(i, e, s, t), z(i, e, s, t), λ
and ν(t) corresponding to (19), (20), (21), and (22), respectively, we have the fol-
lowing dual problem:

(DT
1 ) max λ+

T∑
t=1

ν(t)

s.t. λ+ y(i, e0, s, 1) + ν(1) = 0, i ∈ S0, s ∈ S

y(i, e, s, 1) + ν(1) = 0, i ∈ K, e ∈ E\{e0}, s ∈ S

y(i, e, s, 1) + ν(1) = 0, i ∈ K\S0, e ∈ E, s ∈ S

z(i, e, s, t) + y(i, e, s, t) + ν(t) = 0,
i ∈ K, e ∈ E, s ∈ S, t = 2, · · · , τ − 1 (27)

z(i, e, 0, t) + y(i, e, 0, t) + ν(t) − αiΦ(t)η(i, t) = 0,
i ∈ K, e ∈ E, t = τ, · · · , T − 1 (28)

z(i, e, 1, t) + y(i, e, 1, t) + ν(t) − βiΦ(t)η(i, t) = 0,
i ∈ K, e ∈ E, t = τ, · · · , T − 1 (29)

z(i, e, 0, T ) + ν(T ) − αiΦ(T )η(i, T ) = 0, i ∈ K, e ∈ E

z(i, e, 1, T ) + ν(T ) − βiΦ(T )η(i, T ) = 0, i ∈ K, e ∈ E

−y(i, e, s, t) − z(j, e− μ(i, j) + sδ, r, t+ 1) ≤ 0,
i ∈ K, e ∈ E, s, r ∈ S, t = 1, · · · , T − 1, j ∈ C(i, e, t)∑

i∈K

η(i, τ) = 1 (30)

−
∑
i∈K

η(i, t) +
∑
i∈K

η(i, t+ 1) = 0, t = τ, · · · , T − 1 (31)

η(i, t) ≥ 0, i ∈ K, t = τ, · · · , T.

There is redundancy between variables y and z, as seen from a transformation
y(i, e, s, t)=−z(i, e, s, t)−ν(t) of Eq. (27). After carefully replacing y(i, e, s, t)
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with z(i, e, s, t) by Eqs. (27), (28), and (29), that is,

y(i, e, s, t) = −z(i, e, s, t) − ν(t), i ∈ K, e ∈ E, s ∈ S, t = 2, · · · , τ − 1
y(i, e, 0, t) = −z(i, e, 0, t) − ν(t) + αiΦ(t)η(i, t),

i ∈ K, e ∈ E, t = τ, · · · , T − 1
y(i, e, 1, t) = −z(i, e, 1, t) − ν(t) + βiΦ(t)η(i, t),

i ∈ K, e ∈ E, t = τ, · · · , T − 1,

and putting together Eqs. (30) and (31), we have another formulation. There we
insert a newly defined variable z(i, e, s, 1) ≡ −y(i, e, s, 1) − ν(1), which has not
been defined yet in problem (DT

1 ).

(DT
2 ) max λ+

T∑
t=1

ν(t)

s.t z(i, e0, s, 1) = λ, i ∈ S0, s ∈ S

z(i, e, s, 1) = 0, i ∈ K, e ∈ E\{e0}, s ∈ S

z(i, e, s, 1) = 0, i ∈ K\S0, e ∈ E, s ∈ S

z(i, e, s, t) + ν(t) ≤ z(j, e− μ(i, j) + sδ, r, t+ 1),
i ∈ K, e ∈ E, s, r ∈ S, t = 1, · · · , τ − 1, j ∈ C(i, e, t)

z(i, e, 0, t) + ν(t) ≤ αiΦ(t)η(i, t) + z(j, e− μ(i, j), r, t+ 1)
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t)

z(i, e, 1, t) + ν(t) ≤ βiΦ(t)η(i, t) + z(j, e− μ(i, j) + δ, r, t+ 1)
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t)

z(i, e, 0, T ) + ν(T ) = αiΦ(T )η(i, T ), i ∈ K, e ∈ E

z(i, e, 1, T ) + ν(T ) = βiΦ(T )η(i, T ), i ∈ K, e ∈ E∑
i∈K

η(i, t) = 1, t = τ, · · · , T,

η(i, t) ≥ 0, i ∈ K, t = τ, · · · , T.

Using w(i, e, s, t) ≡ z(i, e, s, t) +
∑T

k=t ν(k) instead of z(i, e, s, t), we modify
the problem further.

(DT
3 ) max λ+

T∑
t=1

ν(t)

s.t. w(i, e0, s, 1) = λ+
T∑

t=1

ν(t), i ∈ S0, s ∈ S

w(i, e, s, 1) =
T∑

t=1

ν(t), i ∈ K, e ∈ E\{e0}, s ∈ S (32)
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w(i, e, s, 1) =
T∑

t=1

ν(t), i ∈ K\S0, e ∈ E, s ∈ S (33)

w(i, e, s, t) ≤ w(j, e− μ(i, j) + sδ, r, t+ 1),
i ∈ K, e ∈ E, s, r ∈ S, t = 1, · · · , τ − 1, j ∈ C(i, e, t) (34)

w(i, e, 0, t) ≤ αiΦ(t)η(i, t) + w(j, e− μ(i, j), r, t+ 1),
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t) (35)

w(i, e, 1, t) ≤ βiΦ(t)η(i, t) + w(j, e− μ(i, j) + δ, r, t+ 1),
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t) (36)

w(i, e, 0, T ) = αiΦ(T )η(i, T ), i ∈ K, e ∈ E (37)

w(i, e, 1, T ) = βiΦ(T )η(i, T ), i ∈ K, e ∈ E (38)∑
i∈K

η(i, t) = 1, t = τ, · · · , T (39)

η(i, t) ≥ 0, i ∈ K, t = τ, · · · , T.

We can prove that the following formulation gives the same optimal value as
problem (DT

3 ):

(DT
4 ) max ξ

s.t. w(i, e0, s, 1) = ξ, i ∈ S0, s ∈ S

w(i, e, s, 1) = 0, i ∈ K, e ∈ E\{e0}, s ∈ S

w(i, e, s, 1) = 0, i ∈ K\S0, e ∈ E, s ∈ S

w(i, e, s, t) ≤ w(j, e− μ(i, j) + sδ, r, t+ 1),
i ∈ K, e ∈ E, s, r ∈ S, t = 1, · · · , τ − 1, j ∈ C(i, e, t)

w(i, e, 0, t) ≤ αiΦ(t)η(i, t) + w(j, e− μ(i, j), r, t+ 1),
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t)

w(i, e, 1, t) ≤ βiΦ(t)η(i, t) + w(j, e− μ(i, j) + δ, r, t+ 1),
i ∈ K, e ∈ E, t = τ, · · · , T − 1, j ∈ C(i, e, t)

w(i, e, 0, T ) = αiΦ(T )η(i, T ), i ∈ K, e ∈ E

w(i, e, 1, T ) = βiΦ(T )η(i, T ), i ∈ K, e ∈ E∑
i∈K

η(i, t) = 1, t = τ, · · · , T

η(i, t) ≥ 0, i ∈ K, t = τ, · · · , T.

Since (DT
4 ) is given by adding one more condition

∑m
t=1 ν(t) = 0 to (DT

3 ), an
optimal value of (DT

3 ) is equal to or larger than (DT
4 ). At the same time, we can say

that a value of (DT
4 ) is equal to or larger than (DT

3 ) by the following reason. Vari-
ablew(i, e, s, T ) is nonnegative from Eqs. (37) and (38). Since problem (DT

3 ) is to
maximize w(i, e0, s, 1), variable w(i, e, s, t) varies as large as possible while sat-
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isfying inequalities (34), (35), and (36). In the result, the values of expressions (32)
and (33) become nonnegative. Given an optimal solution w∗(i, e, s, t), ν∗(t), λ∗

and η∗(i, t) for (DT
3 ), we can obtain the same objective value even though we set

ν(t) = 0 for t ∈ T , λ = λ∗ +
∑

t ν
∗(t) and then change Eqs. (32) and (33) to

w(i, e, s, 1) = 0 for either of i ∈ K\S0 or e ∈ E\{e0} remaining other variables
unchanged. Therefore, an optimal value of problem (DT

4 ) is equal to or lager than
(DT

3 ). We conclude that problem (DT
3 ) is equivalent to (DT

4 ), which is the same as
(PS

m). We need to remember a remark stated just after formulation (PS
m), though.

Now we have completed the proof for the duality between problems (PS
m) and

(PT
m). At the same time, we can see that an optimal strategy ϕ(i, t) of the searcher

is given as Φ(t)η(i, t) of problem (DT
4 ) when we compare problems (DT

4 ) and
(PS

m). Summing up the discussion so far, we obtain the following theorem.

Theorem 3.2. The value of the game is given as an optimal value of problem
(PT

m) or (PS
m). An optimal strategy of the searcher,ϕ∗, is given by an optimal solu-

tion of (PS
m) or optimal dual variables corresponding to conditions (17) and (18)

in (PT
m). An optimal strategy of the target, q(·), v(·), is given by an optimal solu-

tion of (PT
m).

4 Numerical Examples

Here, let us consider some examples of our search game, where a search space is
K × T = {1, · · · , 9} × {1, · · · , 7}. A target starts from cell S0 = {1} at time
t = 1 and a searcher begins his search at time τ = 2 to chase the target. Cells are
aligned in the order of 1, 2, · · · , 9 and the target can move to 3-neighbored cells
from his current cell, that is, N(i, t) = {i− 3, i− 2, · · · , i, · · · , i+ 3} ∩ K. He
has initial energy e0 = 4 and expends energy μ(i, j) = |i− j|2 to move from cell
i to j. He has to make a decision about no-supply (s = 0) or supply (s = 1) as
well as a moving path to follow. For a no-supply strategy s = 0, effectiveness of
unit searching resource on target detection is assumed to be the same for all cells
or αi = 1. For s = 1, effectiveness βi is also the same for all cells, but we change
it in some cases to analyze its influence upon optimal strategies of players. By a
supply strategy s = 1, the target can increase his current energy by δ. We set δ = 1
in many cases but change it in Case 4.

As seen from Eq. (15), αi

∑
e∈E q(i, e, 0, t) + βi

∑
e∈E q(i, e, 1, t) is a con-

tribution of unit searching resource in cell i at time t on the payoff of the game.
Then the number could be an indicator, from which the searcher can judge attrac-
tive spots to scatter his resources. We call the number “strength of detection” in
cell i at time t. From the same Eq. (15), the target can regard ϕ(i, t) as an indicator
to recognize his unfavorable spots by and he ought to move so as to form smaller
strength of detection for places with larger ϕ(i, t).
(1) Case 1 (β = 1).
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Let us consider an unusual case with βi = 1, where the detectability of the target
never depends on his decision making of s = 0 or s = 1. Table 1-a, with a coor-
dinate of time points and cell numbers, shows an optimal distribution of the target∑

e∈E
∑

s∈S q(i, e, s, t). To discriminate between two energy-supply strategies,
we place

∑
e∈E q(i, e, 1, t) for s = 1 in upper positions and

∑
e∈E q(i, e, 0, t)

for s = 0 in lower positions in Table 1-b. Table 1-c shows an optimal distribution
of searching resources for the searcher.

As we see in Table 1-a, the target gradually expands his possible area and
makes his distribution uniform in the area. Corresponding to the target strategy, the
searcher selects a uniform distribution of his searching resources, as seen in Table
1-c. The strength of detection is the same as Table 1-a because of αi = βi = 1.
In this case, a supply strategy s = 1 never brings the target any demerit, and then
the target secures the flexibility of moving by taking a supply strategy s = 1 more
often than s = 0, as seen in Table 1-b, to expand his possible area and make a
perfectly uniform distribution of his existence or strength of detection.

We can say that “expansion of possible area” and “uniformity of strength of
detection” are key pointers for an optimal target strategy. The former strategy forces
the searcher to scatter his resources over a wider area and makes the scattered
resources much thinner. The latter disturbs an efficient search, which the searcher
can achieve by focusing searching resources on cells with high density of the target
distribution. Consequently, both strategies yield smaller payoff.

Table 1-a: Optimal distribution of target (Case 1: β = 1.0)

9 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0.125
7 0 0 0 0 0 0.143 0.125
6 0 0 0 0 0.167 0.143 0.125
5 0 0 0 0.2 0.167 0.143 0.125
4 0 0 0.25 0.2 0.167 0.143 0.125
3 0 0.333 0.25 0.2 0.167 0.143 0.125
2 0 0.333 0.25 0.2 0.167 0.143 0.125
1 1 0.333 0.25 0.2 0.167 0.143 0.125

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

(2) Case 2 (β = 1.5).
In the case of β = 1.5, an optimal distribution of the target, an optimal selection

of the energy-supply strategy and the strength of detection are shown in Tables 2-
a, 2-b, and 2-c. Table 2-d illustrates an optimal distribution of searching resources
for the searcher. From Table 2-b, the number of times the target takes a supply
strategy s = 1 in the search dramatically decreases compared to Table 1-b and
the supply is executed near the boundary of the target possible area, (t, i) =
(1, 1), (3, 3), (3, 4), (4, 5), (5, 6), (6, 6), (6, 7), (7, 8).
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Table 1-b: Optimal strategy of energy supply (Case 1: β = 1.0)

0 0 0 0 0 0 0
9 0 0 0 0 0 0 0

0 0 0 0 0 0 0.063
8 0 0 0 0 0 0 0.063

0 0 0 0 0 0.101 0.063
7 0 0 0 0 0 0.042 0.063

0 0 0 0 0.129 0.085 0.063
6 0 0 0 0 0.037 0.058 0.063

0 0 0 0.161 0.108 0.080 0.063
5 0 0 0 0.039 0.059 0.063 0.063

0 0 0.203 0.137 0.100 0.077 0.063
4 0 0 0.047 0.063 0.067 0.066 0.063

0 0.276 0.176 0.125 0.095 0.076 0.063
3 0 0.058 0.074 0.075 0.071 0.067 0.063

0 0.233 0.163 0.119 0.093 0.075 0.063
2 0 0.101 0.087 0.081 0.074 0.068 0.063

0.745 0.238 0.163 0.122 0.094 0.074 0.063
1 0.255 0.096 0.087 0.078 0.073 0.069 0.063

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

Table 1-c: Optimal distribution of searching resources (Case 1: β = 1.0)

9 0 0 0 0 0 0
8 0 0 0 0 0 0.125
7 0 0 0 0 0.143 0.125
6 0 0 0 0.167 0.143 0.125
5 0 0 0.2 0.167 0.143 0.125
4 0 0.25 0.2 0.167 0.143 0.125
3 0.333 0.25 0.2 0.167 0.143 0.125
2 0.333 0.25 0.2 0.167 0.143 0.125
1 0.333 0.25 0.2 0.167 0.143 0.125

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7
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Table 2-a: Optimal distribution of target (Case 2: β = 1.5)

9 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0.081
7 0 0 0 0 0 0.115 0.131
6 0 0 0 0 0.118 0.108 0.131
5 0 0 0 0.153 0.176 0.155 0.131
4 0 0 0.194 0.212 0.176 0.155 0.131
3 0 0.333 0.268 0.212 0.176 0.155 0.131
2 0 0.333 0.269 0.212 0.176 0.155 0.131
1 1 0.333 0.269 0.212 0.176 0.155 0.131

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

Table 2-b: Optimal strategy of energy supply (Case 2: β = 1.5)

0 0 0 0 0 0 0
9 0 0 0 0 0 0 0

0 0 0 0 0 0 0.030
8 0 0 0 0 0 0 0.051

0 0 0 0 0 0.081 0
7 0 0 0 0 0 0.034 0.131

0 0 0 0 0.118 0.094 0
6 0 0 0 0 0 0.014 0.131

0 0 0 0.118 0 0 0
5 0 0 0 0.035 0.176 0.155 0.131

0 0 0.150 0 0 0 0
4 0 0 0.044 0.212 0.176 0.155 0.131

0 0 0.003 0 0 0 0
3 0 0.333 0.265 0.212 0.176 0.155 0.131

0 0 0 0 0 0 0
2 0 0.333 0.269 0.212 0.176 0.155 0.131

0.75 0 0 0 0 0 0
1 0.25 0.333 0.269 0.212 0.176 0.155 0.131

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7
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Table 2-c: Strength of detection (Case 2: β = 1.5)

9 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0.095
7 0 0 0 0 0 0.155 0.131
6 0 0 0 0 0.176 0.155 0.131
5 0 0 0 0.212 0.176 0.155 0.131
4 0 0 0.269 0.212 0.176 0.155 0.131
3 0 0.333 0.269 0.212 0.176 0.155 0.131
2 0 0.333 0.269 0.212 0.176 0.155 0.131
1 1.375 0.333 0.269 0.212 0.176 0.155 0.131

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

Table 2-d: Optimal distribution of searching resources (Case 2: β = 1.5)

9 0 0 0 0 0 0
8 0 0 0 0 0 0
7 0 0 0 0 0.148 0.074
6 0 0 0 0.138 0.148 0.148
5 0 0 0.093 0.172 0.148 0.156
4 0 0.25 0.227 0.172 0.139 0.156
3 0.333 0.25 0.227 0.172 0.139 0.156
2 0.333 0.25 0.227 0.172 0.139 0.156
1 0.333 0.25 0.227 0.172 0.139 0.156

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

The energy supply at t = 7 is no use or rather harmful for the target since the
search terminates at the time. However, we can neglect the effect of the energy
supply on the payoff because the searcher does not allocate any searching resource
there. As seen by comparing probabilities of choosing s = 1 each other, the
probability is larger at earlier time when the target possible area does not expand
large enough. In the above observations, we can find an intention of the target
to expand his possible area as large as possible. The target keeps his existence
probabilities smaller in the cells where he refuels, and then constructs a uniform
distribution of the strength of detection almost everywhere except (t, i) = (7, 8) in
Table 2-c. The table indicates another intention of the target to make the strength
of detection as uniform as possible.

In Table 2-d of an optimal searcher’s strategy, although uniformity is a basic
feature especially in interior areas, there are some perturbation such as less dis-
tributed resources at (t, i) = (4, 5), (5, 6), (7, 6), (7, 7) and more resources at
(t, i) = (6, 5), (6, 6), (6, 7). The searcher allocates more searching resources
around the boundary area at time 6 to catch the target running far from cell 1 and
then the probabilities of the target are smaller at (t, i) = (6, 6), (6, 7) in Table 2-
a. It causes less value 0.081 or 0.095 for the target probability or the strength of
detection, respectively, in cell 8 at time 7. That is why the searcher can save his
searching resources there and use them in other interior cells.
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(3) Case 3 (β = 4).
We set β = 4 to make the demerit of a strategy s = 1 larger than Case 2 for

the target. Tables 3-a, 3-b, 3-c, and 3-d show an optimal distribution of the target,
an optimal selection of the energy-supply strategy, the strength of detection and
an optimal distribution of searching resources. We can explain qualitative features
appeared in those tables in a similar manner to Case 2. However, let us compare
Table 3 with Table 2 to make some differences between them clear. In Table 3-b,
points where the target takes a supply strategy s = 1 are more restricted to boundary
areas (t, i) = (1, 1), (3, 4), (4, 5), (5, 6), (6, 7), (7, 7), (7, 8) than in Table 2-b. The
energy supply at (t, i) = (7, 7), (7, 8) is negligible from the view of the payoff of
the game by the same reason as in Case 2. The probabilities that the target chooses
s = 1 are smaller than in Table 2-b. These smaller probabilities make the strength
of detection smaller at (t, i) = (4, 5), (6, 7), (7, 7), (7, 8) in Table 3-c. We see a
uniform distribution in the table as its basic property, though.

In Table 3-d, we can see less resources allocated at (t, i) = (3, 4), (5, 5),
(5, 6), (6, 6) and more resources at (t, i) = (4, 4), (7, 6) while the table has uni-
formity in interior areas. As explained in Case 2, this feature indicates a wise
strategy of the searcher taking account of the continuity of target motion in the
search space. In Table 3-c, the searcher does not distribute any searching resources
at four points where the strength of detection is smaller than other cells.
(4) Case 4 (β = 1.5, δ = 4):

In Case 2, the target increases his energy by δ = 1 each time he takes a supply
strategy s = 1. Here, we set δ = 4 as supply energy, by which the target can move
farther. Tables 4-a, 4-b, 4-c, and 4-d show optimal strategies of players. The target
has the high mobility to reach cell 13 at time 7. The energy supply brings some
disadvantage for the target, but it

Table 3-a: Optimal distribution of target (Case 3: β = 4)

9 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0.013
7 0 0 0 0 0 0.048 0.035
6 0 0 0 0 0.048 0.159 0.159
5 0 0 0 0.060 0.190 0.159 0.159
4 0 0 0.116 0.235 0.190 0.159 0.159
3 0 0.333 0.295 0.235 0.190 0.159 0.159
2 0 0.333 0.295 0.235 0.190 0.159 0.159
1 1 0.333 0.295 0.235 0.190 0.159 0.159

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7
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Table 3-b: Optimal strategy of energy supply (Case 3: β = 4)

0 0 0 0 0 0 0
9 0 0 0 0 0 0 0

0 0 0 0 0 0 0.006
8 0 0 0 0 0 0 0.007

0 0 0 0 0 0.024 0.014
7 0 0 0 0 0 0.023 0.021

0 0 0 0 0.048 0 0
6 0 0 0 0 0 0.159 0.159

0 0 0 0.052 0 0 0
5 0 0 0 0.008 0.190 0.159 0.159

0 0 0.060 0 0 0 0
4 0 0 0.057 0.235 0.190 0.159 0.159

0 0 0 0 0 0 0
3 0 0.333 0.295 0.235 0.190 0.159 0.159

0 0 0 0 0 0 0
2 0 0.333 0.295 0.235 0.190 0.159 0.159

0.708 0 0 0 0 0 0
1 0.292 0.333 0.295 0.235 0.190 0.159 0.159

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

Table 3-c: Strength of detection (Case 3: β = 4)

9 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0.030
7 0 0 0 0 0 0.121 0.078
6 0 0 0 0 0.190 0.159 0.159
5 0 0 0 0.215 0.190 0.159 0.159
4 0 0 0.295 0.235 0.190 0.159 0.159
3 0 0.333 0.295 0.235 0.190 0.159 0.159
2 0 0.333 0.295 0.235 0.190 0.159 0.159
1 3.123 0.333 0.295 0.235 0.190 0.159 0.159

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

gives the target higher mobility at the same time. Due to the advantage, the target
tends to adopt the supply strategy more often than Tables 2-b and 3-b, as seen in
Table 4-b. In Cases 2 and 3, the target refuels his energy only around boundary
areas, but in this case, he does even in interior areas. The energy supply around
the boundary area is useful for the expansion of the target possible area and the
supply in the interior area is also helpful for flattening the distribution of the target
in the interior area.
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Table 3-d: Optimal distribution of searching resources (Case 3: β = 4)

9 0 0 0 0 0 0
8 0 0 0 0 0 0
7 0 0 0 0 0 0
6 0 0 0 0.103 0.151 0.182
5 0 0 0 0.079 0.170 0.164
4 0 0.156 0.344 0.204 0.170 0.164
3 0.333 0.281 0.219 0.204 0.170 0.164
2 0.333 0.281 0.219 0.204 0.170 0.164
1 0.333 0.281 0.219 0.204 0.170 0.164

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

For example, at time 6, the target supplies energy in interior cells 6, 7 as well
as in boundary cells 9, 10, 11, and the supply helps the distribution of the target
uniform widely at time 7. The strength of detection has a uniform distribution
almost everywhere in Table 4-c except cells 12, 13 at time 7. Table 4-d shows
similar features to other cases that the searcher distributes his searching resources
in a uniform fashion in interior areas but disturbs the fashion near boundary areas.
It is difficult to give the fashion any exact quantitative explanation, but the searcher
can save his resources for cells 12, 13 at time 7 due to smaller strength of detection
there.

As the last analysis by numerical examples, let us compare the values of the
game, which are calculated by Eq. (15), in Cases 1–4. The values are 1.22, 1.28,
and 1.37 for Cases 1, 2, and 3, respectively, because large βi works advantageously
for the searcher and disadvantageously for the target. In Case 4 with δ = 4, the
high mobility of the target pushes the value of the game down to 1.02.

Table 4-a: Optimal distribution of target (Case 4: β = 1.5, δ = 4)

13 0 0 0 0 0 0 0.031
12 0 0 0 0 0 0 0.050
11 0 0 0 0 0 0.073 0.083
10 0 0 0 0 0 0.082 0.083
9 0 0 0 0 0.086 0.093 0.083
8 0 0 0 0 0.092 0.098 0.083
7 0 0 0 0.106 0.093 0.075 0.083
6 0 0 0 0.122 0.090 0.088 0.083
5 0 0 0.151 0.138 0.128 0.098 0.083
4 0 0 0.193 0.158 0.128 0.098 0.083
3 0 0.333 0.211 0.159 0.128 0.098 0.083
2 0 0.333 0.223 0.159 0.128 0.098 0.083
1 1 0.333 0.223 0.159 0.128 0.098 0.083

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7
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Table 4-b: Optimal strategy of energy supply (Case 4: β = 1.5, δ = 4)

0 0 0 0 0 0 0.013
13 0 0 0 0 0 0 0.018

0 0 0 0 0 0 0.022
12 0 0 0 0 0 0 0.029

0 0 0 0 0 0.049 0
11 0 0 0 0 0 0.024 0.083

0 0 0 0 0 0.032 0
10 0 0 0 0 0 0.050 0.083

0 0 0 0 0.085 0.010 0
9 0 0 0 0 0.001 0.083 0.083

0 0 0 0 0.071 0 0
8 0 0 0 0 0.021 0.098 0.083

0 0 0 0.105 0.071 0.047 0
7 0 0 0 0.001 0.022 0.027 0.083

0 0 0 0.073 0.076 0.021 0
6 0 0 0 0.049 0.013 0.066 0.083

0 0 0.145 0.041 0 0 0
5 0 0 0.006 0.097 0.128 0.098 0.083

0 0 0.060 0.001 0 0 0
4 0 0 0.132 0.157 0.128 0.098 0.083

0 0 0.023 0 0 0 0
3 0 0.333 0.188 0.159 0.128 0.098 0.083

0 0 0 0 0 0 0
2 0 0.333 0.223 0.159 0.128 0.098 0.083

0.894 0 0 0 0 0 0
1 0.106 0.333 0.223 0.159 0.128 0.098 0.083

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

Table 4-c: Strength of detection (Case 4: β = 1.5, δ = 4)

13 0 0 0 0 0 0 0.038
12 0 0 0 0 0 0 0.061
11 0 0 0 0 0 0.098 0.083
10 0 0 0 0 0 0.098 0.083
9 0 0 0 0 0.128 0.098 0.083
8 0 0 0 0 0.128 0.098 0.083
7 0 0 0 0.159 0.128 0.098 0.083
6 0 0 0 0.159 0.128 0.098 0.083
5 0 0 0.223 0.159 0.128 0.098 0.083
4 0 0 0.223 0.159 0.128 0.098 0.083
3 0 0.333 0.223 0.159 0.128 0.098 0.083
2 0 0.333 0.223 0.159 0.128 0.098 0.083
1 1.447 0.333 0.223 0.159 0.128 0.098 0.083

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7
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Table 4-d: Optimal distribution of searching resources (Case 4: β = 1.5, δ = 4)

13 0 0 0 0 0 0
12 0 0 0 0 0 0
11 0 0 0 0 0.043 0.022
10 0 0 0 0 0.043 0.052
9 0 0 0 0.092 0.060 0.061
8 0 0 0 0.092 0.102 0.061
7 0 0 0.125 0.103 0.107 0.115
6 0 0 0.125 0.119 0.107 0.115
5 0 0.2 0.15 0.119 0.107 0.115
4 0 0.2 0.15 0.119 0.107 0.115
3 0.333 0.2 0.15 0.119 0.107 0.115
2 0.333 0.2 0.15 0.119 0.107 0.115
1 0.333 0.2 0.15 0.119 0.107 0.115

cells t=1 t=2 t=3 t=4 t=5 t=6 t=7

5 Conclusions

In this paper, we deal with a two-person zero-sum game called search allocation
game (SAG), where a searcher distributes searching resources to detect a target
and the target moves to evade the searcher. Each time the target moves in the search
space, he can refuel his energy for his high-mobility at the risk of being more
detectable. This study comes from a SAG with target energy, which Washburn and
Hohzaki [22,12] modeled first. They pay attention to the target energy or the target
mobility from the practical point of view. Through this study, we elucidate what
an important role the energy or the mobility plays for search games.

In this paper, we formulate the game as a linear programming problem based
on target paths. We also derive another linear programming formulation based on
existence probability and transition probability of the target to cope with large
size of the game. We obtain some analytical results about these formulations, e.g.,
duality. By some numerical examples, we show in detail that two players cleverly
play the game each other. For an optimal target strategy, it is vital that the target
expands his possible area and constructs a uniform distribution of his existence.
For an optimal strategy of the searcher, it is important that the searcher restricts
the target motion and focuses his searching resources on some restricted areas in
an effective way. We can make it clear how wisely the target utilizes the energy-
supply strategy to materialize the above vital situations and how wisely the searcher
allocates his searching resources in the space. We expect this study or our proposed
methods to be applied to practical search problem or more complicated search
situations.
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Abstract
A novel Linear Quadratic Gaussian (LQG) control paradigm where the

realization of the random disturbance is known at decision time is introduced.
A game of chance is played where Nature randomly chooses the disturbance
signal and the player, having access to the random disturbance information,
employs a feedback/stroboscopic strategy. The closed-form optimal solution is
derived and is compared to the solution of the classical LQG problem. Further-
more, the Gaussian assumption is relaxed and the interesting game theoretic
interpretation is analyzed.

Key words. LQG Game, Stochastic Game, Stochastic Dynamic Programming.
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1 Introduction

The following stochastic control problem is of interest. In support of the current
COUNTER program [1], in reference [2] a simplified fixed wing Micro Air Vehi-
cles (MAVs) based, Intelligence, Surveillance and Reconnaissance (ISR) scenario
was considered. It envisaged a camera equipped MAV which is deployed to a battle
space populated by n objects of interest, most of which are clutter objects. Only a
small fraction of the objects of interest are Targets (Ts). Targets are characterized
by a certain feature which clutter objects, a.k.a. False Targets (FTs), do not possess.
The MAV sequentially inspects the n objects of interest. As the MAV flies over
an object, the image of the inspected object is transmitted to a human operator for
classification. The classification is received after a random operator delay, during
which time the MAV continues flying toward the next object of interest. The statis-
tics of the operator delay are known. When the received image is ambiguous and
the feature characterizing a target is not discerned by the operator, revisiting the
object and sending to the operator a new image, possibly from a more favorable
aspect angle, might be conducive to classification, and consequently, an increase
in the information about this object. At the same time, the MAV’s endurance is
limited and thus, there is a cost associated with turning around and revisiting an
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object. It is required to design a control strategy to maximize the information about
the n objects of interest, subject to the endurance constraint. The inspection oper-
ation was analyzed in [2]–[4], where a n-stages discrete-time stochastic optimal
control problem was posed. The solution of the stochastic optimal control problem
yielded the optimal inspection strategy.

Stochastic control problems have dynamics which are driven by the decision
variable and by a random input, often referred to as process noise. Specifically,
the dynamics of the sequential inspection stochastic control problem are driven by
the decision variable and by the operator’s delay random variable. However, the
sequential inspection stochastic optimal control problem is off the beaten path in
that the realization of the random variable is known at decision time. Motivated by
this insight, in this paper a novel and general Linear Quadratic Gaussian (LQG)
optimal control problem which captures the essence of the sequential inspection
optimization problem is formulated, where a game against Nature is played, and
its closed form solution is given. Similar to the sequential inspection problem, the
random variable is known at decision time, so that the information structure of
the sequential inspection problem is preserved. Whereas in the sequential inspec-
tion problem the cost functional is linear in the decision variable, however the
dynamics are nonlinear, in the LQG problem the dynamics are linear and the cost
is quadratic, which affords a closed form solution. Thus, in this paper the novel
closed form solution is compared to the solution of the classical LQG problem with
the conventional information pattern. Hence, the role of the information structure
is brought to the foreground. Furthermore, the Gaussian assumption is relaxed and
the interesting game theoretic interpretation is analyzed.

The paper is organized as follows. In Sec. 2 a brief outline of the MAV sequential
inspection problem is given. It provides a vehicle for introducing stochastic control
problems where the realization of the random variable is known at decision time.
A TV game show scenario which could serve as a canonical example of decision
problems where the realization of the random variable is known at decision time
is also discussed. Thus, the set of stochastic optimal control problems where the
random variable is known at decision time is not empty, which motivates us to
revisit the familiar LQG paradigm. In Sec. 3, an LQG optimal control problem
akin to the sequential inspection problem is introduced. The novel LQG problem
can be considered a dynamic game against Nature: at each time instant Nature
randomly chooses the disturbance/process noise and the Player responds with a
feedback/stroboscopic strategy [5], that is, at decision time the player is privy to
Nature’s choice. The main result of the paper, namely, a closed form solution of
the novel LQG game against Nature, is given in Sec. 4. In Sec. 5, the Gaussian
assumption is relaxed and the interesting game theoretic interpretation is analyzed.
The case where the Player does not have complete state information is addressed
in Sec. 6, followed by concluding remarks in Sec. 7.
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2 Optimal Sequential Inspection

Consider the COUNTER [1] scenario, where a MAV is required to sequentially
inspect a designated set of n objects of interest. Some objects are Ts and some
objects of interest might be FTs. The flight time between two objects of interest
is one unit of time and the endurance of the MAV is k0 ≥ n. Thus, the MAV’s
endurance reserve is k0 − n (> 0) and some objects of interest can be re-visited,
in which case the average information about the set of objects of interest will
increase. The human operator introduces a delay τi, 0 ≤ τi < 1. Thus, the decision
of whether to turn around and revisit object of interest i, i = 1, ..., n, is taken at
time 0 ≤ τi < 1 after object i has been overflown. The operator’s delay τi is a
random variable with a known probability density distribution function f(τi). The
decision at stage i entails the MAV’s choice of whether to continue to the i + 1
object of interest, or turn around and revisit object i, that is, the decision variable
at stage i is ui ∈ {0, 1}. Hence, the endurance reserve at time i, ci, satisfies the
scalar stochastic difference equation

ci+1 = ci − 2τiui , i = 1, ..., n− 1 , c1 = k0 − n. (1)

A decision ui = 1 to turn around and revisit object i is feasible, provided that the
current endurance reserve ci is sufficient, that is ci ≥ 2τi.

The following insights are helpful.
• Revisiting an object always brings about an increase in the average informa-

tion about the object.
• All the objects are similar and therefore the increase in average information

is constant for all the revisited objects. Hence, the average running cost when
an object is revisited is constant and is not time dependent.

• When deciding on revisiting object i, the critical factor is the currently avail-
able endurance reserve ci. The endurance cost of a revisit of object i is the
random number 2τi, The scalar state variable is the remaining endurance ci
and the dynamics are given by Eq. (1).

• In view of the above, it is clear that one should strive to maximize the expected
number of objects revisited—subject to the endurance reserve constraint.
Thus, the payoff functional is:

J = Eτ1,...,τn
(

n∑
i=1

ui ). (2)

Optimizing the sequential inspection process calls for the solution of a stochastic
optimal control problem with a scalar state c, a binary decision/control variable
u, nonlinear dynamics (1), the linear in the control performance index (2), and a
scalar random variable τ whose statistics are known. The scalar random variable τ
directly affects the dynamics (1), similar to the decision/control variable’s action,
however its realization is known at decision time.

The gist of the sequential inspection optimization problem then is: while a
revisit of say, object i, always increases the average information about object i
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and, consequently, the average information about the set of objects increases, the
endurance reserve 2τi that must be expanded while revisiting object i might be
prohibitively high. Now, the endurance cost 2τi is a random number. Hence, when
the endurance cost 2τi is high, it makes sense to hold back and not revisit object i
and instead directly continue to object i+1, in the hope that the endurance cost of
revisiting object i+ 1 might come in lower. If this is indeed the case, then object
i+ 1 is revisited while at the same time the endurance reserve is parsimoniously
used and is preserved, so that the opportunity to revisit additional objects in the
future is still there and the payoff (2) is maximized.

The solution entails the calculation of a sequence of threshold functions di(ci),
i = 1, ..., n. The optimal control law is u∗

i (ci, τi) = 1, provided that τi ≤ di(ci),
andu∗

i (ci, τi) = 0 if τi > di(ci). This, and more complex versions of the sequential
inspection problem, are solved in [2]–[4] using Stochastic Dynamic Programming
(SDP).

The SDP problem considered herein has some traits of popular TV game shows.
To highlight the psychological angle of such a game, assume that the player is given
a budget of $1 in small change, say pennies. During the game the player encounters
a succession of, say n = 10, beggars. Each beggar will specify a “donation" he
would like to receive. The amount requested by each beggar is a random number of
pennies, say, between 1 penny and 20 pennies, chosen according to, e.g., a uniform
probability distribution. The player can hand the beggar the requested amount, or
he can decline to do so. When the beggar is given the alm, he hands the player
$1, 000, 000 in cash. When the generous beggar walks away empty handed, the
player receives nothing. The player desires to maximize his expected payoff.

In this simple TV game show, problem k = 1, ..., 10. At stage k, when the kth
beggar is encountered, the player’s remaining capital is ck; c0 = $1. The amount
requested by the kth beggar is 2τk. When the decision variable uk = 1, the player
obliges and hands the beggar the requested alm, and when uk = 0, the player
chooses to pass. The dynamics of the game are given by Eq. (1) and the player’s
payoff is given by Eq. (2).

In summary, the sequential inspection problems considered herein are stochastic
resource allocation problems that can be formulated as SDPs with n stages, one
state variable, and a scalar random variable that affects the nonlinear dynamics,
with a known p.d.f., and whose realization is known at decision time.

Motivated by this insight, a novel LQG control paradigm which captures the
essence of the sequential inspection optimization problem is introduced. An LQG
game against Nature is formulated and its closed form solution is given.

3 LQG Game

The LQG multivariable analog of the sequential inspection problem is addressed—
we refer to the LQG game against Nature. In the statex ∈ Rn and the Player’s deci-
sion variable u ∈ Rm, however the dynamics are linear and the cost is quadratic.
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The dynamics are also affected by Nature’s input, which is the random variable
v. We momentarily assume v is Gaussian distributed. Most importantly, the real-
ization of the random variable v is known at decision time. Thus, the information
structure of the sequential inspection problem is preserved.

While it is comfortable to fall back to, and revisit, the familiar LQG paradigm,
the fact that the realization of the random variable is known at decision time
renders an interesting and novel LQG control paradigm. Indeed, both the original
sequential inspection problem and its LQG analog are solved using Stochastic
Dynamic Programming (SDP); an N stage SDP is solved.

The linear dynamics are:

xk+1 = Axk +Buk + Cvk , x0 ≡ x0 , k = 0, ..., N − 1. (3)

The state xk ∈ Rn, the Player’s control variable uk ∈ Rm, and Nature’s input is
the random signal vk ∈ Rl,

vk ∼ N(0, V ) ,

where V is a real, symmetric, and positive definite l × l matrix. The Player is
interested in minimizing the performance functional

J(u0, ..., uN−1) = Ev0,...,vN−1 (
N∑

i=1

xT
i Qxi + uT

i−1Rui−1 ). (4)

At decision time k, the Player knows the state xk and the random variable vk.
Thus, his optimal control law is of the form

u∗
k = u∗

k(xk, vk). (5)

The optimal control law entails both state feedback, as in conventional LQG con-
trol, and also knowledge of the current realization of the random variable. The
action of the latter is similar to that of an additional control variable, except that
this second decision maker, Nature, uses a fixed random draw policy. The strat-
egy (5) is akin to a stroboscopic strategy in differential games [5].

3.1 Stochastic Dynamic Programming

The value function Vk(xk) satisfies the functional equation of Stochastic Dynamic
Programming (SDP),

Vk(xk) =Evk
( Minuk

[uT
kRuk + xT

k+1Qxk+1 + Vk+1(xk+1)] ) ,
k = N − 2, ..., 0

where xk+1 is given by the dynamics Eq. (3). Concerning the dynamic program-
ming stage N − 1: the terminal value function

VN−1(xN−1) = EvN−1 ( MinuN−1 [uT
N−1RuN−1 + xT

NQxN ] )
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where

xN = AxN−1 +BuN−1 + CvN−1.

Evaluate the terminal value function first. To this end, calculate

uT
N−1RuN−1 + xT

NQxN

=uT
N−1RuN−1 + (AxN−1 +BuN−1 + CvN−1)T

Q(AxN−1 +BuN−1 + CvN−1)

=uT
N−1(R+BTQB)uN−1 + 2uT

N−1B
TQAxN−1 + 2uT

N−1B
T

QCvN−1

+ 2vT
N−1C

TQAxN−1 + xT
N−1A

TQAxN−1 + vT
N−1C

TQCvN−1.

Hence, the optimal control is linear:

u∗
N−1(xN−1, vN−1)

= − (R+BTQB)−1BTQAxN−1 − (R+BTQB)−1BTQCvN−1.

Next calculate

u∗T

N−1Ru
∗
N−1 + x∗T

N Qx∗
N

= − (xT
N−1A

TQB + vT
N−1C

TQB)(R+BTQB)−1

(BTQAxN−1 +BTQCvN−1)

+ xT
N−1A

TQAxN−1 + vT
N−1C

TQCvN−1 + 2vT
N−1C

TQAxN−1

= − xT
N−1A

TQB(R+BTQB)−1BTQAxN−1

− 2vT
N−1C

TQB(R+BTQB)−1BTQAxN−1

− vT
N−1C

TQB(R+BTQB)−1BTQCvN−1 + xT
N−1A

TQAxN−1

+ vT
N−1C

TQCvN−1 + 2vT
N−1C

TQAxN−1.

Thus,

u∗T

N−1Ru
∗
N−1 + x∗T

N Qx∗
N

= xT
N−1A

T [Q−QB(R+BTQB)−1BTQ]AxN−1

+ 2vT
N−1C

TQ[I −B(R+BTQB)−1BTQ]AxN−1

+ vT
N−1C

T [Q−QB(R+BTQB)−1BTQ]CvN−1.

Hence,

EvN−1 ( u∗T

N−1Ru
∗
N−1 + x∗T

N Qx∗
N )

= xT
N−1A

T [Q−QB(R+BTQB)−1BTQ]AxN−1

+ Trace (CT [Q−QB(R+BTQB)−1BTQ]CV ) ,
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in other words, the terminal value function

VN−1(xN−1) = xT
N−1A

T [Q−QB(R+BTQB)−1BTQ]AxN−1

+ Trace ( CT [Q−QB(R+BTQB)−1BTQ]CV ).

Ansatz. The value function

Vk(xk) = xT
k Pkxk + pk , k = 0, ..., N − 1,

where Pk are real symmetric positive semi-definite matrices and pk are non-
negative numbers.
At stage k, k = N − 2, ..., 0, the SDP recursion is then

xT
k Pkxk + pk =Evk

( Minuk
[uT

kRuk + xT
k+1Qxk+1

+ xT
k+1Pk+1xk+1 + pk+1] ),

where xk+1 is given by the dynamics Eq. (3).
Now:

uT
kRuk+xT

k+1Qxk+1 + xT
k+1Pk+1xk+1 + pk+1

=uT
kRuk + xT

k+1(Q+ Pk+1)xk+1 + pk+1.

Hence, similar to the N − 1 stage, and setting Q := Q + Pk+1, we obtain the
linear optimal control law

u∗
k(xk, vk) = −[R+BT (Q+ Pk+1)B]−1BT (Q+ Pk+1)[Axk + Cvk] (6)

and

u∗T

k Ru∗
k+x∗T

k+1Qx
∗
k+1 + x∗T

k+1Pk+1x
∗
k+1 + pk+1

=xT
kA

T [Q+ Pk+1 − (Q+ Pk+1)B(R

+BT (Q+ Pk+1)B)−1BT (Q+ Pk+1)]Axk + 2vT
k C

T (Q

+ Pk+1)[I −B(R+BT (Q+ Pk+1)B)−1BT (Q

+ Pk+1)]Axk + vT
k C

T [Q+ Pk+1 − (Q+ Pk+1)B(R

+BT (Q+ Pk+1)B)−1BT (Q+ Pk+1)]Cvk + pk+1.

We calculate

Evk
( u∗T

k Ru∗
k + x∗T

k+1Qx
∗
k+1 + x∗T

k+1Pk+1x
∗
k+1 + pk+1 )

= xT
kA

T [Q+ Pk+1 − (Q+ Pk+1)B(R

+BT (Q+ Pk+1)B)−1BT (Q+ Pk+1)]Axk

+ Trace( CT [Q+ Pk+1 − (Q+ Pk+1)B(R

+BT (Q+ Pk+1)B)−1BT (Q+ Pk+1)]CV )
+ pk+1.
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Thus:

xT
k Pkxk + pk

=xT
k {AT [Q+ Pk+1 − (Q+ Pk+1)B(R+BT (Q+ Pk+1)B)−1BT

(Q+ Pk+1)]A}xk

+ Trace( CT [Q+ Pk+1 − (Q+ Pk+1)B(R+BT (Q+ Pk+1)B)−1BT

(Q+ Pk+1)]CV )
+ pk+1,

wherefrom the recursion is obtained

Pk = AT {[Q+ Pk+1 − (Q+ Pk+1)B[R+BT (Q+ Pk+1)B]−1

BT (Q+ Pk+1)]}A (7)

pk = Trace(CT [Q+ Pk+1 − (Q+ Pk+1)B[R+BT (Q+ Pk+1)B]−1

BT (Q+ Pk+1)]CV )
+ pk+1 , k = N − 2, ..., 0. (8)

The boundary condition at k = N − 1 is

PN−1 = AT [Q−QB(R+BTQB)−1BTQ]A (9)

pN−1 = Trace ( CT [Q−QB(R+BTQB)−1BTQ]CV ). (10)

The recursions (7) and (8) are solved backward in time and one obtains the real,
symmetric, positive semi-definite matrix P0, and the non-negative scalar p0. The
optimal (minimal) cost is:

J∗ = xT
0 P0x0 + p0. (11)

We note that the optimal control (6) is a function of just one variable, namely
Axk + Cvk.

4 Discussion

Note that:
• The covariance V of the Gaussian random variable does not affect the matri-

ces Pk and the latter are propagated as in deterministic LQ control, where
V = 0. The scalar pk features in the stochastic case only and is determined
by the Gaussian random variable’s covariance matrix V and the matrixPk+1.
Indeed, pk ≡ 0 ∀ k = 0, ..., N − 1 iff the covariance matrix V = 0.

• The calculation of the matrices Pk is decoupled from the calculation of the
scalars pk. The calculation of pk does however require the knowledge of the
Pk+1 matrix. Hence, one first solves the recursion (7) and obtains the Pk

matrix sequence, following which the recursion (8) is solved.
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• Using the boundary conditions
PN = 0 (12)

pN = 0 (13)
allows us to start the recursions (7) and (8) at k = N − 1.

• The recursions (7) and (8) require the inversion of an m×m matrix. Since
m ≤ n, this is a relatively small matrix and in the special case of a scalar
input a matrix inversion is not required, for then the expression

[R+BT (Q+ Pk+1)B]−1 =
1

r + bT (Q+ Pk+1)b
where b ∈ Rn is the input vector and the scalar r > 0 is the control effort
weight.

We shall require the following.
Matrix Inversion Lemma 1. Assuming that the relevant matrices are invertible
and/or have compatible dimensions, as required, the following holds:

(A1 −A2A
−1
4 A3)−1 = A−1

1 +A−1
1 A2(A4 −A3A

−1
1 A2)−1A3A

−1
1 .

Q.E.D.

Assuming that the matrix Q is positive definite and applying the Matrix Inversion
Lemma (MIL) changes the recursion Eqs. (7) and (8). It is then required to invert
two n × n matrices in the recursion equations. Nevertheless, it is instructive to
apply the MIL, for it then becomes clear that under the assumption of Q posi-
tive definite, the solution of the recursion equations, namely the matrices Pk, are
positive definite, and, in addition, the scalars pk are positive.
Setting A1 = Q−1, A2 = B, A3 = BT , A4 = −R in the recursion equations,
we obtain

PN−1 = AT (Q−1 +BR−1BT )−1A

pN−1 = Trace( CTAT (Q−1 +BR−1BT )−1ACV ).

Similarly,

Q+ Pk+1 − (Q+ Pk+1)B(R+BT (Q+ Pk+1)B)−1BT (Q+ Pk+1)

= [(Q+ Pk+1)−1 +BR−1BT ]−1

and therefore the new recursion equations are:

Pk =AT [(Q+ Pk+1)−1 +BR−1BT ]−1A (14)

pk =pk+1 + Trace( CT [(Q+ Pk+1)−1 +BR−1BT ]CV ) ,
k = N − 1, ..., 0 (15)

with the boundary conditions (12) and (13), respectively. The new recursion
Eqs. (14) and (15) are written in a more compact form, and, it is now clear
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that when Q > 0, the matrices Pk > 0 and the scalar sequence pk > 0, ∀
k = 0, ..., N − 1. At the same time, the old recursion Eqs. (7) and (8) are more
efficient from a computational point of view, for they require the inversion of an
m×m matrix instead of two n× n matrices, and, moreover, m < n.

We note that the recursions (7) or (14) for the Pk matrices are exactly the
same recursions as obtained in classical LQG control, and, for that matter, also in
deterministic LQ optimal control. The recursions (8) or (15) for the scalar sequence
pk are not the same as in conventional LQG control, and, of course, the stroboscopic
feedback strategy (6) is a unique feature of the LQG sequential inspection problem.

In summary, a game of chance is considered and we have shown that the fol-
lowing holds.

Theorem 2. Consider the LQG optimal control problem (3) and (4) where the
realization of Nature’s random input v is known at decision time. The Player’s
optimal strategy is the feedback/stroboscopic control law given by Eq. (6), where,
similar to the classical LQG and LQR optimal control problems, the matrices Pk

are given by the recursion (7) with PN = 0. The optimal cost is given by Eq. (11),
which requires the solution of the additional scalar recursion (8) for pk, with
pN = 0. The latter is different from the scalar recursion encountered in classical
LQG optimal control. In the special case where the state error weighting matrix
Q is positive definite, the respective matrix and scalar recursions (14) and (15) are
used.

Q.E.D.

A game of chance interpretation of the LQG optimal control problem might
require the real symmetric matrix Q to be negative definite. The existence of a
solution then hinges on the existence of a solution to the matrix Riccati difference
Eq. (7); in other words, the invertibility of the matrix [Q+Pk+1−(Q+Pk+1)B[R+
BT (Q+ Pk+1)B] is no longer guaranteed and we require

det ([Q+ Pk+1 − (Q+ Pk+1)B[R+BT (Q+ Pk+1)B]) �= 0 ,
k = 0, 1, ..., N − 1.

Note that the Player needs to know V only for the purpose of calculating ahead of
time his expected payoff. In other words, if we consider the Player to be a gambler
where uT

kRuk is the running effort expanded to play the game and xTQxk is the
running reward, and where Q < 0, then calculating the expected “cost" will help
the gambler decide whether he wants to play; once he decides to play, the player
is committed to N rounds and he cannot quit.

5 Nature’s Choice

Consider a dynamic game setting. The Player strives to minimize the quadratic
performance functional (4), which can be interpreted as his loss function, and
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Nature is now the maximizing player. Since Nature is oblivious of the state xk, it
is choosing a random control input: strictly speaking, Nature must choose a mixed
strategy. Now, the first two moments of the random variables vk are 0 and V—
Nature, in its quest to maximize the Player’s loss, is constrained to choose random
variables whose first and second moments are specified.

Revisiting the development in Section 3 above, one realizes that the Gaussian
assumption is not critical. The following holds.

• Nature is not restricted to using an input which is Gaussian.
• Nature is free to choose the p.d.f. of the random variable, provided its first two

moments are as specified; the expectation of the random variable being zero,
is inconsequential. Thus, Nature is free to choose its mixed strategy, subject
to the constraints on the first and second moments of its random control input.

• The p.d.f. chosen by Nature does not affect the value function, provided the
first and second moments of Nature’s random variable are fixed.

• The Player’s strategy is optimal vis a vis all of the random strategies that
Nature could throw at him, a.k.a., all the p.d.f.s that “Nature" could possibly
employ.

• The optimal feedback/stroboscopic strategy (6) of the Player is not affected
by the first and second moments of the random variable.

• The specified first and second moments of the random variable affect the
value function.

In summary, we have shown that in the dynamic game where Nature’s choice of its
random input vk is constrained s.t. the first two moments of the random variable
are specified, the following holds.
Theorem 3. Consider the zero sum LQ dynamic game (3) and (4) where the
realization of Nature’s random input v is known at decision time. The maximizing
player, Nature, does not have access to state information and therefore opts for a
mixed strategy, however the “Nature" player is constrained: the first two moments
of the random variable vk are specified to be 0 and V , where V is a real symmetric
positive definite matrix. Then the random variable need not be Gaussian and the
results (6)–(8) and (11)–(13) hold for all p.d.f.s chosen by Nature. Furthermore,
the actual p.d.f. of the random variable chosen by Nature does not affect the value
of the game. The value of the game is however affected by the matrix V .

Q.E.D.

Remark 1. The assumption that the expectation of Nature’s input is zero is incon-
sequential and Theorem 3 can easily be extended to include the case of a nonzero
first moment of the random variable. The important thing is that the expectation
of vk is specified.

The assumption that Nature’s strategy is Gaussian is not critical. Theorems 2
and 3 hold in the more general case where Nature’s strategy is any p.d.f. whose
first moment is zero and the second moment is the real symmetric positive defi-
nite matrix V . In order to calculate the value function, the Player does not need
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to know Nature’s p.d.f.—knowledge of Nature’s constraints, namely, knowledge
of the first and second moments of Nature’s random variable vk, suffices. Thus,
Nature’s strategy entails randomization, however the actual strategy employed by
Nature, that is, the p.d.f. of the control variable v chosen by Nature, is not known
to the Player when he designs his optimal feedback/stroboscopic strategy, as is
indeed the case in Game theory.

6 Partial State Information

So far, it was tacitly assumed that full state information is available to the player.
In conformity with the classical LQG optimal control paradigm, the problem for-
mulation is now generalized, to include partial state information. The Gaussian
assumption is required.
Specifically, the initial state information is

x0 ∼ N(x0,Π0), (16)

where x0 ∈ Rn and Π0 is a real, symmetric, and positive definite n × n matrix.
In addition, the measurement equation is introduced

zk+1 = Hxk+1 + ζk+1. (17)

The measurements zk ∈ Rr, k = 1, ..., N − 1. The measurement error

ζk ∼ N(0, R) , (18)

where R is a real, symmetric and positive definite r × r matrix. The information
available to the player at decision time k is x0, and his measurements sequence
z1, ..., zk; the covariances Π0 and R are also known.

As before, the random variable vk—Nature’s randomly chosen control
variable—is known at decision time k.

Similar to Kalman’s solution [6] of the LQG optimal control problem where the
process noise vk is not known at decision time, the Separation Principle also
applies in the LQG game against Nature where at decision time k the random input
vk is known. However, the player’s optimal strategy in the game against Nature
entails a modification of Kalman’s solution of the LQG optimal control problem.
Consider the Kalman filter state estimation algorithm: The Kalman gain and the
calculation of the updated covariance of the state estimation error Π+

k+1 are the
same as in classical LQG optimal control, however the new propagation equations
for the prior state estimate and the covariance of the prior state’s estimation error
are as follows:

x̂−
k+1 = Ax̂+

k +Buk + Cvk , x̂+
0 = x0 (19)
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and

Π−
k+1 = AΠ+

k A
T , Π+

0 = Π0 , k = 0, ..., N − 1 , (20)

respectively.
In summary, the following holds.

Theorem 4. Consider the dynamic optimization problem (3), (4) where the real-
ization of Nature’s random input v is known at decision time, the initial state
uncertainty is specified according to Eq. (16), the Player’s measurement equation
is (17), and the sensor noise statistics are given in Eq. (18). The Player’s optimal
strategy entails the following two steps, taken in tandem.

(1) At decision time k, k = 1, ..., N − 1, and once the measurement zk has been
received, obtain the minimum variance state estimate x̂+

k . To this end, run
a modified Kalman filter based on the dynamics (3) and the measurement
Eq. (17): The modification to the Kalman filter is specified in Eqs. (19) and
(20); at decision time k = 0, x̂+

0 ≡ x0.
(2) Use the feedback/stroboscopic control law (6) given in Theorem 2, where xk

in Eq. (6) is replaced by the minimum variance state estimate x̂+
k .

Q.E.D.
Nature does not have access to state information and therefore resorts to a mixed

strategy. At the same time, and also in the case where the Player has partial state
information, Nature does not have to employ a Gaussian p.d.f.; Nature can choose
any p.d.f., as long as the first two moments of the random inputs are as specified.
Indeed, Theorem 4 hinges on the fact that the “process noise" covariance matrix V
does not feature in the modified Kalman filter equations used in our game against
Nature. This, in turn, follows from the stroboscopic information structure, namely,
the Player’s knowledge at decision time of the realization of the random variable.
This is the reason that the Kalman filter, modified according to Eqs. (19) and
(20), applies—provided the initial state information and the measurement noise
in Eqs. (16) and (18) are Gausssian. The Gaussian assumption on the initial state
information and on the measurement noise is critical, but Nature’s choice, that is,
the “process noise" p.d.f., need not be Gaussian. This is different from the standard
LQG optimal control problem where the realization of the random variable is not
known at decision time, and, for the Kalman solution to be correct, it is crucial for
also the process noise to be Gaussian.

7 Conclusion

Stochastic decision and control problems have dynamics which are driven by the
decision variable and by a random input, often referred to as process noise. Sequen-
tial inspection problems fall in this class. Optimizing the sequential inspection
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process calls for the solution of a stochastic optimal control problem with a scalar
state c, nonlinear dynamics (1), a binary decision/control variable u and an addi-
tional input—the random variable τ , whose statistics are known. The random vari-
able τ directly affects the dynamics (1), similar to the decision/control variable’s
action, however its realization is known at decision time. Indeed, in a broad class
of stochastic control problems, the random input, or disturbance, is known at deci-
sion time. Motivated by this insight, a novel Linear Quadratic Gaussian control
problem where the realization of the random disturbance is known at decision time
is introduced. A game is played where Nature, oblivious of the state, randomly
chooses the disturbance signal and the Player, having access to the random dis-
turbance information, employs a feedback/stroboscopic strategy. Nature’s mixed
strategy choice need not necessarily be Gaussian, however the first two moments
of the random variable are specified; the value of the game is in part determined
by the pre-specified first two moments, but not by the p.d.f. chosen by Nature. The
closed-form optimal solution is derived for the case where full state information is
available to the Player, and also for the case where partial state information is avail-
able. In the case where full state information is available, the optimal controller (6)
is linear in the state and in the disturbance. The gain for the state is identical to
the LQR gain for the state. In the case where partial state information is available,
the state information xk in the optimal controller (6) is replaced by the minimum
variance state estimate x̂+

k . The latter is obtained by running a modified Kalman
filter, where the prior state vector estimate and prior state’s estimation error covari-
ance matrix are propagated according to Eqs. (19) and (20), respectively.

Disclaimer

The views expressed in this article are those of the author and do not reflect the
official policy of the United States Air Force, Department of Defense, or the U.S.
Goverment.
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Abstract
Deterrent behaviors are currently observed among animals. Similarly, deter-
rence has spread in human societies long before the nuclear era. That seems
to speak for deterrence’s efficiency, or to state things in the language of evolu-
tion, for its fitness. The literature contains many case studies about the effect
of deterrence on evolution. This paper aims at extending these studies, pro-
viding a general framework for analyzing the fitness of deterrent behaviors
through the combination of two approaches: Evolutionary Games and Games
of Deterrence.

Key words. deterrence, playability, positive playability, playability dynamics,
stability, asymptotic stability, evolutionary stability.
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1 Introduction

In this paper, we shall use a core element of Evolutionary Games theory, the
Replicator Dynamic, which describes the quantitative evolution of several species
inside a given population. In the standard Replicator Dynamic [4], interactions
between species at a given instant are modelled as a two player quantitative matrix
game (Nash game), in which each species is a strategy. The Replicator Dynamic
then associates with the game a dynamic system representing the population’s
evolution, and analyzes the existence and properties of these dynamic system
equilibria, especially evolutionary stable equilibria.

Nash games will be replaced here by qualitative games called Games of Deter-
rence. These games designed to specifically deal with threshold values (a cen-
tral concept in the analysis of deterrence), consider only two kinds of outcomes:
acceptable (noted 1) and unacceptable (noted 0) ones.

It has been shown [9] that each matrix game of deterrence can be associated with
a bipartite graph, called graph of deterrence, and that all graphs of deterrence can
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be gathered in seven types, such that the game solution set is defined by the type.
Games of deterrence have been initially developed by Rudnianski [9], in order to
account for threshold issues at the heart of the French strategic doctrine of nuclear
deterrence theorized as the Relation from the Weak to the Strong, and which aimed
at deterring a potential enemy by acquiring the capacity of inflicting the latter casu-
alties which would be over the threshold of acceptability for him. The game theo-
retic tools developed in this framework proved later to have potential applications
in many different fields, some times quite far from nuclear strategy. For instance:
- International conflicts and negotiations [10,11,17,18,19]
- Prevention of congestion in digital communication networks and road traffic [3]
- Business Process Reengineering [1,15]
- Multi-Criteria Decision Making (with particular examples pertaining to the choice
of a business strategy, and results which under a given set of conditions display
consistency with the Cournot solution, and highlight the Condorcet Paradox [13]
- Valuation of inference chains in the framework of propositional logic, and argu-
mentation [12,16], etc.

The present paper proposes a first exploration of the relation between deterrence
and evolution.

Its first part will recall the basic properties of the Replicator Dynamic and matrix
Games of Deterrence. In particular, a typology of games of deterrence will be
proposed, that leans on graphs (called graphs of deterrence) associated with the
games. A second part will focus on the particular case of symmetric games of
deterrence that will be used in the Replicator Dynamic, and for which the number
of game types reduces to three.

We shall thus have set up a firm ground to explore the relationship between
the type of game and evolution. More specifically, the paper will give conditions
for which the proportion of non playable strategies vanishes with time. These
conditions will then be used to analyze games associated with particular graphs of
deterrence.

2 Fundamental properties of the Replicator Dynamic

Given a population comprised of n species, let us associate with the interaction
between two individuals belonging to different species a pair of outcomes describ-
ing the interaction’s positive or negative impact on each of the individuals. The
interaction’s outcome will be measured by its consequence on the species’ repro-
duction.

Frequency of interactions involving a species depends on the proportion of the
species’ members in the population.

Definition 1

Given:
- the individual outcome uiq of an individual of species i after interacting with an
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individual of species q
- the proportions θ1, ..., θn of the various species in the total population,
let:

1. the average outcome of the species i ui =
n∑

q=1
θquiq

2. the average outcome of the population uT =
n∑

i=1
θiui =

n∑
i=1

n∑
q=1

θiθquiq

uT , ui, and θi are functions of time. But for the sake of simplicity, we shall not
mention the variable t explicitly, unless necessary.

A species’ growth depends on its own outcome, while the evolution of its pro-
portion in the population depends on its relative outcome ui − uT .
Thus, the fundamental equation of the Replicator Dynamic considers that for every
species i:
θ′

i = θi(ui − uT ).

It can be noticed that the sum of the θ′
i equals 0, and that the definition here

above is consistent with the fact that the sum of proportions equals 1.

Definition 2

1. The population’s profile is the vector θ = (θ1, ..., θn).

2. The outcome of a mixed strategy θ after interacting with a mixed strategy θ is

u(θ, θ) =
n∑

i=1

n∑
q=1

θiθquiq.

3. θ is an evolutionary stable strategy (ESS) if for any other profile θ:
- either u(θ, θ) > u(θ, θ)
- or u(θ, θ) = u(θ, θ) and u(θ, θ) > u(θ, θ).

3 Games of deterrence

3.1 Playability and deterrence

In everyday life, a number of decisions are based, not on a rigorous optimization
process, difficult to implement, but rather on a dichotomization of the outcome
space between acceptable outcomes (noted 1) and unacceptable ones (noted 0).
Games of deterrence have been specifically developed to represent such situations,
and analyze the strategies’ playability.

For the sake of simplicity, in the following, we shall only consider two-player
matrix games, and recall the basic definitions and properties presented in [9].

The definitions hereafter extend straightforwardly to N-player games.
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Thus, let us consider a matrix game with the two players E and R having respec-
tive strategic sets SE (card SE = n) and SR (card SR = p)

Definition 3

Let (uer, ver) ∈ {0, 1} × {0, 1} be the outcome pair associated with the strategic
pair (e, r) ∈ SE × SR.
If uer = 1, uer is said to be an acceptable outcome for player E.
If on the opposite uer = 0, uer is said to be an unacceptable outcome for player E.
Similar definitions apply by analogy to player R with matrix V.

Definition 4

A strategy e of E is safe iff ∀r ∈ SR, uer = 1.

Definition 5

1. Let us associate with each strategy s ∈ SE × SR an index J(s), and with each
player P an index jp such that given e ∈ SE:
- If e is safe then J(e) = 1.
- If e is not safe, J(e) =

∏
r∈SR

[1 − (1 − uer)J(r)](1 − jE)(1 − jR),

with jE =
∏

e∈SE

(1 − J(e)) ; jR =
∏

r∈SR

(1 − J(r)).

J(s) and jP will be called index of positive playability of strategy s, and index of
playability by default of player P, respectively.

2. If J(e) = 1, strategy e ∈ SE is said to be positively playable.

3. If E has no positively playable strategy, (i.e., if jE = 1), all strategies e ∈ SE

are said to be playable by default.
Similar definitions apply by analogy to strategies r of SR .

4. A strategy s ∈ SE ∪SR is playable iff it is either positively playable or playable
by default.

Definition 6

1. The system S of all J(e), e ∈ SE , and J(r), r ∈ SR, is called the playability
system of the game.

2. A solution of S is a consistent set {J(e1), J(e2), ..., J(en), J(r1), J(r2), ...,
J(rp)}.
In general, there is no uniqueness of the solution.
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Definition 7

1. A structure (SE , SR, U, V,S) is called matrix game of deterrence.

2. A strategic pair (e, r) ∈ SE × SR is said to be an equilibrium of the game
of deterrence if both strategies are playable for some solution of the playability
system.

Definition 8

Given a strategic pair (e, r) ∈ SE × SR, e is termed deterrent strategy vis-à-vis
r iff:
(1) e is playable
(2) vre = 0
(3) ∃ri ∈ SR : J(ri) = 1.

It has been shown [9] that a strategy r ∈ SR is playable iff there is no strategy
e ∈ SE deterrent vis-à-vis r. Thus, the study of deterrence properties amounts to
analyzing the strategies’ playability properties.

Example 1

r1 r2 r3
e1 (0,0) (1,1) (1,1)
e2 (1,1) (1,0) (0,0)

The playability system writes:
J(e1) = [1 − J(r1)].[1 − jE ].[1 − jR]
J(e2) = [1 − J(r3)].[1 − jE ].[1 − jR]
jE = [1 − J(e1)].[1 − J(e2)]
J(r1) = [1 − J(e1)].[1 − jE ].[1 − jR]
J(r2) = J(r3) = [1 − J(e2)].[1 − jE ].[1 − jR]
jR = [1 − J(r1)].[1 − J(r2)].[1 − J(r3)]

One can easily establish that the playability system has three solutions:
- {J(e1) = 1; J(e2) = 0; J(r1) = 0; J(r2) = 1; J(r3) = 1}
- {J(e1) = 0; J(e2) = 1; J(r1) = 1; J(r2) = 0; J(r3) = 0}
- all strategies are playable by default.

In the first case, e1 is deterrent vis-à-vis r1, and r3 is deterrent vis-à-vis e2.
In the second case, e2 is deterrent vis-à-vis r2 and r3, while r1 is deterrent vis-

à-vis e1.
In the third case, there is no relation of deterrence.
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3.2 Graphs of deterrence

Definition 9

Given a game of deterrence (SE , SR, U, V,S):
1. A graph of deterrence is a bipartite graph G on SE × SR such that, given
(e, r) ∈ SE ×SR, there is an arc of origin e (resp. (r) and extremity r (resp. e), iff
ver = 0 (resp. uer = 0).

2. An E-path (resp. R-path) is a path the root of which is a safe strategy of SE

(resp. of SR).

3. A C-graph is a graph that includes neither and E-path, nor an R-path.

It has been shown [9] that:
1. If G is an E-path (resp. R-path), the only positively playable strategy for E (resp.
R) is the root, which is a safe strategy, while all strategies of R (resp. of E) are
playable by default.

2. If G is a C-graph, a solution of S satisfies the following properties:
i) for any strategy s0,
J(s0) = (1 − jE)(1 − jR)(1 −

∏
s∈N(s0)

(1 − J(s))
∏

s′∈N ′(s0)
(1 − J(s′)),

where N(s0) (resp. N ′(s0)) is the set of the first strategies met when following G
backward from s0, and belonging to the same strategic set as s0 (resp. to the other);
ii) on a path, the positive playability of a vertex is determined by the parity of its
distance to the origin of the path;
iii) each player has at least one non positively playable strategy.

3. Through appropriate cuts, it is always possible to break down G into connected
parts, each one being an E-path, R-path, or C-graph.

Hence, depending on the presence of these components in the graph, one can
distinguish between 7 types of games : E, R, C, E-R, E-C, R-C, and E-R-C. This
typology leads in turn to the following.

Classification Theorem [9]
(1) Given a game of deterrence, its playability system’s solution set is not empty.
(2) The game type defines the properties of the solution set.

Thus, in particular:
a) if the game is of type E or R, on each path all strategies of odd rank except the
root are not playable, while all strategies of even rank are playable by default ;
b) if the game is of type E-R or E-R-C, on each path strategies of odd rank are
positively playable while strategies of even rank are not playable.
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It stems straightforwardly that in games of type E, R, or E-R, the playability
system displays a unique solution.
Also, games of type E-R-C have at least two solutions: in the component of type
C of the graph, all E’s strategies are positively playable and all R’s strategies are
not playable, and vice-versa

It follows from (1) that every game of deterrence has an equilibrium, but the
above shows that this equilibrium may not be unique.

In the above example, the graph of deterrence associated with the game matrix
is:

e1 � r1
r3 � e2 → r2

4 Symmetric games of deterrence

Definition 10

A symmetric matrix game is a game in which both players have the same strategic
set S, and such that whatever (i,j) ∈ S2, if the outcome pair associated with the
strategic pair (i,j) is (a,b), then the outcome pair associated with the strategic pair
(j,i) is (b,a).

As in Sec. 2, we shall focus on a single population comprised of n species, and
consider only two-player games, in which the (abstract) players have the same
strategic set which is precisely the set of species. Furthermore, given a pair of
species (i,j) the outcome for species i of an interaction with species j should not
depend on which player chose strategy i, it follows that the games considered will
be symmetric.

It should be noticed that in case of multiple solutions of the playability system, a
symmetric game may display asymmetric solutions: for a given solution, the same
strategy may be playable for one player, and not playable for the other.

Proposition 1

In a symmetric game of deterrence jR = jE .

Proof. If player E’s strategies are playable by default, the latter has no safe strategy.
By reason of symmetry, the same goes for player R. In other words, for each
strategy j of R, there is a strategy i of E such that for R the outcome associated with
the strategic pair (i,j) is 0. As by assumption, i is playable, j cannot be positively
playable. Consequently, strategies of player R are also playable by default.

Proposition 2

In a symmetric game, the solution set is comprised of:
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(1) either symmetric solutions, that is solutions in which a given strategy i has
the same playability properties for both players

(2) or pairs of asymmetric solutions, such that if a strategy i has a given playability
property in one solution of the pair for one player, it has the same playability
property for the other player in the other solution of the pair

Proof. The conclusion stems straightforwardly from the symmetric features of the
game.

It follows from definition 10 that a symmetric game can only be of type C, E-R
or E-R-C.

5 Evolution and playability: general properties

Unless otherwise specified, in this section, all games considered are symmetric
games of deterrence associated with the Replicator Dynamic.

Definition 11

A strategy i is said to be isotropic if ∀j �= i, uji = a (a = 0 or 1).

Proposition 3

If a game has an isotropic strategy i, then the respective evolutions of the remaining
strategies do not depend on the proportion of i in the population.

Proof. Let (j, k) ∈ (S − {i})2,

( θj

θk
)′ = θ′

jθk−θjθ′
k

θ2
k

= θj(uj−uT )θk−θk(uk−uT )θj

θ2
k

= θj

θk
(uj − uk) = θj

θk

n∑
m=1

θm(ujm − ukm)

It then stems from the isotropy of i that ( θj

θk
)′ = θj

θk

∑
m�=i

θm(ujm − ukm)

In other words, ( θj

θk
)′ does not depend on θi.

Proposition 4

Consider a game with a symmetric solution including non playable by default
strategies.
Let :
- {1,...,k-1} be the set of positively playable strategies (for both players)
- {k,...,n} be the set of non playable strategies (for both players)
- Θk (t) =

∑
j≥k

θj(t)

If at initial time, for every species i < k, the proportion θi(0) of i in the population
is strictly superior to the sum of proportions Θk(0), then:
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(1) ∀i < k, lim
t→+∞

θi (t) = li �= 0

(2) ∀j ≥ k, lim
t→+∞

θj(t) = 0

Proof.
1) Let:
θm(t) = min

i<k
θi(t) and ε(0) = θm(0) − Θk(0)

By assumption, ε(0) > 0.
∀t ∈ [0,∞[,∀(i, i′) ∈ {1, ..., k − 1}2, uii′ = 1

It follows that for i < k, ui(t) =
n∑

q=1
θq(t)uiq ≥

k−1∑
q=1

θq(t) = 1 − Θk(t).

Hence, ui(t) ≥ 1 − Θk(t) (1)

For j ≥ k,∃i′ < k such that uji′ = 0.

Now uj(t) =
n∑

q=1
θq(t)ujq =

∑
q �=i′

θq(t)ujq ≤
∑

q �=i′
θq(t) = 1 − θi′(t).

Hence, uj(t) ≤ 1 − θm(t). (2)

(a) ∀q ∈ {1, ..., n}, θq is C∞.
Hence, θm is piecewise C∞, and has a left and right derivative at the points where
it is discontinuous.
Let (θ′

m)+(t) be the right derivative of θm(t).
There exists i < k such that (θ′

m)+(t) = θ′
i(t) = θi(t)(ui(t) − uT (t))

It then stems from definition of θm(t) and inequality (1) that
θ′

i(t) ≥ θm(t)(1 − Θk(t) − uT (t)).
Consequently, (θ′

m)+(t) ≥ θm(t)(1 − Θk(t) − uT (t)). (3)
Moreover, Θ′

k(t) =
∑
j≥k

θ′
j(t) =

∑
j≥k

θj(t)(uj(t) − uT (t)).

Hence, it stems from (2) that:
Θ′

k(t) ≤
∑
j≥k

θj(t)(1 − θm(t) − uT (t)) = Θk(t)(1 − θm(t) − uT (t)) (4)

(3) and (4) then imply :
(θ′

m)+(t) − Θ′
k(t) ≥ θm(t)(1 − Θk(t) − uT (t)) − Θk(t)(1 − θm(t) − uT (t))

≥ (θm(t) − Θk(t))(1 − uT (t))

Consequently, if (θm − Θk) is positive on a time interval I, then (θm − Θk) is an
increasing function over I.

It then stems from the assumption according to which (θm − Θk)(0) = ε(0) > 0,
that ∀t > 0, θm(t) − Θk(t) ≥ ε(0) (5)
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(b) Θ′
k =

∑
j≥k

θjuj − ΘkuT =
∑
j≥k

θjuj − Θk

n∑
q=1

θquq

Θ′
k = (1 − Θk)

∑
j≥k

θjuj − Θk

∑
i<k

θiui

It then stems from (1) and (2) that:
Θ′

k ≤ Θk(1 − Θk)(1 − θm) − Θk(1 − Θk)2 = Θk(1 − Θk)(Θk − θm)
Hence, (5) implies that Θ′

k ≤ −ε(0)Θk(1 − Θk).
On the whole, Θk decreases exponentially towards 0,
which implies that:
- ∀j ≥ k, lim

t→∞
θj = 0

- Θk can be integrated over [0,∞[

(2) By definition, ∀(i, i′) ∈ {1, ..., k − 1}2, uii′ = 1

Furthermore, as
k−1∑
i=1

θi(t) = 1 − Θk(t),

uT =
n∑

q=1

n∑
q′=1

θqθq′uqq′ ≥
k−1∑
i=1

k−1∑
i′=1

θiθi′uii′ = (1 − Θk)2

Whence (1 − Θk)2 ≤ uT ≤ 1.

Now, given i < k, it stems from (1) that (1 − Θk) ≤ ui ≤ 1.
Hence, |ui − uT | ≤ 1 − (1 − Θk)2.

| θ′
i

θi
| ≤ 2Θk − Θ2

k ≤ 2Θk

Now it stems from b), that Θk can be integrated.
Hence, θ′

i/θi can be integrated over [0,∞[, and lim
t→∞

ln(θi) is finite.

It follows that lim
t→∞

θi �= 0.

Interpretation
Let:
- θ = (θ1, θ2, ..., θn)
- A = {θ(0) / θj(0) = 0 ⇔ j is not playable}
- B = {θ(0) / i is positively playable ⇒ θi(0) > Θk(0)}

A is a set of equilibria, because the outcomes of all species associated with a
positively playable strategy are equal.
B is a neighbourhood of A.
According to Proposition 4, B is included in the reunion of the attraction basins of
A’s equilibria.
Therefore, this reunion is a neighbourhood of A.
This property is similar to the definition of asymptotic stability. If we extend this
definition to include the asymptotic stability of sets of equilibria, then we can say
that A is asymptotically stable.
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Example 2
Let us consider a population in which individuals may adopt three possible types
of behaviours:
- aggressive (a)
- defensive (d)
- passive (p)

Let us furthermore assume the following:
- Whenever two individuals of the same type interact, the outcome for each one is
1, which means between other things that an aggressive individual will not try to
attack another aggressive individual (maybe because of the fear of the outcome)
- A defensive type when meeting an aggressive individual will respond to the
aggression and inflict damages to the aggressor, with the consequent that the out-
come pair will be (0,0)
- When meeting a defensive or a passive type, the defensive type does not attack
and the outcome pair is (1,1)
- A passive type never responds, and gets a 0 when attacked, and 1 otherwise.

Under the above assumptions the game can be represented by the following matrix:

a d p
a (1,1) (0,0) (1,0)
d (0,0) (1,1) (1,1)
p (0,1) (1,1) (1,1)

One can easily establish that the game of deterrence has three solutions:
1) all strategies are playable by default
2) a is positively playable, while d and p are not playable
3) d and p are playable, while a is not

Proposition 4 applies to the last two solutions:
It tells us that if at initial time, more than half of the population is aggressive, then
the whole population becomes aggressive, whereas if the aggressive population is
the smallest of the three, it then disappears.

It stems straightforwardly from the game structure that the profile (1, 0, 0) (cor-
responding to the whole population playing a), is an evolutionary stable strategy.

However, the profiles (0, x, 1−x) with 0 < x < 1 (corresponding to the whole
population playing d or (p) are not evolutionarily stable strategies.

Proposition 5

If the Replicator Dynamic has an equilibrium (θE
i )1≤i≤n such that all θE

i do not
equal 0, and if the playability system has a symmetrical solution including only
one playable strategy, then (θE

i )1≤i≤n is an unstable equilibrium.
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Proof. Suppose that 1 is the only playable strategy. Then 1 is positively playable
and deterrent vis-à-vis all other strategies, which implies in turn that 1 is isotropic.
It stems from the definition of an equilibrium that at the equilibrium point E, there
is uE such that ∀i, uE

i = uE
T = uE .

One can move away from E by changing:
- θE

1 into θ1(0) = θE
1 + ε(0)

- θE
k into θk(0) = (1 − ε(0)

1−θE
1

)θE
k ,∀k ≥ 2.

It then stems from Proposition 3 that the relative proportion of the θk, k ≥ 2,
remains unchanged.
The vector (θi)1≤i≤n then evolves along a straight line of Rn, and the parameter
ε = ε(t) suffices to describe the evolution process.
∀k ≥ 2,∀t, θk(t) = (1 − ε(t)

1−θE
1

)θE
k

u1(t) =
n∑

k=1
θk(t)u1k = uE + ε(t) − ε(t)

1−θE
1

∑
k≥2

θE
k u1k

= uE + ε(t) + ε(t)
1−θE

1
θE
1 − ε(t)

1−θE
1
uE

= (1 − ε(t)
1−θE

1
)uE + ε(t)

1−θE
1

∀i ≥ 2,

ui(t) =
n∑

k=1
θk(t)uik = uE − ε(t)

1−θE
1

∑
k≥2

θE
k uik = uE − ε(t)

1−θE
1
uE

uT (t) =
n∑

k=1
θk(t)uk(t) = (1 − ε(t)

1−θE
1

)uE + ε(t)
1−θE

1
θE
1 + ε2(t)

1−θE
1

θ′
1(t) = (ε(t) − ε2(t)

1−θE
1

)θ1(t)

ε′(t) = (ε(t) − ε2(t)
1−θE

1
)(θE

1 + ε(t))

ε(t) satisfies an autonomous equation describing a system with three equilibria:
0, 1 − θE

1 and −θE
1 , where 0 is unstable.

Hence, the equilibrium (θE
i )1≤i≤n is unstable.

6 Evolution and game type

Proposition 6

In a game of type E-R or E-R-C, ∀i ∈ {1, ..., n}, θi has a limit when t tends toward
the infinite.

Proof. Let i be a safe strategy and j any strategy.
θi is increasing and θi ≤ 1.
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Hence, θi has a limit a when t tends toward the infinite.
( θj

θi
)′ = θj(uj−uT )θi−θjθi(1−uT )

θ2
i

= θj

θi
(uj − 1) < 0.

Hence, θj/θi is decreasing and strictly positive.
Hence, θj/θi has a limit b when t tends toward the infinite,
whence, lim

t→∞
θj = ab.

Proposition 7

In a game of type E-R or E-R-C, the proportions of strategies belonging to an E-
path or an R-path have a:
- zero limit when they are not playable
- non zero limit when they are positively playable.

Proof. The idea of the proof is to follow the E-paths and R-paths with a recur-
rence based on the safe strategies, and show that the proportions of the strategies
of even rank decrease exponentially towards 0. In order to show that all the strate-
gies belonging to the E-paths and R-path have been reached, we will prove that
the remaining strategies belong to a C-graph by considering the solutions of the
playability system and using the classification theorem.

Let us consider a game of type E-R or E-R-C.
Let S be the strategic set common to both players, and θ a solution of the Replicator
Dynamic.
It stems from proposition 6 that θ(t) tends towards an equilibrium θE when t tends
towards the infinite.

(a) At the equilibrium point, outcomes of all strategies, the proportion of which
in the population is non zero, are equal.
Moreover, the proportions of safe strategies being increasing, their limit is not 0.
Therefore, at equilibrium, outcomes of all strategies, the proportion of which in
the population is not zero, equal 1.
Hence, lim

t→∞
uT = 1.

(b) Let i and j be two strategies such that uij = 0 and θE
j �= 0

θ′
i/θi = ui − uT ≤ 1 − θj − uT .

Now, it stems from (a) that lim
t→∞

(1 − θj − uT ) = −θE
j .

Hence, θi decreases exponentially, θE
i = 0 and θi can be integrated over [0,∞[.

(c) Let i be a strategy such that ∀j ∈ S, uij = 0 ⇒ θj can be integrated
Let Di = {j ∈ S/uij = 0} and θDi

=
∑

j∈Di

θj

θ′
i/θi = ui − uT = 1 − uT − θDi

Hence, (ln(θi))′ ≥ −θDi .
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Now −θDi can be integrated over [0,∞[.
Therefore, lim

t→∞
ln(θi) > −∞.

Hence, θE
i > 0.

(d) Consider the sequences of sets (Xk) and (Yk) such that:
X1 = {i / i is safe}
Y1 = {j/∃i ∈ X1 : uji = 0}
And more generally, for any k ≥ 2,
Xk = {i/uij = 0 ⇒ j ∈ Yk−1}
Yk = {j/∃i ∈ Xk : uji = 0}

By construction, the sequences (Xk) and (Yk) are strictly increasing for the relation
of inclusion, until k reaches a value m from which these sequences remain constant.

Let X =
∞⋃

k=1
Xk = Xm and Y =

∞⋃
k=1

Yk = Ym.

∀i ∈ X1, i is positively playable, hence ∀j ∈ Y1, j is not playable.
If ∀i ∈ Xk, i is positively playable, then ∀j ∈ Yk, j is not playable.
If ∀j ∈ Yk, j is not playable, then ∀i ∈ Xk+1, i is positively playable.
Hence, by recurrence, ∀i ∈ X , i is positively playable, and ∀j ∈ Y , j is not
playable.

Let Z = S − (X ∪ Y ).
If Z is empty, the playability system has a unique solution for which no strategy is
playable by default. According to the classification theorem, the game is then of
type E-R.

Assume now that Z is not empty, and let z ∈ Z.
z /∈ Y , hence, by definition of Y,∀i ∈ X,uzi = 1
z /∈ X , hence by definition of X, ∃z′ ∈ S − Y : uzz′ = 0
Hence, ∃z′ ∈ Z : uzz′ = 0.
Thus, ∀i ∈ X, ∀k ∈ X ∪ Z, uik = uki = 1
and ∀j ∈ Y,∃i ∈ X : uji = 0.
and ∀j ∈ Y ∪ Z,∃i ∈ X ∪ Z : uji = 0

Hence, the playability system has at least two solutions:
• i is positively playable for player E ⇔ i ∈ X

and j is positively playable for player R ⇔ i ∈ X ∪ Z
• i is positively playable for player E ⇔ i ∈ X ∪ Z

and j is positively playable for player R ⇔ i ∈ X

Hence, the game is of type E-R-C, the sub-graph associated withX ∪Y being the
E-R component of the game, and the sub-graph associated with Z being a C-graph.
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By using (b) and c), one shows by recurrence that:
- ∀i ∈ X, θE

i > 0
- ∀j ∈ Y, θE

j = 0 and θj is integrable.

Consequences:
- In a symmetric game, the proportion associated with a strategy that is positively
playable (resp. non playable) in all solutions of the playability system, has a non-
zero (resp. zero) limit when t tends toward the infinite.
- the proportion of the population associated with a strategy being deterred by a
safe strategy, tends toward zero when t tends toward the infinite, and is integrable
over [0,∞[.

Proposition 8

If the ordered vertices 1,2,...,2p of an E-path or an R-path are such that:
θ2(0) ≤ θ4(0) ≤ ... ≤ θ2k−2(0) ≤ θ2p(0) ≤ θ2p−1(0) ≤ θ2p−3(0) ≤ ... ≤
θ3(0) ≤ θ1(0),
then ∀t, θ2(t) ≤ θ4(t) ≤ ... ≤ θ2p−2(t) ≤ θ2p(t) ≤ θ2p−1(t) ≤ θ2p−3(t) ≤ ... ≤
θ3(t) ≤ θ1(t).

Proof.
u1 = 1, and ∀i ∈ [2, 2p], ui = 1 − θi−1

Let’s assume that the result is true at time t:
Then, ∀k < p, u2k(t) = 1 − θ2k−1(t) ≤ u2k+2(t) = 1 − θ2k+1(t).
Hence, θ′

2k(t) = θ2k(t)(u2k(t) − uT (t)) ≤ θ2k+2(t)(u2k+2(t) − uT (t)) =
θ′
2n+2(t).

Similarly, u2k−1(t) = 1 − θ2k−2(t) ≥ 1 − θ2k(t) = u2k+1(t).
Hence, θ′

2k−1(t) ≥ θ′
2k+1(t)

u2p−1(t) = 1 − θ2p−2(t) ≥ u2p(t) = 1 − θ2p(t) ≥ 1 − θ2p−1(t)
Hence, θ′

2p−1(t) ≥ θ′
2p(t).

So the proposition is true whatever t.
It applies in particular if at t = 0 all proportions equal 1/(2p)

Example 3
Let us consider a game of type E-R, the matrix of which is:

i j k
i (1,1) (1,0) (1,1)
j (0,1) (1,1) (1,0)
k (1,1) (0,1) (1,1)

The game has only one solution for which i and k are positively playable while
j is not playable. It then stems from Proposition 7 that lim

t→∞
θj = 0.
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So when t → ∞, the only profiles we have to consider are those of type (x, 0, 1−
x).

Here as in example 2, we see that the set of equilibria exhibit stability properties
which may categorize them not exactly as evolutionary stable equilibria, but as
evolutionary stable equilibrium sets (ESES):
∀θ1, θ2, θ3, θ4 ∈ ESES, u(θ1, θ2) = u(θ3, θ4)
and ∀θ /∈ ESES, ∃θ ∈ ESES :
- either u(θ, θ) > u(θ, θ)
- or u(θ, θ) = u(θ, θ) and u(θ, θ) > u(θ, θ).

Now one should not derive from the above propositions and examples that
deterrence is a necessary condition for reaching an evolutionary stable equilibrium,
as the following example shows:

Example 4
Let us consider the following game borrowed from Gintis [5]:

i j k
i (1,1) (1,1) (0,0)
j (1,1) (0,0) (1,0)
k (0,0) (0,1) (0,0)

One can establish quite easily that i is an ESS. The associated game of deterrence
which is of type C, has only one solution, for which all strategies are playable by
default. Hence, positive playability is not a necessary condition:

7 Evolution and fuzzy playability

The indices of positive playability that we have been considering until now are
binary ones. But the playability system of a game may have solutions in which
these indices (as well as the indices of playability by default) may take non binary
values. We shall then speak of fuzzy playability. This is the case, for instance, if
one considers a game of type E or of type R comprised of a single path.

It has thus been shown [12] that:

J(2k − 1) =
v(1 + v2k−3)

1 + v
, and J(2k) =

v(1 − v(2k−2))
1 + v

,

where v = 1 − jR.

One can see that the strategies of E have a positive playability index which
decreases with k, while on the opposite strategies of R have a positive playability
index which increases with k.

So we observe a phenomenon similar to the result of Proposition 8, except,
that we consider positive playability indices on the one hand, and proportions of
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species in the total population on the other. The reason behind this similarity lies
in the fact that the Replicator Dynamic is actually a long run process of strategy
selection. Those strategies which replicate the most are those which are the best
fitted to their environment, while on the opposite the strategies, the proportion of
which in the total population decreases or even vanishes with time, are those which
are ill fitted or even not fitted at all to their environment. Somehow this selection
process tells us how a given strategy is playable in the long run, and therefore
there is nothing surprising in the fact that strategies’ fitness and playability follow
similar trajectories. Of course the graphs of deterrence are not the same, since in
the Replicator case, it is comprised of an E-path and a R-path, which precludes
having fuzzy playability indices, while in the fuzzy game case, there is only one
E-path. But these are just formal differences due to the fact that in the Replicator
case, only symmetric games are considered. If we focus on the issue of strategy
selection, these differences become irrelevant.

8 Conclusion

The developments above have pointed out a correlation between the existence and
properties of equilibria in the Replicator Dynamic on the one hand, and strategies’
playability in the associated game of deterrence, on the other. In particular, for
a strategy to be positively playable and—even more—deterrent vis-à-vis other
strategies, seems to be an important factor for the strategy’s survival, and the non
playable strategies tend to disappear. At a refined level, the breakdown of games of
deterrence plays an important role in establishing some correspondence between
properties of equilibrium existence in the Replicator Dynamics and the game type.
Strong results have been obtained for E-R and E-R-C type games.

A comparison has been undertaken between the results found in some games of
type E-R, and the conclusions obtained in developing the theory of fuzzy games of
deterrence. What is left at this level is to see whether one could go beyond rough
similarities, and determine a quantitative relationship between species’ proportions
and strategies’ fuzzy playability. The nature of the correspondence in the case of
C-type games, seems to be more uncertain.

More generally the developments here above are a tentative work which aims
at paving the way for a more general theory linking deterrence and evolutionary
stability.
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Abstract
We revisit the relationship between evolutionarily stable strategy (ESS) and

related topics such as evolutionarily robust strategy (ERS) on the one hand,
and stability of the replicator dynamics on the other hand, when the phenotypic
set is continuous. The state of the population considered is a measure over the
phenotypic set. Thus, topological considerations come into play that make the
situation much more difficult than for a finite phenotypic set. As a consequence,
the issue of the asymptotic stability of an ERS is not settled at this time. We
give one partial new result in that direction.

It has also been noticed in the literature that there is a dearth of concrete
examples of mixed ESS or ERS in the literature. Actually none seems to be
known if the “kernel” of the game is continuous. We provide two such examples,
one a convex combination of two Dirac measures and one family with the
Lebesgue measure as an ERS.

Key words. Evolutionary games, ESS, Replicator dynamics, Darwinian
dynamics, stability.

AMS Subject Classifications. Primary 91A22; Secondary 91A10, 92D25,
91B02.

1 Introduction

The concept of evolutionarily stable strategy (ESS) as the core concept of Evo-
lutionary Game Theory was introduced by Maynard-Smith and Price in [6]. The
very intent of the definition is to imply that in a population in an ESS state, a small
sub-population in a different state will die out for lack of fitness in Darwinian
dynamics.
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A mathematical translation of that intuition is given by the fact that in the case
of a finite phenotypic set, an ESS is an asymptotically stable state of the associated
replicator dynamics. But analogous results for the case of a continuous phenotypic
set are not proved, in general, and this remains an open conjecture.

As a matter of fact, the state of a population is a probability measure over the
phenotypic set. Thus, if this set is finite, the state space is isomorphic to R

n, while
if the phenotypic set is infinite, say continuous, one ends up with a true measure
dynamics. Hence, there are as many concepts of asymptotic stability as there are
topologies on the set of measures. We seek results in the weak topology, which
seems to be the most significant one as far as the modelization is concerned.

The result is known for an evolutionarily robust strategy (ERS, a strengthening
of ESS, strictly stronger in the infinite case) if it is a Dirac measure or if the
underlying game is “doubly symmetric”. We prove the result for the case of a
global ERS strategy.

Note that, in the case of finite phenotype set, both ESS and ERS concepts
coincide due to the equivalence of strong and weak topologies. In this paper, we
study problems with the infinite phenotype set. Such problems are important in
Biology and Economics (See, for instance, [1] and [9]).

A further difficulty in investigating this topic is that there does not seem to be in
the literature an example of an ERS which is not a Dirac measure. (This point itself
has been raised in the literature.) We provide two very different (families of) such
examples, and the analysis that substantiates the claim that they are indeed ERS.

The rest of this paper is organized as follows. Sec. 2 is devoted to present the
definitions and some properties of ESS, ERS, and related topics. In Sec. 3, we give
a brief description of strong and weak topologies on Δ, the set of all strategies
(probability measures on the phenotypic set) which will be useful in subsequent
discussions. Sec. 4 begins with the description of replicator dynamics and its
stability. At the end of this section, namely in Sec. 4.6, we prove our first result—
the weak asymptotic stability of global ERS. Then, in Sec. 5, we present two new
(families of) examples of ERS that are not Dirac measures.

2 ESS and related concepts

2.1 Definition of ESS

We investigate an evolutionary game in a classical linear framework. The pure
strategy set of the underlying evolutionary game is a compact subset K of the
Euclidean space R

d. We denote a pure strategy using letters x, y, z, . . .. A mixed
strategy is therefore a probability measure on the Borel σ-algebra B = B(K)
of K. The mixed strategy simplex (that is, the set of all probability measures on
K) is denoted by Δ. We denote a particular mixed strategy using capital letters
P,Q,R, . . .. We are given a fitness map, a continuous function u : K ×K → R.
Here, u(x, y) represents the fitness gained by the animal adopting xwhen compete
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against another animal adopting y. It will be naturally extended to K × Δ and to
Δ × Δ as:

u(x,R) =
∫

K

u(x, y)R(dy) , u(Q,R) =
∫∫

K×K

u(x, y)Q(dx)R(dy) .

Remark 2.1. We shall think of a mixed strategy as a distribution of behaviours
among a polymorphic population of animals, each using a fixed pure strategy. It
could as well be the probability distribution of the strategies used by every animals
of a monomorphic population where all individuals are random players.

We are now ready for the definition of ESS.

Definition 2.1. P ∈ Δ is called an evolutionarily stable strategy (ESS), if for
any mutant strategy R �= P , there is a ε(R) ∈ (0, 1] such that:

u(P, εR+ (1 − ε)P ) > u(R, εR+ (1 − ε)P ) for all 0 < ε < ε(R). (1)

Note that (1) can also be stated as:

ε[u(P,R)−u(R,R)]+(1−ε)[u(P, P )−u(R,P )] > 0, for all 0 < ε < ε(R).
(2)

The Definition 2.1 is essentially by Taylor & Jonker [11], and, in view of (2),
is equivalent to the original definition by Maynard Smith [7]:

∀Q ∈ Δ, u(Q,P ) ≤ u(P, P ) , (3)

∀R �= P, [u(R,P ) = u(P, P )] ⇒ [u(P,R) > u(R,R)] . (4)

It is convenient to introduce the best response map BR(P ) defined as BR(P ) =
{R | u(R,P ) = maxQ u(Q,P )} . Then, P ∈ Δ is an ESS iff

P ∈ BR(P ) and ∀R ∈ BR(P ) \ {P}, u(R,R) < u(P,R). (5)

It shall be convenient to introduce the notation, for any P and Q in Δ,

σ(x, P ) := u(x, P ) − u(P, P ) ,
σ(Q,P ) :=

∫
K
σ(x, P )Q(dx) = u(Q,P ) − u(P, P ) , (6)

so that condition (3) above writes σ(Q,P ) ≤ 0, ∀Q ∈ Δ.
Any P satisfying that condition, i.e., P ∈ BR(P ), is said to be a symmetric

Nash equilibrium, and the set of symmetric Nash strategies is denoted by ΔNE .

Remark 2.2. We note thatP ∈ ΔNE iff (P, P ) is a Nash equilibrium of the two-
person game with pure strategy set K,and payoff functions u1(x, y) = u(x, y),
u2(x, y) = u(y, x).
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P is a strict symmetric Nash equilibrium if BR(P ) = {P}. The set of such
strategies is denoted by ΔSNE . The set of ESS strategies is denoted by ΔESS .
From (5), it now follows that

ΔSNE ⊂ ΔESS ⊂ ΔNE . (7)

We can also show, as in the finite case, that there always exists a symmetric Nash
equilibrium; that is, ΔNE �= ∅. But ΔESS can be empty, as the next example
illustrates.

2.1.01 Example K = [−1, 1], u(x, y) = x2y. For any x ∈ K and R ∈ Δ,

u(x,R) = x2[R],

where [R] :=
∫

K
y R(dy) is the average value of R. Now

ΔNE =
{
R ∈ Δ : R ∈ BR(R)

}
=
{
R ∈ Δ : u(x,R) ≤ u(R,R) for all − 1 ≤ x ≤ 1

}
=
{
R ∈ Δ : x2[R] ≤ [R]

∫ 1

−1
z2 R(dz), for all − 1 ≤ x ≤ 1

}
=
{
R ∈ Δ : x2[R] ≤ [R]

∫ 1

−1
z2 R(dz), for all − 1 ≤ x ≤ 1

}
.

This suggests that we can write ΔNE as the union of two disjoint sets ΔNE
1 and

ΔNE
2 ; where

ΔNE
1 =

{
R ∈ Δ : [R] = 0

}
,

and

ΔNE
2 =

{
R ∈ Δ : [R] > 0 and

∫ 1

−1
z2 R(dz) = 1

}
=
{
R ∈ Δ : R = αδ−1 + (1 − α)δ1, 0 ≤ α <

1
2

}
.

Here, δx denote the Dirac measure at x.
To prove ΔESS = ∅, in view of (7), it suffices to show that no strategy P ∈ ΔNE

is an ESS. We have only two cases to consider here. In both cases (that is whenP ∈
ΔNE

1 or P ∈ ΔNE
2 ), δ1 ∈ BR(P ). But u(δ1, δ1) = 1 ≥

∫
K
x2 P (dx) = u(P, δ1).

Therefore, P /∈ ΔESS . Hence, no symmetric Nash equilibrium P ∈ ΔNE is an
ESS, and ΔESS = ∅. �

Nevertheless, there are many games with ΔESS �= ∅. We give here two almost
trivial examples.
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(1) K = [a, b], u(x, y) = f(x)+g(y), where f is a continuous function on [a, b]
with a strict maximum at x0, and g is any continuous function.

Now, for any x ∈ K,

u(x, δx0) − u(δx0 , δx0) = f(x) − f(x0).

Therefore, δx0 is a strict Nash equilibrium, and hence an ESS. �

(2) K = [0, 1], u(x, y) = −xy. Then BR(δ0) = Δ and for any R �= δ0, and

u(δ0, R) − u(R,R) = [R]2 > 0.

Therefore, δ0 is an ESS, but not a strict Nash equilibrium. �

2.2 ESS and uninvadability

Definition 2.2. In Definition 2.1, let εP (R) := max{ε(R)}. It is called the
invasion barrier of P against R

We define a strategy to be uninvadable if it has a uniform invasion barrier, i.e., the
following.

Definition 2.3. (Vickers & Cannings [12]) A strategy P is uninvadable if
infR �=P εP (R) > 0.

Notation: To simplify the presentation, we use the notation hR,P (ε) :=
u(R, εR+ (1 − ε)P ) − u(P, εR+ (1 − ε)P ).

An uninvadable strategy is clearly an ESS. However, unlike in the finite case,
the converse is not true, as the following example shows.

2.2.02 Example K any compact interval containing 0, 0 < a < b, u(x, y) =
bxy − ax4. Since u(x, 0) = −ax4, δ0 is a strict Nash equilibrium, and hence an
ESS. Now, for any nonzero x in K,

hδx,δ0(ε) = εu(x, x) + (1 − ε)u(x, 0)

= ε(bx2 − ax4) + (1 − ε)(−ax4)

= (εb− ax2)x2.

This implies that εδ0(δx) = min(1, ax2

b ). Clearly, this invasion barrier tends to
zero with x, and so δ0 is not uninvadable. �
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2.3 Strong uninvadability and evolutionary robustness

For a fixedP , letRε := εR+(1−ε)P . We first observe thatP ∈ Δ is uninvadable
iff there exists ε0 > 0 such that:

∀R �= P, ∀ε ∈ (0, ε0), hR,P (ε) = u(R,Rε) − u(P,Rε) < 0 .

Notice that R− P = (1/ε)(Rε − P ), so that

hR,P (ε) = u(R− P,Rε) =
1
ε
[u(Rε, Rε) − u(P,Rε)].

Therefore, P is uninvadable iff there exists ε0 > 0 such that:

∀R �= P, ∀ε ∈ (0, ε0), σ(P,Rε) := u(P,Rε) − u(Rε, Rε) > 0 . (8)

This condition says that for Q (Q �= P ) close to P in some sense,

σ(P,Q) > 0.

In order to make the concept of ‘nearness’ precise, we need to equip Δ = Δ(K)
with a topology (say τ ). With respect to this topology τ , we can define evolutionary
stability as follows.

Definition 2.4. A strategy P ∈ Δ is called
• locally superior (w.r.t. τ ) if there exists a τ -neighborhood G of P such that

σ(P,Q) > 0 for all Q ∈ G \ {P} ,

• strongly uninvadable if it is locally superior w.r.t. the strong (variational)
topology (Bomze [2]),

• evolutionary robust if it is locally superior w.r.t. the weak topology.
(Oechssler and Riedel [9]),

• globally evolutionarily robust if σ(P,R) > 0 for all R ∈ Δ \ {P}.

We state the following easy theorem:

Theorem 2.1. Let P ∈ Δ. Then
P evolutionary robust =⇒ P strongly uninvadable =⇒ P is an ESS.

Proof. This is, respectively, because of the fact that a weak neighborhood is a
strong neighborhood, and εR+ (1 − ε)P → P strongly as ε → 0. 1

But the reverse implications are not true, in general. Nevertheless, these reverse
implications do hold true in the finite case; that is, whenK is a finite set. In this case,
strong and weak topologies coincide. Furthermore, in this case, a neighborhood
of P consists only of Q of the form Q = εR + (1 − ε)P . This is not true in the
infinite case.
1This will be clearer when we define explicitly the strong and weak topologie, in the next
section.
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3 Strong and weak topologies on Δ

For the sake of completeness, we provide more details regarding strong and weak
topologies on Δ. We view Δ as a subset of the linear space M of all finite signed
measures on K.

If M is equipped with the variational norm

‖μ‖var = sup
|f |≤1, f measurable

∣∣∣∣∫
K

f(x)μ(dx)
∣∣∣∣ ,

then M is a Banach space. The topology generated by this norm on M, is referred
to as the strong topology.

We denote
∫

K
f(x)μ(dx) by 〈f, μ〉. μn → μ in the strong topology iff

〈f, μn〉 → 〈f, μ〉 uniformly for all continuous f with |f | ≤ 1.
For Q,R ∈ Δ, it can be shown (see Lemma 1, p.360, Shiryaev [10]) that

‖Q−R‖var = 2 sup
B∈B(K)

|Q(B) −R(B)|.

For this reason,Rn → R in the strong topology iffRn(B) → R(B) uniformly for
B ∈ B(K). For instance, if x �= y, ‖δx − δy‖ = 2. This implies that Δ, equipped
with this topology, is not compact.

On the other hand, the Banach space (M, ‖ · ‖var) is the dual space ofC0(K).2

The weak topology on probabilities is its weak∗ topology. Therefore, equipped
with that weak topology, it is compact (and metrizable).

If Rn, R are probability measures, then Rn → R in the weak topology iff
〈f,Rn〉 → 〈f,R〉 for every measurable f ∈ C(K) with |f | ≤ 1. It can be shown
that Rn → R in the weak topology iff Rn(B) → R(B) for all B ∈ B(K) with
R(∂B) = 0.3

There are various (equivalent, of course) metrics which generate the weak topol-
ogy on Δ. One is the Prohorov metric:

ρ(Q,R) =
inf{ε > 0 | Q(C) ≤ R(Cε) + ε, R(C) ≤ Q(Cε) + ε, for all closed C ⊂ K},

where Cε = {x ∈ K | infy∈K |y − x| < ε}.
Another metric generating the weak topology is

d(Q,R) = sup{|〈f,Q−R〉| | f Lipschitz continuous, ‖f‖∞ + L(f) ≤ 1},

where ‖f‖∞ = supx∈K |f(x)| and L(f) = supx�=y
|f(x)−(f(y)|

|x−y| .

2As usual, C0(K) denotes the space of continuous real valued functions on K, equipped
with uniform norm.
3∂B is the boundary of B.
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Yet another one is defined using the set M(Q,R) of measures over K × K
whose marginals are Q and R, respectively, as

d2(Q,R) = inf
μ∈M(Q,R)

∫
K×K

‖x− y‖2 μ(dx, dy) .

For more details on strong and weak convergence of probability measures, we
refer to Shiryaev [10].

4 Replicator dynamics

4.1 Definition and existence

Let Q(t) ∈ Δ be the population state at time t. For a given state Q, the difference
between the average fitness of a subpopulation B (a Borel subset of K) and the
population average fitness is

1
Q(B)

∫
B

u(y,Q)Q(dy) − u(Q,Q) =
1

Q(B)

∫
B

σ(y,Q)Q(dy).

If we assume that the rate of replication of the subpopulation B is the difference
between the average fitness of the subpopulation B and the population average
fitness, then we obtain the replicator dynamics in the form:

Q̇(t)(B) =
∫

B

σ(y,Q(t))Q(t)(dy) B ∈ B(K).

In order to make the replicator equation look simpler, we introduce the notation:

F (Q)(B) :=
∫

B

σ(y,Q) Q(dy) B ∈ B(K).

That is, F (Q) is the measure which is absolutely continuous w.r.t. Q (denoted
F (Q) � Q) with the Radon-Nikodym derivative dF (Q)

dQ = σ(·, Q).
The replicator dynamics can now be written as

Q̇(t) = F (Q(t)). (9)

Now, for any measurable f with |f | ≤ 1, and for Q,R ∈ Δ,

|〈f, F (Q) − F (R)〉| = |〈fσ(·, Q), Q〉 − 〈fσ(·, R), R〉|

≤ |〈fσ(·, Q), Q−R〉| + |〈f [σ(·, Q) − σ(·, R)], R〉|
≤ ‖σ‖∞‖Q−R‖var + ‖u‖∞‖Q−R‖var + |〈f [u(Q,Q) − u(R,R)], R〉|
≤ 3‖u‖∞‖Q−R‖var + |u(Q,Q) − u(R,R)|
= 3‖u‖∞‖Q−R‖var + |u(Q,Q−R)| + |u(Q−R,R)|
≤ 5‖u‖∞‖Q−R‖var.
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This yields
‖F (Q) − F (R)‖var ≤ 5‖u‖∞‖Q−R‖var.

In a similar fashion, one can show that the map F is Lipschitz Continuous (w.r.t.
the strong topology) on any bounded ball of the space M of all finite signed
measures (Lipschitz constant depends on the radius of the ball). Therefore, F is
locally Lipschitz continuous on the Banach space (M, ‖ · ‖var), and hence the
replicator dynamics admits a unique solution, for each initial distribution Q(0).

Furthermore,

d

dt

∫
K

Q(t)(dy) =
∫

K

Q̇(t)(dy) =
∫

K

F (Q(t))(dy) = σ(Q(t), Q(t)) = 0.

As a result, the simplex Δ of all probability measures is invariant under the replica-
tor dynamics. Thus, for any initial conditionQ ∈ Δ, the replicator dynamics admits
a unique solution Q(·) defined (and stays in Δ) for all times t with Q(0) = Q.

4.2 Stationary states of the replicator dynamics

Let Δ0 denote the set of all stationary points of the replicator dynamics in Δ. Now
Q ∈ Δ0 iff F (Q)(B) = 0 for all B iff σ(·, Q) = 0 a.e.(Q). That is, σ(y,Q) = 0
except on a Borel set N ⊂ K with Q(N) = 0. This implies that

Δ0 = {Q ∈ Δ : σ(·, Q) = 0 a.e.(Q)}.

For every x ∈ K,
dF (δx)

dδx
= σ(·, x) = 0 a.e. (δx),

and so, as in the finite case, Δ0 contains all pure strategies. It now follows that:

Theorem 4.1.

(1) {δx : x ∈ K} ∪ ΔNE ⊂ Δ0,
(2) ΔNE ∩ int(Δ) = Δ0 ∩ int(Δ).

A stateQ is Lyapunov stable, if any trajectory starting “nearby”Q stays “nearby”
Q. Hence, stability crucially depends on the topology we use on Δ.

We now prove that any Lyapunov stable state (w.r.t. weak topology) is a Nash
equilibrium.

Theorem 4.2. If Q ∈ Δ is Lyapunov stable under (9) w.r.t the weak topology,
then Q ∈ ΔNE .

Proof. If Q /∈ ΔNE , then there exists a pure strategy x ∈ K such that

σ(x,Q) = u(x,Q) − u(Q,Q) > 0.
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Since in the weak topology, r �→ σ(x,R) is continuous, this implies that there
exists a weak neighborhood G of Q and δ > 0 such that

σ(x,R) ≥ δ for all R ∈ G. (10)

For ε > 0 small enough, the strategies Qε(0) := εδx + (1 − ε)Q ∈ G. Now,

Qε(t)(x) = Qε(0)(x)e
∫ t
0 σ(x,Q(s)) ds = εe

∫ t
0 σ(x,Qε(s)) ds

is the trajectory emanating from Qε(0). This, in view of (10), contradicts the
Lyapunov stability of the state Q.

4.3 Limit states of replicator dynamics

Theorem 4.3. If there is an interior trajectory Q(t) with limt→∞Q(t) = P ∈
int(Δ) (in the weak topology), then P ∈ ΔNE .

Proof. IfQ /∈ ΔNE then, as in the proof of Theorem 4.2, there exist a pure strategy
x ∈ K, a weak neighborhood G of P and δ > 0 such that

σ(x,R) ≥ δ for all R ∈ G.

This implies that, by continuity, that there exists an open set I containing x, with
P (I) �= 0 (because P is an interior point), such that

F (R)(I) =
∫

I

σ(y,R)R(dy) ≥ δ

2
P (I) for all R ∈ G.

Hence, since for some t0 and t ≥ t0 Q(t) ∈ G,

Q(t)(I) = Q(0)(I) +
∫ t

0
F (Q(s)) ds ≥ Q(t0)(I) +

δ

2
(t− t0)P (I)

and Q(t)(I) diverges. This contradiction proves the theorem.

4.4 Asymptotically stable states of replicator dynamics and locally superior
strategies

One would like to prove, as in the finite case, that an evolutionary robust strat-
egy (that is, locally superior w.r.t. the weak topology) P is Lyapunov stable and
attracting in the weak topology (henceforth called weakly asymptotically stable).
The main difficulty here is that the analogue of the Lyapunov function used in the
finite case, is not continuous in the weak topology. More precisely, the function4

VP (Q) :=
{ ∫

K
ln(dP

dQ )dP if P � Q

+∞ otherwise
(11)

4VP (Q) =
∫

K
log( dP

dQ
dP ) is the Kullback-Leibler distance between P and Q.
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is not well behaved w.r.t. weak topology. Nevertheless, one can establish that this
map is well behaved along the trajectories of the replicator dynamics (9). We use
the next lemma to establish this.

Lemma 4.1. Let Q(·) solve the replicator Eq. (9) with initial state Q(0). Then,
for every t > 0, Q(t) ≈ Q(0) 5 and

dQ(t)
dQ(0)

= e
∫ t
0 σ(·,Q(s)) ds.

Proof. See Bomze [3].
One also has the following result:

Theorem 4.4.

(1) VP (Q) ≥ 0 with equality iff Q = P .

(2) If VP (Q(0)) < ∞, then, for all 0 < t < ∞, VP (Q(t)) < ∞ and

d

dt
VP (Q(t)) = −σ(P,Q(t)).

Proof. Clearly, VP (P ) = 0. Let S be the support of P . For Q �= P ,

VP (Q) = −
∫

S
ln(dQ

dP ) dP

> −
∫

S
(dQ
dP − 1)

= 1 −Q(S)

≥ 0.

To prove (ii), let VP (Q(0)) < ∞. For 0 < t < ∞, by the above lemma,

ln( dP
dQ(t) ) = ln dP

dQ(0) + ln dQ(0)
dQ(t)

= ln dP
dQ(0) −

∫ t

0 σ(·, Q(s)) ds.

This equality of functions holds for y ∈ K a.e (Q(0)). This implies that

VP (Q(t)) = VP (Q(0)) −
∫ t

0
σ(P,Q(s)) ds.

This gives the required result.
Because of the lack of continuity of this Lyapunov function, the stability result

for the continuous case has not been settled completely. Nevertheless, we can prove
the stability in some special cases, as the next two theorems show.

5Q(t) ≈ Q(0) means that Q(t) � Q(0) and Q(0) � Q(t).
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Theorem 4.5 (Oechssler & Riedel [9]). If u(x, y) = u(y, x), ∀x, y ∈ K (that
is, if the game is doubly symmetric), then an evolutionarily robust strategy is weakly
asymptotically stable.

Proof. LetP ∈ Δ be an evolutionarily robust strategy, andG a weak neighborhood
of P such that

u(P,Q) − u(Q,Q) > 0 ∀Q ∈ G \ {P}.

Consider the function

W (Q) = u(P, P ) − u(Q,Q) = u(P, P ) − u(Q,P ) + u(P,Q) − u(Q,Q).

Therefore, W (Q) ≥ 0 for all Q ∈ G, with equality iff Q = P . In addition, W
is weakly continuous. Since the weak topology is compact, it is enough to prove
that, for every trajectory Q(·) in G, the derivative of t �→ W (Q(t)) is negative.

− d
dtW (Q(t)) = d

dtu(Q(t), Q(t))

= 2u(F (Q(t)), Q(t))

= 2
∫

K
u(y,Q(t))σ(y,Q(t))Q(t)(dy)

= 2
∫

K
σ2(y,Q(t))Q(t)(dy)

This always positive, as long as the trajectory stays inside G and Q(0) �= P .

Theorem 4.6. LetP = δx be an ERS. ThenP is a stable state (in the weak topol-
ogy) of the replicator dynamics. Furthermore, Q(t) → P (in the weak topology)
as t → ∞, whenever Q(0) is weakly near P and Q(0)({x}) > 0.

Proof. We have
Q̇(t)(x) = σ(x,Q(t))Q(t)(x),

and hence
Q(t)(x) = Q(0)(x)e

∫ t
0 σ(x,Q(s)) ds.

Now let P = δx << Q(0), since Q(0)(x) > 0. If Q(0) is close to δx, then
σ(x,Q(0)) > 0 and hence t �→ Q(t)(x) is initially (strictly) increasing. As a result,
Q(t) becomes (weakly) closer to δx than Q(0), and therefore σ(x,Q(t)) > 0 for
all t.

Now, since Q(t)(x) ≤ 1, ∀t, we must have

σ(x,Q(t)) → 0 as t ↑ ∞.

Since Δ is compact in the weak topology, any trajectory t �→ Q(t) must have limit
points. Any such limit pointR (this has to be near δx, by above arguments) satisfies
σ(x,R) = 0. This can happen only if R = δx. This implies that if we start with a
Q(0) weakly close to δx, then Q(t) converges weakly to δx as t → ∞.
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4.5 Stability of global evolutionarily robust strategies

We establish now a new result concerning global ERS.

Theorem 4.7. Let P ∈ Δ, ΩP = {R ∈ Δ : σ(P,R) = 0}, and ΣP = {R ∈
Δ : σ(P,R) ≥ 0}. Let Q(·) be a trajectory of the replicator dynamics (9) with
VP (Q(0)) < ∞. If, in addition, Q(t) ∈ ΣP for all t large enough, then, ΩP

contains all the weak ω-limit points of the trajectory Q(t).

Proof. Let t0 ≥ 0 be such that

Q(t) ∈ ΣP ∀t ≥ t0.

From the proof of Theorem 4.4, it follows that, for t ≥ t0

VP (Q(t)) = VP (Q(t0)) −
∫ t

t0

σ(P,Q(s)) ds.

In particular,

sup
t≥t0

[∫ t

t0

σ(P,Q(s)) ds
]

≤ VP (Q(t0)) < ∞.

If, after time t0, the trajectory Q(·) lies in ΣP , then the map

[t0,∞) � t �→
∫ t

t0

σ(P,Q(s)) ds

is nondecreasing, and hence has to converge to a finite number, as t → ∞. Since

s �→ σ(P,Q(s))

is Lipschitz continuous, it follows that

lim
s→∞

σ(P,Q(s)) = 0.

Now
R �→ σ(P,R)

is weakly continuous, and hence, for any weak limit pointQ of the trajectoryQ(·),

σ(P,Q) = 0.

The next result is an immediate consequence of Theorem 4.7, since then ΩP =
{P} and ΣP = Δ:

Theorem 4.8. Let P ∈ Δ be a global evolutionarily robust strategy. LetQ(·) be
a trajectory of the replicator dynamics (9) with VP (Q(0)) < ∞. Then, as t → ∞,
the trajectory Q(t) converges weakly to P .
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5 Examples

In any area of mathematical research, the importance of ample analytical examples
cannot be overemphasized. To the best of our knowledge, there is no nontrivial
(that is, non-Dirac) examples of evolutionary robust strategies, in the literature, at
least with a continuous fitness functionu. We provide here, two such examples: one
is a convex combination of Diracs, and the other one has density w.r.t. Lebesgue
measure.

5.1 Example 1

We take K = [0, 1]. Let λ ∈ (0,∞), and u(x, y) = max{x − y, λ(y − x)}. For
convenience, let α = λ

1+λ , β = 1
1+λ .6 ‘ Let δ0 and δ1 denote the Dirac measures

concentrated at the points {0} and {1}, respectively.
We claim the following.

Theorem 5.1. The strategy P = αδ0 + βδ1 is globally superior.

Proof. The rest of this subsection is devoted to the proof of that theorem.
For any 0 ≤ x ≤ 1,

u(x, 0) = x, and u(x, 1) = λ(1 − x).

Therefore, for P = αδ0 + βδ1 and 0 ≤ x ≤ 1,

u(x, P ) = αu(x, 0) + βu(x, 1)

= αx+ βλ(1 − x)

= α.

This implies that P ∈ ΔNE and BR(P ) = Δ; that is, all strategies gain the same
fitness α against P . Our aim is to show that

σ(P,R) = u(P,R) − u(R,R) > 0 ∀R ∈ Δ \ {P}. (12)

Since for each 0 ≤ y ≤ 1, the map x �→ u(x, y) is convex, it follows that, for
every R ∈ Δ, the map x �→ u(x,R) is also convex. As a result, the function

[0, 1] � x �→ u(x,R)

attains its maximum at either x = 0 or x = 1.
We denote R({x}) by R(x). We also denote the “average value” of R as

[R] :=
∫

[0,1]
xR(dx).

6Notice that it would be equivalent to start with two positive numbers α and β = 1−α and
to set u(x, y) = max{α(y − x), β(x− y)}.
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For 0 ≤ x ≤ 1,

u(0, x) = λx, and u(1, x) = 1 − x.

This gives

u(0, R) = λ[R], and u(1, R) = 1 − [R].

For this reason, u(0, R) = u(1, R) (resp. u(0, R) < u(1, R), u(0, R) > u(1, R))
iff [R] = β (resp. [R] < β, [R] > β).

It is also true that

[R] ≤ 1 −R(0), ∀R ∈ Δ,

with equality iff R(0) +R(1) = 1.
We prove (12) by considering several cases.

Case 1: R(0) > α.
In this case, α < 1 − [R], and so u(0, R) < u(1, R). Because of this, u(·, R)
attains maximum at x = 1. Now

u(R,R) = R(0)u(0, R) +
∫
(0,1] u(x,R)R(dx)

≤ R(0)u(0, R) + (1 −R(0))u(1, R)

< αu(0, R) + βu(1, R)

= u(P,R).

Case 2: R(0) = α.
For R �= P , we must have R((0, 1)) > 0, and hence R(1) < β. Furthermore,
[R] < β. Therefore, u(0, R) < u(1, R). The convexity of u(·, R) now yields, for
0 < x < 1,

u(x,R) ≤ (1 − x)u(0, R) + xu(1, R)

< u(1, R).

This implies that

u(R,R) = R(0)u(0, R) +
∫
(0,1] u(x,R)R(dx)

< R(0)u(0, R) + (1 −R(0))u(1, R)

= αu(0, R) + βu(1, R)

= u(P,R).

Case 3: R(0) < α and R(1) > β.
In this case, [R] > β. Hence, u(0, R) > u(1, R), and so u(·, R) attains maximum
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at x = 0. Now

u(R,R) = R(1)u(1, R) +
∫
[0,1) u(x,R)R(dx)

≤ R(1)u(1, R) + (1 −R(1))u(0, R)

= u(1, R) + (1 −R(1))[u(0, R) − u(1, R)]

< u(1, R) + α[u(0, R) − u(1, R)]

= αu(0, R) + βu(1, R)

= u(P,R).

Case 4: R(0) < α and R(1) = β.
In this case,R((0, 1)) > 0 and [R] > β. This yields u(0, R) > u(1, R) and x = 0
is the maximizer of u(·, R). Now, as in Case 2, u(x,R) < u(0, R) for 0 < x < 1,
and

u(R,R) = R(1)u(1, R) +
∫
[0,1) u(x,R)R(dx)

< R(1)u(1, R) + (1 −R(1))u(0, R)

= αu(0, R) + βu(1, R)

= u(P,R).

Case 5: R(0) < α and R(1) < β.
Define the numbers x0 = x0(R), x1 = x1(R) as

x0 := inf{x ∈ [0, 1] : R([0, x]) ≥ α},
x1 := sup{x ∈ [0, 1] : R([x, 1]) ≥ β}.

Clearly, x0 > 0 and x1 < 1. Furthermore, R([0, x0]) ≥ α and R([x1, 1]) ≥ β.
However, we have more. More precisely, x0 ≤ x1. To see this, let x0 > x1. Now
for x0 > x > x1,

R([0, x]) < α and R([0, x)) > α.

This is a contradiction. Thus, 0 < x0 ≤ x1 < 1.

We first consider the case x0 < x1. In this case, we must have

R([0, x1]) = α and R([x1, 1]) = β,

and hence, R((x0, x1)) = 0.
We now define

a :=
∫

[0,x0]
xR(dx) and b :=

∫
[x1,1]

(1 − x)R(dx).
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Note that a and b cannot vanish at the same time (a = b = 0 would imply that
1 = R(0) +R(1) < α+ β = 1, a contradiction). Moreover, for x ∈ (x0, x1), we
have

u(x,R) =
∫
[0,x0]

(x− y)R(dy) +
∫
[x1,1] λ(y − x)R(dy)

=
∫
[0,x0]

(x− y)R(dy) + λ
∫
[x1,1][(1 − x) − (1 − y)]R(dy)

= xR([0, x0]) + λ(1 − x)R([x1, 1]) − a− λb

= αx+ λβ(1 − x) − a− λb

= α− a− λb.

In particular,
u(x0, R) = u(x1, R) = α− a− λb.

Similar calculations also yield

u(0, R) = α+ λa− λb, u(1, R) = α− a+ b.

We now use the convexity of u(·, R) to get

u(x,R) ≤
{
u(0, R) − x

x0
[u(0, R) − u(x0, R)] ; 0 ≤ x ≤ x0

u(1, R) − 1−x
1−x1

[u(1, R) − u(x1, R)] ; x1 ≤ x ≤ 1.

Integrating u(·, R) w.r.t. the probability measure R, using the above calculations,
yield

u(R,R) ≤ αu(0, R) + βu(1, R) − a
x0

[u(0, R) − u(x0, R)]−
b

1−x1
[u(1, R) − u(x1, R)]

= u(P,R) − a
x0

(1 + λ)a− b
1−x1

(1 + λ)b

= u(P,R) − (1 + λ)[ a2

x0
+ b2

1−x1
]

< u(P,R).

Finally, when x0 = x1, we let r0 := R(x0), and let γ ∈ [0, 1] such that

R([0, x0)) = α− γr0, and R((x1, 1]) = β − (1 − γ)r0.

Define now

a =
∫

[0,x0)
xR(dx)+x0γr0, and b =

∫
(x0,1]

(1−x)R(dx)+(1−x0)(1−γ)r0.

Now we can proceed as above to complete the proof. �
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5.2 Example 2

Let again K = [0, 1] and P , the Lebesgue measure on [0, 1]. For n = 1, 2, . . ., let

fn(x) := cos(nπx).

Let an > 0 for all n, and
∑∞

n=1 an < ∞, g be any continuous function with
〈g, P 〉 = 0. Define

u(x, y) := g(y) −
∞∑

n=1

anfn(x)fn(y).

We claim the following.

Theorem 5.2. The Lebesgue measure P is a globally superior strategy.

Proof. The rest of this subsection is devoted to the proof of that theorem.
Clearly, 〈fn, P 〉 = 0 for all n, and so u(P,R) = 〈g,R〉 for every R ∈ Δ. Now

u(R,R) = 〈g,R〉 −
∞∑

n=1

an|〈fn, R〉|2.

This gives

u(P,R) − u(R,R) =
∞∑

n=1

an|〈fn, R〉|2.

This is obviously nonnegative, and vanishes iff

〈fn, R〉 = 0 = 〈fn, P 〉 ∀n = 1, 2, . . . .

This can happen iff

〈f,R〉 = 〈f, P 〉

for all continuous functions f on [0, 1] (because any continuous function can
be approximated pointwise by a finite linear combination of fn’s). Therefore,
R = P . �

Acknowledgements

A.J. Shaiju gratefully acknowledges post-doctoral fellowship from the Ministry of
Research, France. He is currently at school of ITEE, UNSW@ADFA, Canberra,
ACT 2600, Australia.



Evolutionarily Robust Strategies 395

References

[1] I. M. Bomze and B. M. Potscher Game Theoretical Foundations of Evolu-
tionary Stability, Springer, Berlin, 1989.

[2] I. M. Bomze “Dynamical aspects of evolutionary stability”, Monatsh. Math.,
110 (1990), 189-206.

[3] I. M. Bomze “Cross entropy, minimization in uninvadable states of complex
populations”, J. Math. Biol., 30 (1991), 73–87.

[4] J. Hofbauer, P. Schuster and K. Sigmund “A note on evolutionary stable
strategies and game dynamics”, J. Theor. Biol., 81 (1979), 609–612.

[5] J. Hofbauer and K. Sigmund Evolutionary Games and Population Dynamics,
Cambridge University Press, Cambridge, 1998.

[6] J. Maynard Smith and G. R. Price “The logic of animal conflict”, Nature,
246 (1973), pp. 15–18.

[7] J. Maynard Smith “The theory of games and the evolution of animal con-
flicts”, J. Theor. Biol., 1974

[8] J. Maynard Smith Evolution and the Theory of Games, Cambridge University
Press, Cambridge, 1982.

[9] J. Oechssler and F. Riedel “On the dynamic foundation of evolutionary sta-
bility in continuous models”, J. Economic Theory, 107 (2002), 223–252.

[10] A. N. Shiryaev Probability, 2nd ed, Springer, New York, 1995.

[11] P. D. Taylor and L. B. Jonker “Evolutionarily stable strategies and game
dynamics”, Math. Biosci., 40 (1978), 145–156.

[12] G. T. Vickers and C. Cannings “On the definition of an evolutionarily stable
strategy.” J. Theor. Biol., 129 (1987), pp. 349–353.

[13] J. W. Weibull Evolutionary Game Theory, MIT Press, Cambridge, 1995.

[14] E. Zeeman “Dynamics of the evolution of animal conflicts”, J. Theor. Biol.,
89 (1981), pp. 249–270.



Nash Equilibrium in a Game Version

of the Elfving Problem
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Abstract
Multi-person stopping games with a finite and infinite horizon, players’

priorities, and observed rewards at jump times of a Poisson process are con-
sidered. The existence of a Nash equilibrium is proved and its explicit form is
obtained for special classes of reward sequences. Our game is a generalization
of the Elfving stopping time problem to the case of many players and modifi-
cation of multi-person stopping games with priorities.

Key words. Stopping game, Nash equilibrium, Elfving problem, Poisson
process.

AMS Subject Classifications. 60G40, 91A60.

1 Introduction

Suppose that there arem companies that are searching for a project to realize. The
companies are ordered according to the quality of their products; the ordering is
referred to as priority so that 1 refers to the best company andm to the worst. Each
company wishes to accept one project, which gives the highest possible reward.
On the market one observes a sequence of projects with values Xn = Ynr(τn),
n = 1, 2, 3, ..., which appear at times τn of jumps of a Poisson process and r is a
discount function. The value Xn is interpreted as a company’s reward.

We will formulate the problem as an m-person stopping game with priorities
in which random offers are presented at jump times of a homogeneous Poisson
process. An optimal selection strategy is, by definition, a Nash equilibrium point
of the game.

Another application of the game concerns business lines. Let us assume that
there arem players and each of them has one business line which transfers money.
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The business lines are ordered according to their quality. As previously mentioned,
we can associate a priority with each line. On the market there are customers who
want to transfer money. The customers appear sequentially at times τn. The n-th
customer who transfers the value Yn at τn yields the reward Ynr(τn) to the player.
Each player wishes to transfer as much money as possible but is allowed to make
only one transfer of money.

The game is a generalization, to the case of several players, of the optimal stop-
ping time problem formulated and solved first by Elfving [3], later considered
also by Siegmund [14]. Stadje [15] considered the optimal multi-stopping time
problem in the Elfving setting, in which the final reward is the sum of selected
discounted random variables. Enns and Ferenstein [4] investigated the two-person
nonzero-sum stopping game with priorities such that the rewards are observed at
jump times of a Poisson process. The player who selects, in a sequential way with
priority constraints, a random variable which is larger than the one selected by his
opponent wins 1, otherwise 0. So the aim of each player is to maximize the prob-
ability of selecting the larger random variable. Priority means that if both players
decide to select the observation just presented, the player with the higher priority
gets it. Saario and Sakaguchi [10] considered multi-stopping best choice games
with offers observed also at times of successive jumps of a Poisson process and
with priority constraints. The players’ final rewards were maxima of their selected
offers. Porosiński and Szajowski [9] considered a two-person best choice full infor-
mation problem with imperfect observations in a similar continuous time setting.
Kurano, Nakagami and Yasuda [8] also considered a game variant of a stopping
problem for jump processes. General models of multi-person discrete-time games
with priorities were analyzed in Ferenstein [6], [7], Enns and Ferenstein [5], and
Sakaguchi [13]. Dixon [2] considered three kinds of games with Poisson streams
of offers consisting of independent and identically distributed random variables
having the uniform distribution on [0, 1]. The games had different reward struc-
tures. A sequential game with player’s random priority played over two Poisson
streams was investigated by Sakaguchi [11]. He obtained simultaneous differen-
tial equations for the equilibrium values of the game. Another kind of two-person
game with a Poisson stream of offers is presented in Sakaguchi [12]. In that game
the players have equal weights, that is, if both players want to accept the same
reward, a lottery is used to ensure that each player can get it with probability 1

2 .
In this paper we formulate the game model, and obtain results on existence of a

Nash equilibria and Bellmann equations.

2 One-person game—the Elfving problem

In this section we recall the Elfving stopping time problem. The basic assump-
tions and notations follow those of Chow et al. [1]. Let (Ω,F , P ) denote a basic
probability space on which all random objects are considered. Let Y1, Y2, ... be
independent, nonnegative random variables with common piecewise continuous
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distribution functionF and meanμ ∈ (0,∞). Let 0 < τ1 < τ2 < ... be jump times
of a homogeneous Poisson process N(t), t ≥ 0, with intensity λ = 1 and τ0 = 0.

The random variables Y1, Y2, ... are interpreted as the rewards observed succes-
sively by one player at times τ1, τ2, .... We assume that the sequences {Yn}, {τn}
are independent. Furthermore, we are given a discount function r : [0,∞) → [0, 1]
which is non-increasing, continuous from the right, and r(0) = 1, r(U) = 0,
where U is finite or infinite, and∫ ∞

0
r(u)du < ∞.

Xn = Ynr(τn) is the reward for the player who accepts Yn at time τn on the basis
of observations Y1, ..., Yn, τ1, ..., τn. Hence, Fn := σ(Y1, ..., Yn, τ1, ..., τn) is the
σ-field of the observed events till time τn. Let Λ denote the set of discrete stopping
(selection) rules with respect to {Fn}; that means σ ∈ Λ iff {σ = n} ∈ Fn. Let
us recall that an optimal stopping rule σ̂ ∈ Λ maximizes the player’s mean reward
in Λ, that is,

sup
σ∈Λ

E[Xσ] = E[Xσ̂].

Putting Zn = (Yn, τn), we see that we are in a homogeneous Markov case.
Let V1,1(u) be the optimal mean reward for stopping the sequence {Ynr(u +

τn)}, u ∈ [0, U). Let us set

y1,1(u) =
V1,1(u)
r(u)

if 0 ≤ u < U. (1)

If u ≥ U , then y1,1(u) = 0. Let us define the stopping rules

σ1 = inf{n ≥ 1 : Yn ≥ y1,1(τn)},

σ1(u) = inf{n ≥ 1 : Yn ≥ y1,1(u+ τn)}.

Note that σ1 = σ1(0) = σ̂ is the optimal stopping rule for the reward sequence
{Xn}. Set

G(y) = 1 − F (y), (2)

H(y) =
∫ ∞

y

y′dF (y′), (3)

f1,u(v) = P (τσ1(u) > v).

Elfving obtained the formula (see Chow [1], pp. 114-115)

f1,u(v) = exp
[

−
∫ u+v

u

G(y1,1(v′))dv′
]
. (4)
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Hence, one derives the optimal mean reward:

y1,1(u)r(u) = V1,1(u) =
∫ U

u

r(v)H(y1,1(v)) exp
[

−
∫ v

u

G(y1,1(v′))dv′
]
dv.

(5)
Differentiating both sides of (5) with respect to u we obtain

d

du
[r(u)y1,1(u)] = −r(u)[H(y1,1(u)) − y1,1(u)G(y1,1(u))]. (6)

The theorem below answers the question how to find the optimal mean reward
and optimal stopping rule.

Theorem 2.1. (i) A piecewise continuous function ỹ(·) satisfies (5) if and only
if ỹ(·) satisfies (6) and r(u)ỹ(u) → 0 as u → U .
(ii) If ỹ(·) satisfies (5) on [0, U) and ỹ(·) = 0 on [U,∞), then ỹ(·) = y1,1(·) in
(1), that is, it determines V1,1(·) and

σ1 = inf{n ≥ 1 : Yn ≥ ỹ(τn)}.

Proof. See Chow [1], pp. 115-117. �

Remark 2.1. V1,1(0) is the optimal mean reward and τσ1(0) is the time of optimal
selection for the player.

Remark 2.2. Note that

V1,1(u) = E(R1
σ1(u)),

where R1
σ1(u) is the reward corresponding to the stopping rule σ1(u):

R1
σ1(u) = Yσ1(u)r(u+ τσ1(u)).

3 Model of the m-person game

In this section we present a generalization of the Elfving stopping time problem
to the case of a multi-person, multi-stopping game. Suppose that there are m > 1
ordered players who sequentially observe rewards Yn at times τn, n = 1, 2, ....
Players’ indices 1, 2, ...,m correspond to their ordering (ranking) called priority
so that 1 refers to the player with the highest priority andm to the lowest one. Each
player is allowed to obtain one reward at time of its appearance on the basis of the
past and current observations and taking into account the players’ priorities. More
precisely, Player i, say, who has just decided to make a selection at τn gets the
reward Ynr(τn) if and only if he has not obtained any reward before and there is no
player with higher priority (lower order) who has also decided to take the current
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reward. As soon as the player gets the reward he quits the game. The remaining
players select rewards in the same manner, their priorities remain as previously.

Now we will define the game in a normal form. As before, Λ is the set of stopping
rules with respect to {Fn}. Let Si denote Player i’s strategy set, i = 1, ...,m. We
define si = (si

1, s
i
2, ..., s

i
m) ∈ Si if si

j ∈ Λ, j = 1, ...,m, and si
1 ≤ si

2 ≤ ... ≤ si
m

a.s. To define the players’ rewards under the game strategy s = (s1, s2, ..., sm) ∈
S1 × S2 × ... × Sm we will need more notation. Let σ1 = min{s11, ..., sm

1 }
determine the first selection at time τσ1 . The rewardXσ1 is obtained by Player L1,
where L1 = min{j : sj

1 = σ1, j ∈ {1, ...,m}}, because of the assumed priorities.
The second selection is made at τσ2 , where σ2 = min{sj

2 : j �= L1}, by Player
L2, L2 = min{j : sj

k = σ2, j �= L1}. Similarly, we define the k-th selection,
2 < k ≤ m. Let σk = min{sj

k : j �= L1, L2, ..., Lk−1}, Lk = min{j : sj
k =

σk, j �= L1, L2, ..., Lk−1}. At time τσk
Player Lk obtains the reward Xσk

. Under
the game strategy s = (s1, ..., sm), the reward for Player j, j = 1, ...,m, is

Rj(s) =
m∑

k=1

Xσk
I(Lk = j),

and the mean reward is V j(s) = E(Rj(s)), where I(A) is the indicator function
of the event A. Let us recall that the game strategy ŝ = (ŝ1, ŝ2, ...ŝm) ∈

∏m
j=1 Sj

is a Nash equilibrium strategy if for any strategy s = (s1, s2, ..., sm) ∈
∏m

j=1 Sj

we have
V j(ŝ) ≥ V j(ŝ−i, si), for j = 1, 2, ...,m.

Using the results of Stadje [15] on existence of optimal k stopping rules in the
Poisson arrival setting and the results of Ferenstein [6], [7] on existence of a Nash
equilibrium for stopping games with priorities in the discrete time case we conclude
that there exists a Nash equilibrium strategy of the game (S1×...×Sm, V1, ..., Vm).
In the next section we describe the optimal behavior of the players corresponding
to a Nash equilibrium.

From now on we will denote by σm,k(u), τσm,k(u), and Vm,k(u), respectively,
the optimal stopping rule, the time of the optimal stopping selection and the optimal
mean reward of the player with priority k in the case where there arem players in
the game which starts at time u, u ≥ 0. Form = k = 1 we have σ1,1(u) = σ1(u).

3.1 Optimal mean reward for player with the lowest priority

Let Vm,m(u) be the optimal mean reward for the player with the lowest priority,
where m = 2, 3, .... Let us note that

V1,1(u) ≥ V2,2(u) ≥ ... ≥ Vm,m(u). (7)

Let us define the rule of the first stopping by one of the players in the m-person
game:

σm(u) = inf{n ≥ 1 : Ynr(u+ τn) ≥ Vm,m(u+ τn)}, u ≥ 0,
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which may be rewritten as

σm(u) = inf
{
n ≥ 1 : Yn ≥ ym,m(u+ τn)

}
,

where we have set

ym,m(u) =
Vm,m(u)
r(u)

if 0 ≤ u < U. (8)

If u ≥ U , then ym,m(u) = 0. Let us note that

σ1(u) ≥ σ2(u) ≥ ... ≥ σm(u). (9)

The inequalities (7) can be rewritten as follows:

y1,1(u) ≥ y2,2(u) ≥ ... ≥ ym,m(u), (10)

where

yi,i(u) =
Vi,i(u)
r(u)

for i = 1, 2, ...,m.

Let σm,m(u) be the optimal stopping rule for Playerm. If σm(u) is not optimal for
Players 1, ...,m− 1 (it is not profitable for Players 1, ...,m− 1 to stop at τσm(u)),
then σm,m(u) = σm(u). On the other hand, if it is profitable for one of Players
1, ...,m−1 to stop, then Playerm cannot stop and he will have the lowest priority
in the m− 1-person game starting at τσm(u) (his optimal stopping rule is greater
than σm(u)). Hence, his optimal selection is made according to the stopping rule
σσm

m−1,m−1(u). Therefore, his optimal stopping rule is as follows:

σm,m(u) =
{
σm (u) if σm−1(u) > σm(u)
σσm

m−1,m−1(u) if σm−1(u) = σm(u). (11)

The stopping ruleσσm
m−1,m−1(u)will be found by recursion. The following notation

will be convenient:

σt
i(u) = inf{n > t : Ynr(u+ τn) ≥ Vi,i(u+ τn)}. (12)

σt
i(u) is the optimal rule of the first selection after time t, t ≥ 0, in the i-person

game. Let
Am

m(u) = σm(u),

Am
k (u) = inf{n > Am

k+1(u) : Ynr(u+ τn) ≥ Vk,k(u+ τn)},

for k = m− 1, ..., 1. We will omit u in Am
k (u) to simplify the notation. Note that

Am
m−1 = σσm

m−1(u).



Nash Equilibrium in a Game Version of the Elfving Problem 405

Let us denote additionally

σ
Am

3
2,2 (u) =

⎧⎪⎨⎪⎩
σ

Am
3

2 (u) if σ
Am

3
1 (u) > σ

Am
3

2 (u)

σ
σ

Am
3

2
1,1 (u) if σ

Am
3

1 (u) = σ
Am

3
2 (u),

which can be rewritten as follows:

σ
Am

3
2,2 (u) =

⎧⎪⎨⎪⎩
Am

2 if σ
Am

3
1 (u) > σ

Am
3

2 (u)

σ
Am

2
1,1 (u) if σ

Am
3

1 (u) = σ
Am

3
2 (u).

Let us define by recursion for k = 2, 3, ...,m− 1 the stopping rules

σ
Am

k+1
k,k (u) =

⎧⎪⎨⎪⎩
σ

Am
k+1

k (u) if σ
Am

k+1
k−1 (u) > σ

Am
k+1

k (u)

σ
Am

k

k−1,k−1(u) if σ
Am

k+1
k−1 (u) = σ

Am
k+1

k (u),

which may be rewritten as

σ
Am

k+1
k,k (u) =

⎧⎪⎨⎪⎩
Am

k if σ
Am

k+1
k−1 (u) > σ

Am
k+1

k (u)

σ
Am

k

k−1,k−1(u) if σ
Am

k+1
k−1 (u) = σ

Am
k+1

k (u).

The above procedure allows us to determine σσm
m−1,m−1(u). Let us note that

σm−1(u) = σm(u) iff Yσm(u)r(u+ τσm(u)) ≥ Vm−1,m−1(u+ τσm(u)),

σm−1(u) > σm(u) iff Yσm(u)r(u+ τσm(u)) < Vm−1,m−1(u+ τσm(u)).

We set
fm,u(v) = P (τσm(u) > v).

Considerations similar to those in Elfving [3] yields

fm,u(v) = exp
[

−
∫ u+v

u

G(ym,m(v′))dv′
]
. (13)

Now we will derive the equation for the optimal mean reward of Player m,

Vm,m(u) = E(Rm
σm,m(u)),

where Rm
σm,m(u) is the reward of Player m under the optimal stopping rule

σm,m(u), that is,

Rm
σm,m(u) =

{
Yσm(u)r(u+ τσm(u)) if σm−1(u) > σm(u)
Vm−1,m−1(u+ τσm(u)) if σm−1(u) = σm(u).
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We have

Vm,m(u) = E
[
Yσm(u)r(u+ τσm(u))I(Yσm(u) < ym−1,m−1(u+ τσm(u)))

+Vm−1m−,1(u+ τσm(u))I(Yσm(u) ≥ ym−1,m−1(u+ τσm(u)))
]

= E

[
E
[
Yσm(u)r(u+ τσm(u))I(Yσm(u) < ym−1,m−1(u+ τσm(u)))

+Vm−1,m−1(u+ τσm(u))I(Yσm(u) ≥ ym−1,m−1(u+ τσm(u)))|τσm(u), σm(u)
]]
.

Let us note that the conditional distribution of Yσm(u) given τσm(u), σm(u) is the
same as the conditional distribution of Y given {Y ≥ ym,m(u+ τσm(u))}, where
Y, τσm(u) are independent and Y has the distribution functionF . Hence, using (10)
we have

Vm,m(u) =
∫ U−u

0

r(u+ v)
∫ ym−1,m−1(u+v)

ym,m(u+v) ydF (y)

G(ym,m(u+ v))
(−f ′

m,u(v))dv

+
∫ U−u

0

Vm−1,m−1(u+ v)
∫∞

ym−1,m−1(u+v)∨ym,m(u+v) dF (y)

G(ym,m(u+ v))
(−f ′

m,u(v))dv.

Set

Em,m(u, ṽ) = exp
[

−
∫ ṽ

u

G(ym,m(v′))dv′
]
.

Using the formula (13) we have

Vm,m(u) =
∫ U−u

0
r(u+ v)

∫ ym−1,m−1(u+v)

ym,m(u+v)
ydF (y)Em,m(u, u+ v)dv

+
∫ U−u

0
Vm−1,m−1(u+ v)

∫ ∞

ym−1,m−1(u+v)
dF (y)Em,m(u, u+ v)dv.

Now a change of variable gives

Vm,m(u) =
∫ U

u

r(ṽ)[H(ym,m(ṽ)) −H(ym−1,m−1(ṽ))]Em,m(u, ṽ)dṽ

+
∫ U

u

Vm−1,m−1(ṽ)[1 − F (ym−1,m−1(ṽ))]Em,m(u, ṽ)dṽ. (14)

Differentiating (14) with respect to u and using (8) we obtain the following equa-
tion:

d

du
Vm,m(u) =

d

du
[r(u)ym,m(u)]
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= r(u)
(
G(ym,m(u))ym,m(u) −H(ym,m(u)) +H(ym−1,m−1(u))

)
−Vm−1,m−1(u)[1 − F (ym−1,m−1(u))], (15)

where 0 ≤ u < U .

Remark 3.1. Equation (15) is a first-order non-linear differential equation which
can be solved numerically with the condition

r(u)ym,m(u) → 0 as u → U.

Remark 3.2. σm,m(0) is the optimal stopping rule for Player m, τσm,m(0) is
the time of his optimal selection and Vm,m(0) is his optimal mean reward, where
m = 2, 3, ....

As in the Elfving problem, we get the solution of equation (14) from (15) because
of the following theorem.

Theorem 3.1. (i) A piecewise continuous function ỹ(·) satisfies (14) if and only
if ỹ(·) satisfies (15) and r(u)ỹ(u) → 0 as u → U .
(ii) If ỹ(·) satisfies (14) on [0, U) and ỹ(·) = 0 on [U,∞), then ỹ(·) = ym,m(·)
in (8), that is, it determines Vm,m(·) and

σm(0) = inf{n ≥ 1 : Yn ≥ ỹ(τn)}.

3.2 Optimal mean rewards of remaining players

We will show that σm,k(u) = σk,k(u) for eachm, where k is the player’s priority
(k-th rank, where 1 refers to the highest priority), k = 1, 2, ...,m − 1. As a
consequence, we will have Vm,k(u) = Vk,k(u). The mean reward Vm,m(u) is
found separately.

We will show by induction with respect to m, m = 2, 3, ..., that σm,k(u) =
σk,k(u) and Vm,k(u) = Vk,k(u) for k = 1, ...,m− 1.

The statements of the theorems below are intuitively clear. Player k’s decision is
not influenced by decisions of players with lower priorities. In the case of discrete
time and finite horizon and general reward structures these theorems were proved
in Enns and Ferenstein [5]. Sakaguchi [13] considered a game version of the no-
information best-choice problem, with players’ priorities and discrete observation
time. The theorems below generalize the results of Enns and Ferenstein [5] and
Sakaguchi [13] to the case of Poisson-arriving offers and a random number of
offers, which is a consequence of introducing of a discount function.

The proofs of the following theorems appear in the Appendix.

Theorem 3.2. The optimal stopping rule for Player 1 in the m-person game
starting at u ≥ 0, m = 2, 3, ..., is the optimal stopping rule of the one-player
game, that is,

∀u ≥ 0 σm,1(u) = σ1(u).
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Theorem 3.3. The optimal stopping rule for Player k, k = 2, 3, ...,m − 1, in
the m-person game starting at u ≥ 0, m = 3, 4, ..., is the optimal stopping rule
of the player with the lowest priority in the k-person game:

∀u ≥ 0 σm,k(u) = σk,k(u).

As a result, the optimal mean reward of Player k, k = 1, 2, ...,m − 1, in the m-
person game is

Vm,k(u) = E(Rk
σm,k(u)) = E(Rk

σk,k(u)) = Vk,k(u),

where Rk
σm,k(u) is the reward of Player k,

Rk
σm,k(u) = Rk

σk,k(u),

where

Rk
σk,k(u) =

{
Yσk(u)r(u+ τσk(u)) if σ1(u) ≥ ... ≥ σk−1,k−1(u) > σk,k(u)
Vk−1,k−1(u+ τσk(u)) if σ1(u) ≥ ... ≥ σk−1,k−1(u) = σk,k(u).

Remark 3.3. From Theorems 3.2 and 3.3 we can get by recursion the optimal
mean rewards for Player k, k = 1, ...,m− 1, in the m-person game.

Remark 3.4. σm,k(0) is the optimal stopping rule for Player k, τσm,k(0) is the
time of his optimal selection and Vm,k(0) is his optimal mean reward, where
k = 1, 2, ...,m.

4 Conclusion and example

4.1 Non-homogeneous Poisson process

Instead of the game with a homogeneous Poisson process we can consider the
model with a non-homogeneous Poisson process with intensity function p(u). (See
Chow [1], pp. 113-114.) It is sufficient to apply the transformation of the time scale

ũ =
∫ u

0
p(u′)du′,

which is a 1 − 1 map of the positive u-axis into the finite or infinite interval

0 ≤ ũ ≤ Ũ =
∫ ∞

0
p(u′)du′.
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4.2 Example

We will consider the three-person game. Let {Yi} be the sequence of iid r.v’s with
the exponential distribution with mean 1. Assume that r(u) = 1 for u ∈ [0, U)
and 0 otherwise. Then, F (y) = 1 − exp(−y), G(y) = exp(−y), H(y) = (y +
1) exp(−y). The differential equation (6) becomes

dy1,1(u)
du

= − exp(−y1,1(u)). (16)

Solving Eq. (16) with the boundary condition y1,1(U) = 0 we get V1,1(u) =
y1,1(u) = ln(1+U−u). Hence, the optimal mean reward is V1,1(0) = ln(1+U).
Equation (15) with V1,1(u) as above becomes

d

du
y2,2(u) = − exp(−y2,2(u)) +

1
1 + U − u

.

Hence, using the boundary condition y2,2(U) = 0 we get

y2,2(u) = ln
(2 + 2U + U2 − 2u− 2Uu+ u2

2(1 + U − u)

)
and the optimal reward

V2,2(0) = y2,2(0) = ln
(2 + 2U + U2

2(1 + U)

)
.

Using Theorem 3.2 for m = 2 and u = 0 we get V2,1(0) = V1,1(0) = y1,1(0) =
ln(1 + U). In a similar way, we obtain V3,3(u). Note that y3,3(u) satisfies the
equation

d

du
y3,3(u) = − exp(−y3,3(u)) +

2(1 + U − u)
2 + 2U + U2 − 2u− 2Uu+ u2

with the boundary condition y3,3(U) = 0. Hence,

y3,3(u) =

ln

(
−6u− 6Uu− 3U2u+ 3u2 + 3Uu2 − u3 + 6 + 6U + 3U2 + U3

3(2 + 2U + U2 − 2u− 2Uu+ u2)

)
.

Therefore, the optimal mean reward for Player 3 is

V3,3(0) = y3,3(0) = ln

(
6 + 6U + 3U2 + U3

3(2 + 2U + U2)

)
.

Using Theorems 3.2 and 3.3 for m = 3 and u = 0, we get the optimal mean
rewards for Players 1 and 2, respectively:

V3,1(0) = V1,1(0) = ln(1 + U),
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Figure 1: The optimal mean rewards for the players in the three-person game.

V3,2(0) = V2,2(0) = ln

(
2 + 2U + U2

2(1 + U)

)
.

The graphs of the optimal mean rewards V3,i(u) are displayed in Fig. 1.

5 Appendix

The proofs below use induction.

5.1 Proof of Theorem 3.2

Proof. 1. Letm = 2. It is easy to see that the player with the highest priority will
stop according to the rule σ2(u) (at time τσ2(u)) if σ1(u) = σ2(u) and according
to the rule σσ2

1 (u) (at time τσσ2
1 (u)) if σ1(u) > σ2(u). Hence, his optimal stopping

rule is

σ2,1(u) =
{
σ2(u) if σ1(u) = σ2(u)
σσ2

1 (u) if σ1(u) > σ2(u).
(17)

Therefore, for each u ≥ 0, we have σ2,1(u) = σ1(u).
2. Let m > 2 and assume that

∀u ≥ 0 σm−1,1(u) = σm−2,1(u) = ... = σ1,1(u) = σ1(u).

We will show σm,1(u) = σ1(u). By the definition (12) we have

σσm
1 (u) = σ1(u) if σ1(u) > σm(u).

From the induction assumption we have

σσm
m−1,1(u) = σσm

1 (u). (18)
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Hence,
σσm

m−1,1(u) = σσm
1 (u) = σ1(u) if σ1(u) > σm(u), (19)

where σσm
m−1,1(u) is the optimal stopping rule greater than σm(u) of the player

with the highest priority in the m− 1-person game. Let us note that two cases are
possible:

(i) σ1(u) = σm(u),
(ii) σ1(u) > σm(u).

In case (i), σm(u), the first selection rule, coincides with the optimal selection rule
in the one-player game; so it is clear that Player 1 makes the first selection. In case
(ii), it is not profitable for Player 1 to stop, so after the first selection according to
σm(u) (after time τσm(u)) we have them− 1-person game and Player 1 keeps the
highest priority. Hence,

σm,1(u) =
{
σm (u) if σ1(u) = σm(u)
σσm

m−1,1(u) if σ1(u) > σm(u).

Hence, using (19) we have σm,1(u) = σ1(u). �

5.2 Proof of Theorem 3.3

Proof. 1. Proof for m = 3. We will find the optimal strategy σ3,2(u) of Player 2.
Three cases are possible:

(i) σ1(u) > σ2(u) = σ3(u),
(ii) σ1(u) = σ2(u) = σ3(u),

(iii) σ1(u) ≥ σ2(u) > σ3(u).
In case (i), it is not profitable for Player 1 to stop according to the rule σ3(u)
while for Players 2 and 3 it is profitable to stop, so Player 2 will stop according
to this rule. Hence, σ3,2(u) = σ3(u) in this situation. In case (ii), it is profitable
for each player to stop according to the rule σ3(u), so when Player 1 quits the
game, Player 2 will be the most privileged player in the two-person game. Hence,
σ3,2(u) = σσ3

2,1(u). In case (iii), it is profitable only for Player 3 to stop. Hence,
Player 2 will have the lowest priority in the two-person game after the selection
made by Player 3. Hence, σ3,2(u) = σσ3

2,2(u). As a consequence, we have

σ3,2(u) =

⎧⎨⎩
σ3(u) if σ1(u) > σ2(u) = σ3(u)
σσ3

2,1(u) if σ1(u) = σ2(u) = σ3(u)
σσ3

2,2(u) if σ1(u) ≥ σ2(u) > σ3(u).

Using (18) we have

σ3,2(u) =

⎧⎨⎩
σ2(u) if σ1(u) > σ2(u) = σ3(u)
σσ2

1 (u) if σ1(u) = σ2(u) = σ3(u)
σσ3

2,2(u) if σ1(u) ≥ σ2(u) > σ3(u).
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Applying the formula (11) for m = 2 we have

σ3,2(u) =
{
σ2,2(u) if σ1(u) ≥ σ2(u) = σ3(u)
σσ3

2,2(u) if σ1(u) ≥ σ2(u) > σ3(u).

Hence, σ3,2(u) = σ2,2(u).
2. Let m > 3 and assume that

∀u ≥ 0 σm−1,k(u) = σm−2,k(u) = ... = σk,k(u) for k = 2, 3, ...,m− 2.

3. We will show that the optimal strategyσm,k(u) of Playerk isσm,k(u) = σk,k(u)
for k = 2, 3, ...,m− 1. Three cases are possible:

(i) σ1(u) ≥ ... ≥ σk−1(u) > σk(u) = ... = σm(u),
(ii) σ1(u) ≥ ... ≥ σk−1(u) = σk(u) = ... = σm(u),

(iii) σ1(u) ≥ ... ≥ σk ≥ ... ≥ σi−1(u) > σi(u) = ... = σm(u)
for some i = k + 1, ...,m.

In case (i), it is not profitable for Players 1,..., k − 1 to stop according to the rule
σm(u). For Players k,...,m it is profitable to stop, so Player k will stop according
to this rule. Hence, σm,k(u) = σm(u) in this situation. In case (ii), it is profitable
for each Player k − 1, ...,m to stop according to σm(u), so when one of Players
1, ..., k − 1 quits the game, Player k will have priority k − 1 in the m− 1-person
game. Hence, σm,k(u) = σσm

m−1,k−1(u). In case (iii), it is profitable for some
Player i to stop. Hence, Player kwill have priority k in them−1-person game after
the selection made by Player i. Hence, σm,k(u) = σσm

m−1,k(u) in this situation. As
a consequence, we have

σm,k(u) =

⎧⎪⎪⎨⎪⎪⎩
σm(u) if σ1(u) ≥ ... ≥ σk−1(u) > σk(u) = ... = σm(u)
σσm

m−1,k−1(u) if σ1(u) ≥ ... ≥ σk−1(u) = σk(u) = ... = σm(u)
σσm

m−1,k(u) if σ1(u) ≥ ... ≥ σi−1(u) > σi(u) = ... = σm(u)
for some i = k + 1, ...,m.

In case (ii), we have σσm

m−1,k−1(u) = σσk

m−1,k−1(u). From the induction assump-
tion ∀u ≥ 0 σm−1,k(u) = σk,k(u) we have σσm

m−1,k(u) = σσm

k,k(u). Additionally,
we have

σσm

k,k(u) = σk,k(u) if σk(u) > σm(u).

Finally, we obtain

∀u ≥ 0 σσm

m−1,k(u) = σσm

k,k(u) = σk,k(u) if σk(u) > σm(u).

Hence,

σm,k(u) =

⎧⎪⎪⎨⎪⎪⎩
σk(u) if σ1(u) ≥ ... ≥ σk−1(u) > σk(u) = ... = σm(u)
σσk

m−1,k−1(u) if σ1(u) ≥ ... ≥ σk−1(u) = σk(u) = ... = σm(u)
σk,k(u) if σ1(u) ≥ ... ≥ σi−1(u) > σi(u) = ... = σm(u)

for some i = k + 1, ...,m.



Nash Equilibrium in a Game Version of the Elfving Problem 413

From the induction assumption ∀u σm−1,k−1(u) = σk−1,k−1(u) we get

∀u σσk

m−1,k−1(u) = σσk

k−1,k−1(u).

Hence,

σm,k(u) =

⎧⎪⎪⎨⎪⎪⎩
σk(u) if σ1(u) ≥ ... ≥ σk−1(u) > σk(u) = ... = σm(u)
σσk

k−1,k−1(u) if σ1(u) ≥ ... ≥ σk−1(u) = σk(u) = ... = σm(u)
σk,k(u) if σ1(u) ≥ ... ≥ σi−1(u) > σi(u) = ... = σm(u)

for some i = k + 1, ...,m.

Using the definition (11) for m = k we obtain

σm,k(u) =

⎧⎨⎩
σk,k(u) if σ1(u) ≥ ... ≥ σk−1(u) ≥ σk(u) = ... = σm(u)
σk,k(u) if σ1(u) ≥ ... ≥ σi−1(u) > σi(u) = ... = σm(u)

for some i = k + 1, ...,m.

Therefore, σm,k(u) = σk,k(u) for k = 2, 3, ...,m− 1. �
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(1996), Series A, 186-193.

[10] Saario V., Sakaguchi M., Multistop best choice games related to the Poisson
process, Math. Japonica 37 (1992), 41-51.

[11] Sakaguchi M., Best-choice problems with random priority on a two-Poisson
stream, Math. Japonica 36 (1991), No. 4, 731-745.

[12] Sakaguchi M., Better-than-opponent: A stopping game for Poisson-arriving
offers, Sci. Math. Japonica 56 (2002), No. 3, 457-473.

[13] Sakaguchi M., Multiperson multilateral secretary problems, Math. Japonica
34 (1989), No. 3, 459-473.

[14] Siegmund D., Some problems in the theory of optimal stopping, Ann. Math.
Statist. 38 (1967), 1627-1640.

[15] Stadje W., An Optimal k-Stopping Problem for the Poisson process, in P.
Bauer, F. Konecny and W. Wetz (eds.) Proceedings of the 6th Pannonian
Symposium on Mathematical Statistics B, Reidel, Dordrecht, (1986), 231-
244.



Cooperative Strategies in Stopping Games

David Ramsey
Department of Mathematics and Statistics

University of Limerick
Limerick, IRELAND

david.ramsey@ul.ie

Diana Cierpiał
Department of Mathematics and Computer Science

Wrocław University of Technology
Wrocław, POLAND

Abstract
This article considers a cooperative approach to 2-player stopping games.

It is assumed that the players cooperate in such a way as to maximise the sum
of their expected payoffs. Hence, the value of the game to a coalition of both
players is given by the optimal expected reward in an auxiliary problem, which
involves the double stopping of a Markov chain by an individual. The value
of the game is defined using a recursive procedure based on the form of the
subgames played at each moment. The concept of Shapley value is used to
define the value of a subgame. It is shown that, in games where one player
always has priority, the Shapley value of the cooperative game is simply the
unique Nash value of the game. In games involving random priority, players
must coordinate their actions and use side payments to achieve the Shapley
value. The side payments and coordination may be described in a preplay
agreement made between the players. Aspects of the dynamic rationality of
such agreements are considered using the concept of subgame consistency. An
example based on the job search problem is given.

Key words. Stopping game, cooperative game, Shapley value, subgame con-
sistency.

AMS Subject Classifications. Primary 91A25; Secondary 91A12, 91A50.

1 Introduction

The theory of stopping games was initiated by Dynkin [5], who considered a zero-
sum game in which two players observe a sequence of N objects whose values
X1, X2, . . . , XN are i.i.d. random variables. Then-th object is observed at moment
n (n = 1, 2, . . . , N ). It is assumed thatN is finite. Each player may obtain at most
one object and an object can be accepted only at the moment of its appearance.
Dynkin assumed that one player could stop at odd moments and the other at even
moments. The class of pure stopping times is broad enough to define equilibria
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in such games. The theory of such games has been extended to models of non-
zero-sum games in which players simultaneously observe the sequence (see, e.g.,
Ohtsubo [11], Ferenstein [6]). When such models are considered, it is necessary to
resolve the problem of which player obtains an object when more than one wishes
to accept it. This led to discussion of the concept of the priority of a player (see
Fushimi [8] and Szajowski [18]).

In games with random priority there may be a multitude of equilibria and many
of these equilibria may lead to a specific criterion being satisfied. Szajowski [18]
presents examples of such equilibria in a 2-player stopping game where the cri-
terion for choosing an equilibrium is to equalise the payoffs of the players. The
set of pure stopping times is not rich enough to describe all the Nash equilibria in
stopping games. For this reason, Yasuda [19] introduced the notion of randomised
stopping times.

When communication is possible, but side payments are not, the concept of a
correlated equilibrium is a suitable concept to define a solution to a game. Cor-
related equilibria in matrix games were introduced by Aumann [2]. Ramsey and
Szajowski [15], [16] introduced the concept of correlated stopping times and cor-
related equilibria in 2-player stopping games. Players can use communication and
signals (for example, the result of a coin toss) to correlate their actions. Aumann [2]
showed that the set of Nash equilibria of a game is a subset of the set of correlated
equilibria. Hence, if the problem of selecting a Nash equilibrium exists, then the
problem of selecting a correlated equilibrium also exists. However, the concept of
correlated equilibria assumes that communication between the players is possible.
Thus, the problem of equilibrium selection can be solved by the players adopting
some criterion for choosing an equilibrium.

When side payments between players are possible, we should consider the game
as a cooperative game. A preplay agreement defining the actions to be taken and
the side payments to be made in each possible state will be called a cooperative
strategy. It is assumed that when the players form a coalition they maximise the
sum of their expected payoffs. It follows that this value is given by the solution of
a stopping problem in which the coalition may choose up to two objects from a
sequence. This will be called the auxiliary problem. The agreement is used to split
the payoffs obtained in a way that is seen to be fair by both players. The concept
of Shapley value will be used to define a "fair split". The preplay agreement is
used to assign each of the two objects taken to one the players. The payoff of an
individual is the value of the object obtained plus the side payment obtained from
the other player (or minus this payment if a player must pay the other player).

The concept of a cooperative game and the value of a cooperative game was
introduced by Shapley [17]. His initial concept of the value of such a game has been
extended by, e.g., assuming the players have different bargaining strengths and can
choose their level of commitment to a coalition (see, e.g., Amer and Carreras [1]).
Other concepts of solution have also been suggested, for example the Banzhaf
value [3] and the solidarity value introduced by Nowak and Radzik [10]. For
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applications of cooperative game theory to dynamic games see, Filar and Petrosjan
[7], Petrosjan et al. [13] (their approach is slightly different, since coalition forming
is considered as a dynamic process, in this article coalition forming is assumed to
constitute a preplay stage of a dynamic game), and Yeung and Petrosjan [20].

This paper is intended as a step in developing concepts of cooperative solutions
to stopping games. However, many of the concepts used can be applied to dynamic
games in general. One obvious need for future development is the application of
such ideas to multi-player games. The layout of the article is as follows. Section 2
outlines the model, describes some possible formulations of the game as a coop-
erative game, and derives the Shapley value. Section 3 is devoted to cooperative
strategies. Such strategies are defined by a preplay agreement between the players
which describes the actions to be taken in each possible state and the side pay-
ments made between the players. A cooperative strategy is derived which satisfies
the following two conditions:
1) When the players follow this cooperative strategy, the vector of their expected
payoffs is equal to the Shapley value.
2) A cooperative solution should be subgame consistent (see Yeung and Petros-
jan [21]). That is to say that: (a) given both players are still searching and n objects
are still to appear then any renegotiation would lead to the same cooperative strat-
egy being followed; and (b) there can be no possible subgame in which the expected
reward of either player at the cooperative solution is less than his/her expected
reward at the mixed equilibrium solution.
When a game is not specifically defined as a cooperative game, it is necessary
to define the characteristic function. In the case of matrix games, the payoff to a
coalition S is normally defined to be the minimax payoff of coalition S in the two-
player game in which the players are S and Sc (where c denotes the complement of
a set). However, different definitions may be appropriate for different games (see,
e.g., Petrosjan and Zaccour [14]). Three approaches are suggested here. Section 4
presents an example based on the job search problem.

2 Formulation of a 2-player stopping game as a cooperative game
and its Shapley value

We consider the following 2-person stopping game. The players simultaneously
observe a sequence of objects of values X1, X2, . . . , XN defined on a probability
space (Ω,F ,P) with state space (E,B). Define Fi = σ(X1, X2, . . . , Xi) to be
the σ-field generated by the random variables X1, X2, . . . , Xi. It is assumed that
the distribution ofXi is continuous. The i-th object appears at moment i. A player
can obtain at most one object and an object can be obtained only at the moment of
its appearance.

If only one player wishes to accept an object (denoted as the action s), then
that player obtains the object and stops observing the sequence. The remaining
player (who chooses action c) is free to continue observing the sequence. Suppose
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both players are still searching and both wish to accept the object appearing at
moment i. A random lottery is used to assign this object to one of the players
and the other player continues observing the sequence. In this case, it is assumed
that Player 1 obtains the object with probability αi, 0 < αi < 1. We will refer to
αi as the priority of Player 1 at moment i. Let (β1, β2, . . . , . . . , βN ) be a vector
of independent random variables from the uniform distribution on [0, 1], which is
independent of (X1, X2, . . . , XN ). This vector defines the result of any necessary
random lottery, i.e., when both players wish to accept an object, Player 1 obtains
it iff βi < αi.

Since utility is transferable, it may be assumed that Xi is the utility of object i
to the players and that Xi is a finite, non-negative random variable. The payoff of
a player when he does not accept any object is defined to be 0.

We now define the auxiliary problem. In such a problem a lone player (who
may be understood as a coalition formed by both players) is allowed to sequen-
tially choose at most two objects from the sequence without recall. Suppose the
i-th object is the first to be accepted. The problem then reduces to a restricted prob-
lem in which one object may be accepted from a sequence of objects of values
Xi+1, Xi+2, . . . Xn. Since the payoff is given by the sum of the objects taken, the
player should simply maximise the expected value of the second object taken. It
follows that the value of the first object taken only influences the optimal strategy
through its effect on Fj , for j ≥ i. In particular, if the values of the objects are
independent, then the optimal strategy in this reduced problem does not depend
on the value of first object taken. Define uj,n to be the optimal expected payoff
when at most j objects can be accepted from n remaining objects. The optimality
equations are given by

u1,n+1 = E[max{XN−n, u1,n}]; u2,n+1 = E[max{XN−n +u1,n, u2,n}], (1)

where expectations are taken with respect to FN−n−1. It should be noted that this
value function is FN−n−1-measurable. However, for notational ease this depen-
dency is not reflected in the notation used. This is true of all the value functions
considered. If the player has just one choice remaining, when n objects are still to
appear, an object of value x should be accepted iff x ≥ u1,n. If the player has two
choices remaining, such an object should be accepted iff x ≥ u2,n − u1,n.

Since u1,0 = u2,0 = 0, these payoff functions can be calculated by recursion.
The expected value of the cooperative game to a coalition formed by the 2 players
with n moments remaining, is u2,n. It is intuitively clear that u2,n ≤ 2u1,n (this
can be proven by induction).

Define the Shapley value of the game whennobjects are yet to appear and neither
player has accepted an object to be (w1,n, w2,n). Let {vn(S;x)}S={1},{2},{1,2}
be the characteristic function of the cooperative game derived from the subgame
played when an object of value x appears and n objects are yet to appear. Since a
coalition of both players maximises the sum of the payoffs to the players, we have

vn({1, 2};x) = max{w1,n + w2,n, x+ u1,n}. (2)
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In order to define vn({1};x) and vn({2};x), it is assumed that if the two players
do not cooperate in the final n moments, then they play the mixed equilibrium in
the non-cooperative n-stage stopping problem. Let (z1,n, z2,n) be the value of the
game where n objects are yet to appear and neither player has accepted an object
at this mixed equilibrium. This value can be calculated recursively. The value of
the n+ 1-stage stopping game at this mixed equilibrium is the expected value of
the following subgame played when an object of value x appears and n objects
are still to appear.

s c
s
c

(
(αN−nx+ (1 − αN−n)u1,n, αN−nu1,n + (1 − αN−n)x) (x, u1,n)

(u1,n, x) (z1,n, z2,n)

)
.

This will be referred to as game Gn(x) (the matrix will also be referred to as
Gn(x)). It should be noted that when at least one of the players accepts an object,
the sum of the expected payoffs is always x+ u1,n.

The mixed Nash equilibrium for this subgame is as follows (see Neumann et
al. [9]):
i) (s, s) when x ≥ u1,n.
ii) Player i plays s with probability pi,n(x) when max{z1,n, z2,n} ≤ x ≤ u1,n,
where

p1,n(x)=
x− z2,n

αnx+ (1 − αn)u1,n−z2,n
; p2,n(x)=

x− z1,n

(1 − αn)x+ αnu1,n−z1,n
.

iii) (c, s) when z2,n < x < z1,n.
iv) (s, c) when z1,n < x < z2,n.
v) (c, c) when x ≤ min{z1,n, z2,n}.
It can be shown by induction that u2,n − u1,n ≤ zi,n ≤ u1,n.

It should be noted that there are a multitude of non-cooperative solutions to such
a game. The concept of a mixed equilibrium is used since the mixed equilibrium
in symmetric games i.e., αi = 0.5, i = 1, 2, . . . , N ) is also symmetric. This is
desirable, since by adopting the Shapley value we assume that the players have the
same bargaining power.

Theorem 2.1. Let H denote aN -stage stopping game of the form given in which
Player 1 always has priority. For any given realisation of the Markov process
{Xi}N

n=1, the objects taken at a Nash equilibrium of the game H are the same as
the objects taken by an optimally behaving single player in the auxiliary problem.

Proof. Denote any non-cooperative value of this game when both players are
searching and n objects are yet to appear by (zH

1,n, z
H
2,n). Since Player 2 cannot

prevent Player 1 from obtaining any object he/she wishes, it follows that zH
1,n =

u1,n. The payoff matrix of the subgame played when neither player has yet accepted
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an object, n objects are yet to appear and the value of the present object is x is
given by:

s c
s
c

(
(x, u1,n) (x, u1,n)
(u1,n, x) (u1,n, z

H
2,n)

)
.

This subgame will be referred to as Hn(x). It is assumed that if a player is indif-
ferent between accepting an object and rejecting it, then he/she accepts it. Given
this condition, (s, s) is the unique Nash equilibrium in this game when x ≥ u1,n.
The unique Nash equilibrium is (c, s) when zH

2,n ≤ x < u1,n. The unique Nash
equilibrium is (c, c) when x < zH

2,n.
If Player 1 has already accepted an object, then Player 2 accepts the next object of

value ≥ u1,n. In order to show that the same objects are taken at a Nash equilibrium
of this game as in the auxiliary problem, it suffices to show that zH

2,n = u2,n−u1,n.
It follows from this that both in the auxiliary problem and at a Nash equilibrium of
the game H, the first object taken is the first object of value ≥ zH

2,n and the second
object taken is the next object of value ≥ u1,n. In the game the first object chosen
is taken by Player 1, iff its value is ≥ u1,n, otherwise the first object chosen is
taken by Player 2.

WhenN = 1, it is obvious that in both cases the only object is taken. Considering
the penultimate moment of the game, if the player in the auxiliary problem has not
yet made a choice, then the penultimate object should always be taken, i.e., u2,1 −
u1,1 = 0. In the game H Player 1 accepts this object iff xN−1 ≥ E[XN |FN−1].
Otherwise, Player 2 should take this object, since Player 1 will take the final object.
It follows that zH

2,1 = 0.
In general, considering the actions of the players in the 2-player game

zH
2,n+1 = E[u1,nIXN−n>u1,n +XN−nIzH

n,2<XN−n<u1,n
+zH

n,2IXN−n<zH
n,2

], (3)

where u1,n+1 = E[XN−nIXN−n>u1,n
+ u1,nIXN−n<u1,n

].
In the auxiliary problem,

u2,n+1 = E[(XN−n + u1,n)IXN−n>u2,n−u1,n
+ u2,nIXN−n<u2,n−u1,n

].

It follows that:

u2,n+1 − u1,n+1 = E[u1,nIXN−n>u1,n
+XN−nIu2,n−u1,n<XN−n<u1,n

+ (u2,n− u1,n)IXN−n<u2,n−u1,n
]. (4)

From the form of Eqs. (3) and (4), if zH
2,n = u2,n − u1,n, then zH

2,n+1 = u2,n+1 −
u1,n+1. Since zH

2,1 = u2,1 − u1,1, it follows by induction that zH
2,n = u2,n − u1,n

for 1 ≤ n ≤ N . �

A cooperative strategy must satisfy the following condition: ifx ≥ u2,n−u1,n =
zH
2,n, then at least one of the players must accept the object. When x ≥ u1,n, the
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action s dominates the action c for both of the players. Hence, we define

vn({1};x)=αN−nx+(1−αN−n)u1,n; vn({2};x)=αN−nu1,n+(1−αN−n)x.

When max{z1,n, z2,n} < x < u1,n, then at the mixed equilibrium the players
randomise between their actions c and s. Using the Bishop-Cannings theorem
(see [4]), the expected payoffs when they do not form a coalition are

vn({1};x) = [αN−nx+ (1 − αN−n)u1,n]p2,n(x) + x[1 − p2,n(x)]
= u1,np2,n(x) + z1,n[1 − p2,n(x)]

vn({2};x) = [αN−nu1,n + (1 − αN−n)x]p1,n(x) + x[1 − p1,n(x)]
= u1,np1,n(x) + z2,n[1 − p1,n(x)].

In both cases, the first (second) expression is the expected payoff when an individ-
ual plays s (c). At the mixed equilibrium these expected payoffs must be equal.

When z2,n < x < z1,n, at the mixed equilibrium the players play (c, s). Hence,
we define

vn({1};x) = u1,n; vn({2};x) = x.

Similarly, when z1,n < x < z2,n, we define

vn({1};x) = x; vn({2};x) = u1,n.

Suppose u2,n − u1,n < x < min{z1,n, z2,n}. In the cooperative game, one of the
players should accept the object. At the mixed equilibrium, (c, c) is played. We
define

vn({1};x) = z1,n; vn({2};x) = z2,n.

In the case x < u2,n−u1,n there is no conflict of interest. The players should reject
the object both in the cooperative and the non-cooperative versions of the game.
Hence, we assume that in this case when the players adopt a cooperative solution
their expected reward from future search is given by the vector (w1,n, w2,n). This
is equivalent to assuming that

vn({1};x) = w1,n; vn({2};x) = w2,n.

The Shapley value of such a subgame is given by the vector (V1,n(x), V2,n(x)),
where

V1,n(x) =
vn({1, 2};x) + vn({1};x) − vn({2};x)

2

V2,n(x) =
vn({1, 2};x) + vn({2};x) − vn({1};x)

2
.
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Hence,

V1,n(x)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αN−nx+ (1 − αN−n)u1,n, x ≥ u1,n

xcn(x) + u1,nkn(x), max{z1,n, z2,n} ≤ x < u1,n

u1,n, z2,n < x < z1,n

x, z1,n < x < z2,n
x+u1,n+z1,n−z2,n

2 , u2,n − u1,n ≤ x < min{z1,n, z2,n}
w1,n, x < u2,n − u1,n

(5)

V2,n(x)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αN−nx+ (1 − αN−n)u1,n, x≥u1,n

x[1 − cn(x)] + u1,n[1 − kn(x)], max{z1,n, z2,n}≤x < u1,n

x, z2,n<x<z1,n

u1,n, z1,n<x<z2,n
x+u1,n+z2,n−z1,n

2 , u2,n − u1,n ≤x < min{z1,n, z2,n}
w2,n, x<u2,n − u1,n

,

(6)

where

cn(x) =
1 − (1 − αN−n)p2,n(x) + αN−np1,n(x)

2

kn(x) =
1 + (1 − αN−n)p2,n(x) − αN−np1,n(x)

2
.

The Shapley value of the n + 1-step stopping game is given by the expected
Shapley value of the cooperative version of the subgame defined above. Thus,
(w1,n+1, w2,n+1) = E[V1,n(x), V2,n(x)], where expectations are taken with
respect to FN−n−1. Since V1,n(x) + V2,n(x) = vn({1, 2};x), ∀x, it follows that
w1,n+1 + w2,n+1 = E[max{XN−n + u1,n, w1,n + w2,n}]. It is simple to show
by induction that w1,n +w2,n = u2,n i.e., the sum of the payoffs to the players is
maximised).

Let {v2
n(S;x)}S={1},{2},{1,2} denote the following formulation of the charac-

teristic function of the game Gn(x). According to this formulation, v2
n({1};x) and

v2
n({2};x) are given by the minimax payoffs of the players, except in the case
x < u2,n−u1,n. In this case, since there is no conflict, we assume that both players
continue and cooperate obtaining expected rewards of (w1,n, w2,n). Thus, we have

v2
n({1};x) =

⎧⎪⎪⎨⎪⎪⎩
αN−nx+ (1 − αN−n)u1,n, x ≥ u1,n

x, z1,n ≤ x < u1,n

z1,n, u2,n − u1,n ≤ x < z1,n

w1,n, x < u2,n − u1,n

v2
n({2};x) =

⎧⎪⎪⎨⎪⎪⎩
αN−nu1,n + (1 − αN−n)x, x ≥ u1,n

x, z2,n ≤ x < u1,n

z2,n, u2,n − u1,n ≤ x < z2,n

w2,n, x < u2,n − u1,n

.
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Since the coalition of both players maximises the sum of their payoffs, we have
v2

n({1, 2};x) = vn({1, 2};x). The Shapley value of the subgame Gn(x) and of
the n-step stopping game, (w2

1,n, w
2
2,n) are calculated as before.

Let {v3
n(S;x)}S={1},{2},{1,2} denote the following formulation of the charac-

teristic function of the game Gn(x). According to this formulation, v3
n({1};x) and

v3
n({2};x) are given by the minimax payoffs of the players under the assumption

that players only carry out realistic threats. In this case, when max{z1,n, z2,n} ≤
x < u1,n, both players threat to play c, which minimises the payoff of the other
player, is realistic. For example, given Player 1 carries out such a threat, the optimal
action of Player 2 is to play s, which leads to Player 1 obtaining his/her greatest
possible reward. However, if z2,n < x < z1,n, then Player 2’s threat to play c is
unrealistic. If he/she carries out such a threat, Player 2 will play his dominant strat-
egy c, which leads to Player 2’s payoff being minimised. In this case, it is assumed
that Player 1’s realistic threat to play c will lead to Player 2 playing s. Thus,

v3
n({1};x)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αN−nx+(1 − αN−n)u1,n, x≥u1,n

x, max{z1,n, z2,n}≤x < u1,n

u1,n, z2,n<x<z1,n

x, z1,n<x<z2,n
x+u1,n+z1,n−z2,n

2 , u2,n − u1,n ≤x < min{z1,n, z2,n}
w1,n, x<u2,n − u1,n

v3
n({2};x)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αN−nx+(1 − αN−n)u1,n, x≥u1,n

x, max{z1,n, z2,n}≤x < u1,n

x, z2,n<x<z1,n

u1,n, z1,n<x<z2,n
x+u1,n+z2,n−z1,n

2 , u2,n − u1,n ≤x < min{z1,n, z2,n}
w2,n, x<u2,n − u1,n

.

The Shapley value of the subgame Gn(x) and of the n-step stopping game,
(w3

1,n, w
3
2,n) are calculated as before.

Theorem 2.2. The Nash value of the game H is uniquely defined and equal to
the Shapley value defined in any of the three ways given above.

Proof. First note that (u1,0, u2,0 − u1,0) = (w1,0, w2,0) = (0, 0). Assume that
(w1,n, w2,n) = (u1,n, u2,n − u1,n). The characteristic form of the cooperative
game derived from the subgame Hn(x) according to any of the three definitions
given above is given by:

vn({1, 2};x) = max{x+ u1,n, u2,n}
vn({1};x) = max{x, u1,n}

vn({2};x) =

⎧⎨⎩
u1,n, x ≥ u1,n

x, u2,n − u1,n ≤ x < u1,n

u2,n − u1,n, x < u2,n − u1,n.
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It follows that

V1,n(x) =
{

x, x ≥ u1,n

u1,n, x < u1,n.

Hence, w1,n+1 = u1,n+1. Since w1,n+1 + w2,n+1 = u2,n+1, it follows that
w2,n+1 = u2,n+1 − u1,n+1. The proof follows by induction. �

Now consider a game in which priority is assigned randomly. Suppose that
for some n in this game u2,n − u1,n ≤ wi,n ≤ u1,n, for i ∈ {1, 2}. It
follows that vH

n ({2};x) ≤ vn({i};x) ≤ vH
n ({1};x), ∀x, i = 1, 2, where

{vH
n (S;x)}S={1},{2},{1,2} is the characteristic form of the cooperative game

derived from the matrix subgame Hn(x). Hence, u2,n+1 − u1,n+1 ≤ wi,n+1 ≤
u1,n+1. Since, w1,0 = w2,0 = u1,0 = u2,0, it follows by induction that
u2,n − u1,n ≤ wi,n ≤ u1,n, for i ∈ {1, 2} and 0 ≤ n ≤ N . This is true for all
three of the formulations considered.

3 The form of a cooperative strategy

When a game is defined in strategic form it is not enough to define the Shapley
value of the game, one should also derive a cooperative strategy that achieves this
value. In this context, a cooperative strategy should be understood as an agreement
which describes any necessary side payments and the actions to be taken in any
given state. We wish to define cooperative strategies, which achieve the Shapley
value and are subgame consistent.

It should be noted that when x < u2,n −u1,n, the Shapley value of the subgame
Gn(x) can only be achieved when both players reject an object. No side payments
are required in this case. It follows that to achieve the Shapley value, at most
one side payment is required and this side payment can be made when the first
object is accepted. Also, when x ≥ u1,n, the Shapley value is achieved when both
players play s (since s dominates c in the case of both players, it is sensible to
assume that both players play s). Again, no side payments are required. When
u2,n − u1,n ≤ x < u1,n, in order for the Shapley value to be achieved one of the
players must accept the object. It is assumed that the agreement assigns the object
to one of the players. The side payments which may be used to achieve the Shapley
value according to the first formulation of the problem are described below:
1) max{z1,n, z2,n} ≤ x < u1,n. The object may be assigned to Player 1, who
receives a side payment of u1,nkn(x)−x[1−cn(x)] from Player 2. Otherwise, the
object is assigned to Player 2, who receives a side payment of u1,n[1 − kn(x)] −
xcn(x) from Player 1.
2) z2,n ≤ x < z1,n. The object is assigned to Player 2 and no side payment is
necessary.
3) z1,n ≤ x < z2,n. The object is assigned to Player 1 and no side payment is
necessary.
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4) u2,n − u1,n ≤ x < min{z1,n, z2,n}. Suppose the object is assigned to Player
2. He receives a side payoff of u1,n+z2,n−x−z1,n

2 from Player 1. If the object is
assigned to Player 1, he receives a side payoff of u1,n+z1,n−x−z2,n

2 from Player 2.
Such cooperative strategies can be defined for the other two formulations

of the Shapley value of the stopping game. For example, in both of these
formulations when max{z1,n, z2,n} ≤ x < u1,n, we have vn({1, 2};x) =
x + u1,n, vn({1};x) = vn({2};x) = x. The object may be assigned to either
player and the player receiving the object obtains a side payment of 0.5(u1,n −x)
from the other.

Remark 3.1. It is possible to define Shapley values for such stopping games in
other ways. However, there are certain characteristics that such a solution should
satisfy, namely:
1) The Shapley value of the game in which Player 1 always has priority must be
(u1,n, u2,n − u1,n), since both players can ensure themselves these payoffs and
no gain can be made by cooperating.
2) w1,n +w2,n = u2,n and for symmetric games w1,n = w2,n, n = 1, 2, . . . , N .
3) A cooperative solution should be subgame consistent. That is to say that:
(a) given both players are still searching and n objects are still to appear, then any
renegotiation would lead to the same strategy being followed; and (b) there can
be no subgame in which the expected reward of either player at the cooperative
solution is less than his/her expected reward at the mixed equilibrium solution.

The three solutions described above satisfy the first two conditions. It will now be
shown that only the first is always subgame consistent.

Theorem 3.1. The first cooperative strategy described above is subgame consis-
tent. Suppose N ≥ 2 and 0 < αi < 1. The second cooperative strategy is only
subgame consistent for symmetric games i.e., αi = 0.5, i = 1, 2, . . . N ). The third
strategy is only subgame consistent when αi = 0.5 for i = 1, 2, . . . N − 1.

Proof. The fact that renegotiation at any stage leads to the same cooperative strat-
egy being followed results directly from the recursive definition of the cooperative
strategies. The fact that the first cooperative strategy is subgame consistent results
from the definition of vn({1};x) and vn({2};x).

Now we prove that the second cooperative strategy is not subgame consistent
in asymmetric games. Suppose z1,n �= z2,n for some n ≥ 1. It follows from
this that the game is asymmetric. Without loss of generality we may assume that
z1,n > z2,n. Let z2,n < x < z1,n(< u1,n). The expected payoffs of the players at
this cooperative solution are x+u1,n

2 < u1,n. Since Player 1 obtains an expected
reward of u1,n when the mixed equilibrium is played, this strategy is not subgame
consistent.

It is simple to check that the conditions for subgame consistency are satisfied
for the third cooperative strategy as long as x /∈ [max{z1,n, z2,n}, u1,n]. Suppose
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max{z1,n, z2,n} < x < u1,n. This interval has positive length for n ≥ 1 (this is
the interval where at the mixed equilibrium the players randomise, randomisation
is never used at the final moment of the game if both players are still searching).
Using either of the second or the third cooperative strategies, the expected payoff of
both of the players is x+u1,n

2 . Considering Player 1’s payoff, a necessary condition
for consistency is

u1,n + x

2
≥ [αN−nx+ (1 − αN−n)u1,n]p2,n(x) + x[1 − p2,n(x)].

This leads to

(u1,n − x)[αN−n(u1,n − x) + (2αN−n − 1)(x− z1,n)] ≥ 0.

Since u1,n − x ≥ 0, it follows that

αN−n(u1,n − x) + (2αN−n − 1)(x− z1,n) ≥ 0

αN−n ≥ x− z1,n

u1,n + x− 2z1,n
.

This inequality has to be satisfied for all x ∈ (max{z1,n, z2,n}, u1,n). Simple
differentiation of the right-hand side shows that this expression is maximised for
x ∈ [max{z1,n, z2,n}, u1,n], when x = u1,n, and thus we have αN−n ≥ 0.5.

Considering Player 2’s payoff, the other necessary condition for consistency is

u1,n + x

2
≥ [αN−nu1,n + (1 − αN−n)x]p1,n(x) + x[1 − p1,n(x)].

This leads to:

(u1,n − x)[(1 − αN−n)u1,n − αN−nx− (1 − 2αN−nz2,n)] ≥ 0.

Since u1,n − x ≥ 0, it follows that

(1 − αN−n)u1,n − αN−nx− (1 − 2αN−nz2,n) ≥ 0

αN−n ≤ u1,n − z2,n

u1,n + x− 2z2,n
.

This inequality has to be satisfied for all x ∈ (max{z1,n, z2,n}, u1,n). Simple
differentiation of the right-hand side shows that this expression is minimised for
x ∈ [max{z1,n, z2,n}, u1,n], when x = u1,n, and thus we have αN−n ≤ 0.5. It
follows that for subgame consistency of the third cooperative strategy αi = 0.5,
i = 1, 2, . . . N − 1. Since at any solution of such games both players accept the
final object if they are still searching, it follows that the second cooperative strategy
is subgame consistent for symmetric games. �

It may be possible to derive another formulation of the characteristic functions
of the subgames such that the solution is subgame consistent in the sense given
here. However, it seems that the first formulation given here would be more natural.
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4 Example

Suppose the values of the objects are i.i.d. random variables from the uniform
distribution on [0, 1]. The payoff to a player is the value of the object obtained (0 if
no object is obtained) plus the value of the side payment obtained. It is assumed that
when both players wish to accept an object, then Player 1 obtains it with probability
α. Without loss of generality it may be assumed that α ≥ 1

2 . Let (w1,n, w2,n) be
the value of the restricted game when both players are still searching, n objects
have yet to appear, and the time consistent cooperative strategy is played.

The optimal strategy of a lone searcher at moment n is to accept an object iff
the value of the object is greater than the threshold given by the expected reward
from future search, u1,n. Hence,

u1,n+1 = E[max{XN−n, u1,n}] =
1 + u2

1,n

2
, (7)

where u1,0 = 0.
Supposeα = 0.5. From the symmetry of the game and the identityw1,n+w2,n =

u2,n, it follows that w1,n = w2,n = u2,n

2 = wn. The same expected payoffs are
obtained at the other two cooperative solutions described. Equation (1) leads to:

u2,n+1=
∫ u2,n−u1,n

0
u2,ndx+

∫ 1

u2,n−u1,n

(u1,n+x)dx=u1,n+
1
2
(1+[u2,n−u1,n]2).

Suppose α > 0.5. In order to solve the cooperative game, we need first to derive
the value of the game at the mixed equilibrium. It can be shown by induction that
z1,n > z2,n. It follows that:

z1,n+1=
∫ z2,n

0
z1,ndx+

∫ z1,n

z2,n

u1,ndx+
∫ u1,n

z1,n

{u1,np2,n(x) + z1,n[1−p2,n(x)]} dx

+
∫ 1

u1,n

[αx+ (1 − α)u1,n]dx.

z2,n+1=
∫ z2,n

0
z2,ndx+

∫ z1,n

z2,n

xdx+
∫ u1,n

z1,n

{u1,np1,n(x) + z2,n[1−p1,n(x)]} dx

+
∫ 1

u1,n

[αu1,n + (1 − α)x]dx.
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Hence,

z1,n+1 = z1,nz2,n + u1,n(1 − α+ z1,n − z2,n) − u2
1,n(1 − α/2) + α/2

+
(u1,n − αz1,n)(u1,n − z1,n)

1 − α
+

(u1,n − z1,n)2α lnα
(1 − α)2

z2,n+1 =
z2
1,n + z2

2,n + 1 − α− (1 + α)u2
1,n

2
+ αu1,n

+
[u1,n − (1 − α)z2,n](u1,n − z1,n)

α
− (1−α)(u1,n − z2,n)

α2

ln
(

u1,n − z2,n

αz1,n + (1 − α)u1,n − z2,n

)
.

Now we can calculate the cooperative value of the game

w1,n+1 =
∫ u2,n−u1,n

0
w1,ndx+

∫ z2,n

u2,n−u1,n

x+ u1,n + z1,n − z2,n

2
dx

+
∫ z1,n

z2,n

u1,ndx

+
∫ u1,n

z1,n

[xcn(x) + u1,nkn(x)]dx+
∫ 1

u1,n

[αx+ (1 − α)u1,n]dx.

This leads to:

w1,n+1 = w1,n[u2,n−u1,n]+u1,n(z1,n − z2,n)

+
z1,nz2,n+αu2

1,n−z1,nu2,n+z2,nu2,n+α
2

+ u1,n(1−α)−
z2
2,n+u2

2,n+z2
1,n

4

− α(z1,n − u1,n)[(1 − α)(u1,n − z1,n) − (z1,n − u1,n) lnα]
2(1 − α)2

+
(1−α)(z2,n−u1,n)

2α2{
α(u1,n−z1,n)+[z2,n−u1,n] ln

u1,n−z2,n

αz1,n+(1−α)u1,n−z2,n

}
.

The values of w1,n can be calculated by induction. The Shapley value for Player
2 is given by w2,n = u2,n − w1,n.

Table 1 gives values of these cooperative solutions for 1 ≤ N ≤ 10 for α = 0.5
and α = 0.75.
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Table 1: Shapley values of games based on the job search problem. The values of the objects
are uniformly distributed on [0,1]

α = 0.5 α = 0.75
N u2,n wn z1,n z2,n w1,n w2,n

1 0.5000 0.2500 0.3750 0.1250 0.3750 0.1250
2 1.0000 0.5000 0.5711 0.4195 0.5758 0.4242
3 1.1953 0.5977 0.6538 0.5363 0.6564 0.5389
4 1.3203 0.6602 0.7071 0.6096 0.7089 0.6114
5 1.4091 0.7046 0.7451 0.6612 0.7465 0.6626
6 1.4761 0.7380 0.7738 0.7000 0.7750 0.7011
7 1.5287 0.7643 0.7964 0.7303 0.7974 0.7313
8 1.5712 0.7856 0.8147 0.7547 0.8156 0.7556
9 1.6064 0.8032 0.8298 0.7750 0.8306 0.7757
10 1.6360 0.8180 0.8426 0.7920 0.8433 0.7927
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Abstract
Strategic games with a potential function have quite often equilibria in pure

strategies (Monderer and Shapley [4]). This is also true for stochastic games but
the existence of a potential function is mostly hard to prove. For some classes
of stochastic games with an additional structure, an equilibrium can be found
by solving one or a finite number of finite strategic games. We call these games
auxiliary games. In this paper, we investigate if we can derive the existence of
equilibria in pure stationary strategies from the fact that the auxiliary games
allow for a potential function. We will do this for zero-sum, two-person dis-
counted stochastic games and non-zero-sum discounted stochastic games with
additive reward functions and additive transitions (Raghavan et al. [8]) or with
separable rewards and state independent transitions (Parthasarathy et al. [5]).

Key words. Stochastic games, strategic game with a potential function.

JEL-classification. C72, C73

1 Introduction

A potential game is a strategic game that allows a (potential) function on the set of
strategy profiles such that potential differences under a unilateral deviation are the
same as the differences in payoff for the deviating player. Therefore, the potential
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function can be used by deviating players as a leading principle in the sense that a
profitable deviation increases the value of the potential function and, conversely, if
the potential value increases under unilateral deviation, the deviation is profitable
for the deviating player. This has two important consequences: an improvement
process (a series of profitable unilateral deviations by various players) cannot cycle
and a maximum of the potential function (if it exists) is automatically a Nash
equilibrium. (Monderer and Shapley [4]) For finite strategic games this means
that a potential game has a pure Nash equilibrium and every (neatly defined)
improvement process is finite.

In the theory of stochastic games one finds several subclasses that can be solved
by considering and solving one or more—what we will call—finite auxiliary strate-
gic games. The solution of the auxiliary game(s) leads to a solution of the stochastic
game. Examples are the zero-sum games occurring in the Shapley equations for
zero-sum two-person stochastic games (Shapley [9],[10]), non-zero-sum stochas-
tic game with an ARAT-structure (Additive Rewards and Additive Transitions;
Raghavan et al. [8]) or a SER-SIT-structure (Separable Rewards and State Inde-
pendent Transitions; Parthasarathy et al. [5]).

In this paper, we propose to investigate these classes of stochastic games and to
see whether the existence of pure stationary equilibria (saddle points in the zero-
sum case) can be derived from the existence of a potential function in the auxiliary
game(s). The idea of using a pure stationary strategy is less problematic than the
use of mixed actions in some states of the stochastic game.

Section 2 introduces the fundamental concepts in the theory of potential games
(subsection 2.1) and the theory of β-discounted two-person stochastic games (sub-
section 2.2). Some of the results of the paper can be extended to n-person or
undiscounted stochastic games but the paper focusses on β-discounted two-person
games.

Section 3 discusses the zero-sum case and shows that a zero-sum, β-discounted,
two-person stochastic game has a saddle point if the auxiliary games occurring
in the Shapley equation (Shapley [4], have a potential function. Zero-sum ARAT
stochastic games have these property but they form only a subset as we will show
by an example.

Section 4 deals with non-zero-sum stochastic games. We consider the class
of two-person stochastic games in which one player has additive rewards and
the other player controls the transitions. These games are proved to have pure
stationary equilibria. Another class we will investigate is formed by SER-SIT
games (Parthasarathy et al. [5]). Here we need an additional condition to find a
potential function in the auxiliary game introduced by Parthasarathy et al. By an
example we show that the (or at least an) additional condition is needed.
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2 The models and the tools

Subsection 2.1 contains the basic definitions in the theory of strategic games with a
potential function and subsection 2.2 recalls the basic facts about stochastic games
(cf. the book of Filar and Vrieze [2] for a comprehensive study of the subject).

2.1 Strategic Games with a Potential Function

Potential games are introduced in Monderer and Shapley [4].
An n-person strategic game 〈A1, . . . , An, u1, . . . , un〉 with (finite) action space

Ai and utility function ui : A =
n∏

i=1

Ai → IR for each player i ∈ N is called a

potential game if there is a potential function F : A → IR such that, for all i ∈ N ,
for all strategy profiles (ai)i∈N ∈ A and every alternative action bi ∈ Ai, we have
ui(bi, a−i)−ui(a) = F (bi, a−i)−F (a). Here,a−i = (a1, . . . ai−1, ai+1, . . . , an)
and (bi, a−i) = (a1, . . . ai−1, bi, ai+1, . . . , an)

Interesting properties of such a potential game are the existence of pure Nash
equilibria (each element of argmax (F) is a Nash equilibrium) and the so-called
finite improvement property: starting from any strategy profile a Nash equilibrium
is reached after a finite number of unilateral improvements by various players.

In the next proposition we give two characterizations for two-person zero-sum
potential games. One characterization says that, for each 2 × 2-subgame, the sum
of the payoffs in the diagonal and the anti-diagonal are the same. The other char-
acterization says that the utility function for each player is the sum of a part only
dependent on the player’s own action, and a part only dependent on the action of
his opponent.

Lemma 2.1. Given a strategic zero-sum game 〈A1, A2, u1, u2〉 (u1 +u2 =
0) the following assertions are equivalent:

(i) 〈A1, A2, u1, u2〉 is a potential game
(ii) (diagonal property) For all a1, b1 ∈ A1 and a2, b2 ∈ A2 we have

u1(a1, a2) + u1(b1, b2) = u1(a1, b2) + u1(b1, a2)
(iii) (separation property) There are functions g1 : A1 → IR and g2 : A2 →

IR such that u1(a1, a2) = g1(a1) + g2(a2) for all (a1, a2) ∈ A1 ×A2.

Proof: (a) Monderer and Shapley ([4], Theorem 2.8) proved that 〈A1, A2, u1,
u2〉 is a potential game if and only if, for all ai, bi ∈ Ai, we have:

(u1(a1, a2) − u1(b1, a2)) + (u2(b1, a2) − u2(b1, b2))+
(u1(b1, b2) − u1(a1, b2)) + (u2(a1, b2) − u2(a1, a2)) = 0.

Substituting u2 = −u1 gives the equality
2u1(a1, a2) − 2u1(b1, a2) − 2u1(a1, b2) + 2u1(b1, b2)) = 0. This is

assertion (ii).
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(b) We assume the diagonal property. Take two points of reference a◦
1 ∈ A1

and a◦
2 ∈ A2 and define the functions g1 and g2 by g1(a1) : = u1(a1, a

◦
2) and

g2(a2) : = u1(a◦
1, a2) − u1(a◦

1, a
◦
2). Then,

u1(a1, a2) = (u1(a1, a2) − u1(a◦
1, a2)) + (u1(a◦

1, a2) − u1(a◦
1, a

◦
2)) +

u1(a◦
1, a

◦
2) =

(u1(a1, a2) + u1(a◦
1, a

◦
2) − u1(a◦

1, a2)) + g2(a2) = g1(a1) + g2(a2)
because of property (ii).
(c) If u1 is separable, i.e., u1(a1, a2) = g1(a1) + g2(a2) for certain functions

gi : Ai → IR (i = 1, 2), the diagonal property is easy to prove. �

Remark: For non-zero-sum strategic games the diagonal property and the sep-
arability property are not needed for the existence of a potential function, as the
bimatrix game with the following payoff matrices and potential function shows:

(X,Y ) =
[

(1, 5) (1, 0)
(3, 10) (4, 6)

]
and F =

[
5 0
7 3

]
.

Neither of the two payoff matrices has the diagonal property or the separability
property.

For bimatrix games the equivalence of the diagonal property and the separability
property remains true and these properties are still sufficient for the existence of a
potential function. Necessary is that the difference of the payoff matrices satisfies
the diagonal property.

2.2 Stochastic games with pure Nash equilibria

A two-person stochastic game is determined by the following data:
• There is a finite set S of states. Elements of S are denoted by s, t, . . .
• There are two players, I and II.
• In each state s ∈ S each of the players has a finite set of actions: A1

s and A2
s.

• There are two functions r1 and r2 (the reward functions) defined on the set
T : = {(s, a1, a2) : s ∈ S, a1 ∈ A1

s and a2 ∈ A2
s}.

• There is a map p : T → Δ(S) (the set of probability vectors on S). We write
p(t | s, a1, a2) for the t-th coordinate of p(s, a1, a2). The map p gives the Markov
transition probabilities.

• The game is played in a finite or countable sequence of stages. In each stage
the players know what happened in the preceding stages and, in particular, the
present state s and choose independently actions a1 and a2 in their own action
spaces A1

s and A2
s. Their action choice can be based on all information they have

at the moment they make their decision: the history of the game. An history has
the following form:

(s0, a1
0, a

2
0, s1, a

1
1, a

2
1, . . . , a

1
n−1, a

2
n−1, sn).

The action choice results in an immediate reward to each of the players,
rk(s, a1, a2) is the reward to player k and the next stage the process is in state t
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with probability p(t | s, a1, a2). The history (past states and past actions) of the
game is common knowledge between the players.

By playing the game each of the players obtains a payoff every period and a
stream of payoffs {rk(sn, a

1
n, a

2
n)}n∈IN0 results.

We assume that both players appreciate such a flow of rewards according to the
utility function Uk({rk(sn, a

1
n, a

2
n)}n∈IN0) : =

∑
n∈IN0

βn rk(sn, a
1
n, a

2
n).

Here, β ∈ (0, 1) is a fixed discount factor. If there are only finitely many stages
(a stochastic game with finite horizon) the summation is taken over the finitely
many stages.

A stochastic game is called zero-sum if r1 + r2 = 0 on T .
A mixed Markov component for player k is a map fk : S →

⋃
s∈S Δ(Ak

s) with
the property fk(s) ∈ Δ(Ak

s). So, a Markov component of player k determines a
mixed action inAk

s for each state s ∈ S and the action choice is only dependent on
the present state, the last entry of a history. A pure Markov component determines
for every state s one admissible action. MCk denotes the set of pure Markov
components of player k. A Markov strategy consists of a sequence of Markov
components {fk

n}n∈IN0 , one for each stage n. If fk
n is the same for every stage,

the strategy is called a stationary (Markov) strategy. If fk
n(s) is a pure action for

every stage n and every state s, the (Markov or stationary) strategy is called a pure
strategy. We denote Markov strategies for player k by f̄k and the stationary strategy
with fk

n = fk for all n by (fk)∞. If Markov strategies (or more general history
dependent strategies) f̄1 and f̄2 are chosen, a stochastic process determines the
probabilities to be in stage sn at time n (as a function of the initial state s0) and
the stream of expected rewards {rk(sn, f

1
n(sn), f2

n(sn))}n∈IN0 for both players.
We define the payoff functions by:

V k
β (f̄1, f̄2)s0 : =

∑
n∈IN0

βn rk(sn, f
1
n(sn), f2

n(sn)) (k = 1, 2).

for all initial states s0 ∈ S.
Then we have a strategic game (dependent on the set of strategies we allow).

Nash equilibria of this game are called the optimal (or equilibrium) solutions of
the β-discounted stochastic game.

For β-discounted two-person zero-sum stochastic games we have the following
fundamental result of Shapley [9],[10].

(i) Both players have a—mostly mixed—stationary optimal strategy. So, aβ-dis-
counted two-person zero-sum stochastic games can be solved in mixed stationary
strategies.

(ii) To find optimal stationary strategies (f1)∞ and (f2)∞ and the value function
vβ : S → IR defined by vβ(s) : = V 1

β ((f1)∞, (f2)∞), a collection of auxiliary
zero-sum games is considered.

For every state s and every vector x ∈ IRS we define the finite zero-sum game
Γ(s, x) with action space A1

s and A2
s and payoff matrix[

r1(s, a1, a2) + β
∑

t∈S p(t | s, a1, a2)xt

]
a1∈A1

s,a2∈A2
s
.

If a vector x ∈ IRS satisfies the Shapley equations



438 J. A. M. Potters, T. E. S. Raghavan and S. H. Tijs

xs = value (Γ(s, x)) for every s ∈ S,
then x = vβ and optimal strategy profiles (f1(s), f2(s)) in the auxiliary games
Γ(s, x = vβ) determine a stationary optimal solution ((f1)∞, (f2)∞) of the
stochastic game.

Also, non-zero-sum, β-discounted, two-person stochastic games are solvable in
stationary strategies. This result was proved by Fink [3] and Takahashi [11]. Both
authors used a fixed point argument.

If in a stochastic game the Markov strategies f̄1 = {f1
n}n∈IN0 and f̄2 =

{f2
n}n∈IN0 are applied and x0 ∈ Δ(S) gives the initial probability distribution

over the states, the probability distribution xn over the states at time n is given by
the recursive formula

xn(t) =
∑

s∈S xn−1(s) p(t | s, f1
n−1(s), f

2
n−1(s)) for all t ∈ S.

If we introduce the S × S-stochastic matrix
P (f1, f2) byP (f1, f2)s,t : = p(t | s, f1(s), f2(s)) for every pair of Markov

components (f1, f2), the latter equation can be written as:

xn = xn−1 P (f1
n−1, f

2
n−1) for n = 1, 2, . . ..

The expected payoff in stage n, when (f̄1, f̄2) is applied and the original dis-
tribution over the states is x0, equals∑

s∈S xn(s) r(s, f1
n(s), f2

n(s)) =
=
∑

s∈S

(
x0 P (f1

0 , f
2
0 ) · · ·P (f1

n−1, f
2
n−1)

)
s
r(s, f1

n(s), f2
n(s)).

If we define the S-vector Rk(f1, f2) ∈ IRS by Rk(f1, f2)s : = rk(s,
f1(s), f2(s)) for every pair of Markov components (f1, f2), we find for the
expected payoff in period n∑

s∈S x0(s)
(
P (f1

0 , f
2
0 ) · · ·P (f1

n−1, f
2
n−1)R

k(f1
n, f

2
n)
)
s

=
〈x0, P (f1

0 , f
2
0 ) · · ·P (f1

n−1, f
2
n−1)R

k(f1
n, f

2
n)〉.

For stationary strategies the β-discounted payoff vectors V k
β ((f1)∞, (f2)∞)

(k = 1, 2) equals

V k
β ((f1)∞, (f2)∞) = Rk(f1, f2) + β P (f1, f2)Rk(f1, f2) + · · ·+

+βn−1 P (f1, f2)n−1Rk(f1, f2)+· · · = [I−β P (f1, f2)]−1Rk(f1, f2).

Notice that the matrix [I − β P (f1, f2)]−1 is a nonnegative matrix for every
pair of Markov components (f1, f2).

The main topic of this paper is to find conditions under which two-person β-
discounted stochastic games have pure stationary equilibria. In the literature there
are several special classes of stochastic games that can be solved by using ‘auxiliary
games’ of various nature. We will investigate for which classes the existence of
pure stationary strategies can be derived from the fact that the auxiliary game has
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a potential function.
We will repeat the definition of the classes we will consider.

ARAT-games (Additive Rewards and Additive Transitions)

A two-person stochastic game is an ARAT-game if, for all s ∈ S, all a1 ∈ A1
s

and all a2 ∈ A2
s,

r1(s, a1, a2) = r11(s, a1) + r12(s, a2),
r2(s, a1, a2) = r21(s, a1) + r22(s, a2),
p(t | s, a1, a2) = p1(t | s, a1) + p2(t | s, a2)

for some functions rij and pj . So, the reward functions as well as the transition
probabilities are sums of two functions, one only dependent on the state and the
action of player I, the other only dependent on the state and the action of player II. If
p1 or p2 is identically zero, we talk about single control games. If, for every element
s ∈ S one of the transition functions p1(s, a1, a2) or p2(s, a1, a2) vanishes, we
call the stochastic game a stochastic game with switching control.

SER-SIT-games (Separable Rewards and State Independent Transitions)

In a SER-SIT stochastic game the actions spaces are the same in each state:
Ak

s = Ak
t (=: Ak) for s, t ∈ S and k = 1, 2.

A stochastic game is a SER-SIT-game if, for all states s ∈ S, all a1 ∈ A1 and
all a2 ∈ A2,

r1(s, a1, a2) = r10(s) + r11(a1, a2)
r2(s, a1, a2) = r20(s) + r21(a1, a2)
p(t | s, a1, a2) = p(t | a1, a2) is not dependent on s.

So, the reward function is the sum of two parts, one only dependent on the
present state and the other only dependent on the action profile. The transitions
are not dependent on the present state.

If p(t | s, a1, a2) = p(t | s) is not dependent on the actions, we call the stochastic
game a stochastic game with action independent transitions (AIT).

3 Zero-sum stochastic games with pure optimal strategies

In this section we prove that two-person, zero-sum, β-discounted stochastic games
have a pure optimal stationary strategy if each of the auxiliary games Γ(s, vβ)
(s ∈ S) has a potential function. If all auxiliary games Γ(s, x) (s ∈ S, x ∈ IRS)
have a potential function, then the stochastic game is an ARAT-game. We provide
an example showing that not every stochastic game of the first category is an
ARAT-game.

Theorem 3.1. If the auxiliary games {Γ(s, vβ)}s∈S of a two-person, zero-sum,
β-discounted stochastic game have a potential function, then the stochastic game
has an optimal stationary strategy in pure strategies.
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Proof: By Monderer and Shapley [4], every auxiliary game has a pure equilibrium
and by Shapley [9] these pure strategies form an optimal stationary strategy in the
stochastic game. �

In the second lemma we prove that Theorem 3.1 can be applied to zero-sum
ARAT-games.

Lemma 3.2 If a two-person zero-sum game is an ARAT-game, all auxiliary games
Γ(s, x) have a potential function and, conversely, if all auxiliary games Γ(s, x)
have a potential function, the stochastic game is an ARAT-game.

Proof: The payoff in any game Γ(s, x) can be written as:
r1(s, a1, a2) + β

∑
t∈S p(t | s, a1, a2)xt =

[r11(s, a1)+β
∑

t∈S p1(t | s, a1)xt] + [r12(s, a2)+β
∑

t∈S p
2(t | s, a2)xt].

So, the zero-sum game Γ(s, x) satisfies the separability property and, therefore,
it admits a potential function by Theorem 3.1.

Conversely, if Γ(s, x) has a potential function for all s ∈ S and all x ∈ IRS ,
one can take x = 0 and find by Proposition 1, that the rewards are additive:
r1(s, a1, a2) = r11(s, a1) + r12(s, a2).

If we take any s, t ∈ S and x = et, the separation condition for the auxiliary
game Γ(s, et) gives r11(s, a1)+r12(s, a2)+β p(t | s, a1, a2) = r̄11(s, a1)+
r̄12(s, a2) for certain functions r̄11 and r̄12.

From this equation we can find the components

pk(t | s, ak) =
r̄1k(s, ak) − r1k(s, ak)

β
. �

Corollary. Two-person zero-sum ARAT-games have a pure optimal stationary
strategy.

The next example shows that the ARAT-games do not exhaust the class of
stochastic games where Lemma 2.1 applies.

Example 1. Let S = {s0, s1, s2, s3}. The states si �= s0 are absorbing states:
both players have one action and the reward is r(si) = ui for i = 1, 2, 3. In state
s0 both players have two actions and the rewards and transitions are given by:

r1(s0) =
[
−u1 −u2
−u3 0

]
and p(s0) =

[
→ s1 → s2
→ s3 → s0

]
.

Then for the state si (i ≥ 1) we have vβ(si) =
ui

1 − β
and for state s0 the

auxiliary game is

Γ(s0, vβ) :

[
u1(−1 + β

1−β ) u2(−1 + β
1−β )

u3(−1 + β
1−β ) β vβ(s0)

]
.

Then vβ(s0) = 0 solves the Shapley equations if

u3(−1 +
β

1 − β
) > 0 and u2(−1 +

β

1 − β
) < 0.

If we take u1 = u2 + u3 we have the diagonal property. If β > 0.5 we must
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have u3 > 0, u2 < 0 and u1 = u2 + u3. Clearly, the rewards are additive but the
transitions are not.

4 Non-zero-sum stochastic games with equilibria in pure strategies

We start with two rather simple classes of non-zero-sum stochastic games with
pure Nash equilibria. The first class is the class of coordination games. A n-person
stochastic game is a coordination game if all players have the same reward func-
tion. The second class is the class of stochastic games with action independent tran-
sitions in which all n-person games a = (a1, . . . an) �→ (r1(s, a), . . . , rn(s, a))
have a potential function.

Theorem 4.1. (i) If in an n-person stochastic game the reward functions are
the same for all players, then the stochastic game has a Nash equilibrium in pure
strategies.

(ii) If an n-person stochastic game has action independent transitions (AIT)
and for each state s ∈ S the finite n-person game with strategy sets {Ak

s}k=1,...,n

and payoff functions a �→ {rk(s, a)}k=1,...,n has a potential function, then the
stochastic game has a Nash equilibrium in pure strategies.

Proof: (i) We prove that a Nash equilibrium is obtained by solving the following
dynamical programming problem. The set of states S̄ is the same as in the stochastic
game. The actions in state s ∈ S is Ās : =

∏n
i=1 A

i
s. Finally, the reward functions

and transition functions are also the same as in the stochastic game (although the
interpretation is slightly different): r̄ = r = ri for all players i and p̄ = p. It is
well known (see Blackwell [1]) that dynamic programming problems have optimal
stationary strategies in pure actions. Let f̄ : s ∈ S �→ f̄(s) ∈ Ās be such an
optimal strategy. If each player i chooses the i-th component fi of f̄ , this is a Nash
equilibrium in the stochastic game. If any player deviates from his strategy in any
stage of the game, his expected payoff cannot increase as the same deviation in
the dynamical program would give the same increase of expected payoff.

(ii) If the players have no influence on the transitions, they will make the best
out of the state they are. By the result of Shapley and Monderer there is a pure
Nash equilibrium in each auxiliary game. That is, for each state s ∈ S there is a
Nash equilibrium (f1(s), . . . , fn(s)) ∈

∏n
i=1A

i
s of the stage game. This defines

a Markov component f i for each player i. Deviation of any player will not increase
the payoff at any time in any state and has no influence on later expected payoffs.
No player can gain by deviating at any time in any state. �

For non-zero-sum stochastic games the ARAT-structure is not sufficient for the
existence of a pure stationary equilibrium (see Raghavan et al.[8] and Thuijsman
and Raghavan [12] for an example). Moreover, the auxiliary games as considered
in the case of zero-sum games make little sense. If, however, the rewards for one
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player are additive and the transitions are single controlled by the other player,
there are pure stationary equilibria.

Theorem 4.2. If in a non-zero-sum, two-person, stochastic game player I has
an additive reward function and the transitions are controlled by (the actions of)
player II, then there is a pure stationary equilibrium.

Proof: The additivity of the reward function of player I means that
r1(s, a1, a2) = r11(s, a1) + r12(s, a2).

The single control says that p(t | s, a1, a2) = p2(t | s, a2).
As player I has no influence on the transitions it seems natural to assume that,

in every state he will maximize the part of the reward r11(s, a1) under his control.
So, we define a pure Markov component f1

0 with the property that
r11(s, f1

0 (s)) = maxa1∈A1
s
r11(s, a1).

If we fix f1
0 player II will consider the dynamic decision problem with reward

function r̄ : T 2 : = {(s, a2) : s ∈ S, a2 ∈ A2
s} → IR defined by r̄(s, a2) : =

r2(s, f1
0 (s), a2) and transition probabilities p̄ = p2 : T 2 → Δ(S) as before.

Dynamical programming problems can be solved in pure stationary strategies.
One solves first the Bellman equations:

x ∈ IRS : xs = maxa2∈A2
s
[r̄(s, a2) + β

∑
t∈S p̄(t | s, a2)xt]

and takes f2
0 (s) ∈ A2

s such that
f2
0 (s) ∈ arg max {a2 �→ [r̄(s, a2) + β

∑
t∈S p̄(t | s, a2)xt]}.

Then (f2
0 )∞ is a pure stationary strategy and a best response to (f1

0 )∞, because
it is an optimal strategy in the dynamic program.

The pure stationary strategy (f1
0 )∞ is a best response to every station-

ary strategy of player II. This follows from the formula V 1
β (f1

0 , f
2) =

[I − β P (f2)]−1 (R11(f1
0 ) + R12(f2)). If player I deviates from f1

0 to f1 all
components of R11(f1) are less or equal to the components of R11(f1

0 ) and as
the matrix [I − β P (f2)]−1 ≥ 0 also

[I − β P (f2)]−1 (R11(f1
0 ) −R11(f1) ≥ 0.

The term [I − β P (f2)]−1 (R12(f2) does not change by a deviation of player I
and (f1

0 )∞ is a best response to every stationary strategy of player II. �

Remark: In Nowak and Raghavan (1993) it is proved that, if the transitions are
single control, a Nash equilibrium can be found by solving the following auxiliary
bimatrix game. The strategy space of each player consists of the finite set of all
Markov components {f1

k}k∈MC1 and {f2
l }l∈MC2 .

If player I chooses the Markov component f1
k and player II chooses the Markov

component f2
l , the payoff to player I is

∑
s∈S R1(f1

k , f
2
l )s and the payoff to player

II is
∑

s∈S V 2
β (f1

k , f
2
l )s. If {ξk}k∈MC1 and {ηl}l∈MC2 form a Nash equilibrium

of the auxiliary game, the stationary strategies f1
∗ : =

∑
k∈MC1 ξk f

1
k and f2

∗ : =∑
l∈MC2 ηl f

2
l defines an equilibrium in stationary strategies for the β-discounted

stochastic game. Therefore, the stochastic game has a pure stationary strategy, if
the auxiliary bimatrix game has a pure Nash equilibrium.
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If we have a SER-SIT-stochastic game and the bimatrix game
[rk(s, a1, a2)]a1∈A1,a2∈A2

is a potential game for every state s ∈ S, the β-discounted stochastic game need
not have a pure stationary equilibrium. We need an additional condition.

Theorem 4.3. If in a stochastic game with separable reward functions and state
independent transitions

(i) the partial reward game [rk1(a1, a2)]a1∈A1,a2∈A2 has a potential function
and

(ii) the matrix game Q : (a1, a2) → 〈p(a1, a2), r10 − r20〉 has the diagonal
property,

then the stochastic game has an equilibrium in pure stationary strategies.

Proof: Parthasarathy et al. [5] provides a method to solve SER-SIT stochastic
games. It is sufficient to solve the auxiliary bimatrix game with strategy spacesA1

and A2 and payoff matrices
[rk1(a1, a2) + β

∑
t∈S p(t | a1, a2) rk0(t)]a1∈A1,a2∈A2 .

If (ξ, η) ∈ Δ(A1) × Δ(A2) is a Nash equilibrium of the auxiliary game, then
the (even state independent) stationary strategy (ξ∞, η∞) is an equilibrium in
the β-discounted SER-SIT stochastic game. If the auxiliary game has a potential
function, the stochastic game has a pure stationary equilibrium.

Let F1 : A1 ×A2 → IR be a potential function of the reward game with payoffs
[rk1(a1, a2)]a1∈A1,a2∈A2 .

We have to prove that the bimatrix game [β
∑

t∈S p(t | a1, a2) rk0(t)] has a
potential function. By Monderer and Shapley [4], (Theorem 2.8) this is true if and
only if the matrix

Q = [β
∑

t∈S p(t | a1, a2) (r10(t)− r20(t))]a1∈A1,a2∈A2 has the diagonal
property (see the proof of Proposition 2.1). �

Example 2. The following example shows that the condition
Q : (a1, a2) → 〈p(a1, a2), r10 − r20〉 has the diagonal property,

is not superfluous. Let S = {s1, s2}. The action spaces A1 and A2 consist of two
actions:

rk1(a1, a2) : =
[
(1, 0) (0, 0)
(2, 2) (0, 1)

]
rk0(

s1
s2

) : =
[
( 3 −1)
(−3 1)

]
p(s1 | a1, a2) : p(s2 | a1, a2) : =

[
(1 : 0) (0 : 1)

(0.5 : 0.5) (0.5 : 0.5)

]
.

A potential functionF1 for [rk1] and the functionQ : (a1, a2)→〈p(a1, a2), r10−
r20〉 have the following values

F1(a1, a2) =
[
0 0
1 0

]
Q(a1, a2) =

[
4 −4
0 0

]
(not satisfying the diag-

onal property).

If we compute the auxiliary bimatrix game, we get the matrices:



444 J. A. M. Potters, T. E. S. Raghavan and S. H. Tijs

[
(1, 0) (0, 0)
(2, 2) (0, 1)

]
+ β

[
(3,−1) (−3, 1)
(0, 0) (0, 0)

]
=
[
(1 + 3β,−β) (−3β, β)

(2, 2) (0, 1)

]
.

If β > 1
3 , the auxiliary game has only one completely mixed Nash equilibrium.
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Abstract
We deal with a game-theoretic framework involving a finite number of infi-

nite populations, members of which have a finite number of available strategies.
The payoff of each individual depends on her own action and distributions of
actions of individuals in all populations. A method to find all equilibria is dis-
cussed which requires the search through all nonempty subsets of the types’
strategy sets, assigning equilibria to each of them. The method is then used
to find equilibria in two types of “neighborhood” games in which there is one
type of player who has strategies in V = {1, . . . , k} and payoff functions
Φ(j;p) = α · pj−1 + pj + α · pj+1 for j = 2, . . . , k − 1 and: in the case
of “chain” games Φ(1;p) = p1 + α · p2; Φ(k;p) = α · pk−1 + pk; in
the case of “circular” games Φ(1;p) = α · pk + p1 + α · p2; Φ(k;p) =
α · pk−1 + pk + α · p1; (in both cases 0 ≤ α ≤ 1

2 ; p is a distribution on
V ). The Fibonacci numbers are used to determine the coordinates of equilib-
ria in the case α = 1

3 , for other values of α we need to construct numerical
Fibonacci-like sequences which determine, in an analogous manner, coordi-
nates of equilibria. An alternative procedure makes use of some numerical
Pascal-like triangles, specially constructed for this purpose.

Key words. Fibonacci numbers, numerical triangles, large game, “neighbor-
hood” game, equilibrium

AMS Subject Classifications. 91A10, 91A13, 91D25, 11B39

1 Equilibria in simple large games

Formally, a game of the type considered in this paper is defined as a system
consisting of positive integers n, k1, k2, . . . , kn (n is the number of populations
and, for i = 1, . . . , n, ki is the number of strategies available for individuals of
type i) and functions Φi : V i×Δk1 ×· · ·×Δkn → R, i = 1, . . . , n (we denote the
set {1, 2, . . . , ki} of strategies of type i by V i; Δki denotes the standard simplex in
R

ki); Φi
(
j;p1, . . . ,pn

)
is the payoff of a player of type i choosing the strategy j
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while, for i = 1, . . . , n, the prevailing distributions of strategies of the respective
types are p1, . . . ,pn.

An equilibrium for a game Γ =
(
n, k1, k2, . . . , kn; Φ1, . . . ,Φn

)
is a system

of distributions of strategies of the players of respective types
(
p1, . . . ,pn

)
∈

Δk1 × · · · × Δkn
such that, for i = 1, . . . , n,

maxj=1,...,ki
Φi
(
j;p1, . . . ,pn

)
=
∑ki

j=1
pi

j · Φi
(
j;p1, . . . ,pn

)
.

So an equilibrium is a system of distributions of strategies such that for each type i,
the average payoff of players of this type is equal to the maximal possible payoff;
this, somewhat informally, means that there are no players of any type who could
increase their payoffs.

The most natural technique to find all equilibria in a game Γ seems to reduce
the problem to finding solutions of the system of equations:

⎧⎪⎪⎨⎪⎪⎩
maxj=1,...,k1 Φ1

(
j;p1, . . . ,pn

)
=
∑k1

j=1 p1
j · Φ1

(
j;p1, . . . ,pn

)
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
maxj=1,...,kn Φn

(
j;p1, . . . ,pn

)
=
∑kn

j=1 pn
j · Φn

(
j;p1, . . . ,pn

)
p1 ∈ Δk1 , . . . ,p

n ∈ Δkn .

However, in practice, finding all solutions of the above system, or even finding
a single solution, is difficult because of the “max” operator which always turns a
smooth system into a nonsmooth one and, in general, it changes the class of the
considered problems.

We therefore propose the following algorithm to find all equilibria in Γ.
1. Select, for each type i = 1, . . . , n, a nonempty set of strategies W i ⊆ V i;
2. Find all solutions of the system of equations:⎧⎪⎪⎨⎪⎪⎩

Φ1
(
j; p̃1, . . . , p̃n

)
= Φ1

(
j′; p̃1, . . . , p̃n

)
, j, j′ ∈ W 1

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Φn
(
j; p̃1, . . . , p̃n

)
= Φn

(
j′; p̃1, . . . , p̃n

)
, j, j′ ∈ Wn

p̃1 ∈ Δk1 , . . . , p̃
n ∈ Δkn ,

where, for i = 1, . . . , n, p̃i
j = pi

j whenever j ∈ W i and otherwise p̃i
j is fixed as 0

(note that the system consists of #W 1 + · · ·+#Wn −n equations which contain
#W 1 + · · · + #Wn variables; if for technical reasons the number of equations
should be increased, the natural candidates are the equations

∑ki

j=1 p̃i
j = 0, i =

1, . . . , n);
3. Eliminate the found solutions

(
p̂1, . . . , p̂n

)
which are not equilibria, i.e.,

those for which there exist i = 1, . . . , n, j ∈ W iand j′ /∈ W i such that
Φi
(
j′; p̂1, . . . , p̂n

)
> Φi

(
j; p̂1, . . . , p̂n

)
.

This procedure should be repeated for all possible selections
(
W 1, . . ., Wn

)
,

as described in step (1).
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Some remarks are in order now.
We write in point (2): “find all solutions”; probably in some specific cases one

will not be able to find “all” solutions. The phrase “find all solutions” should rather
be understood as: “we reduce the problem of finding equilibria to an optimization

exported the problem to another branch of mathematics”.
The proposed procedure can be usually simplified because of symmetries or

other regularities in the data; this will be illustrated in the example below.
Some equilibria may be identified several times, while executing this procedure

for different potential supports (which is the case where a found equilibrium has
some coordinates equal to 0); if we want to avoid these phenomena, we may simply
add a step in the algorithm eliminating such equilibria.

We illustrate the proposed algorithm by an example.

Example 1.1. Suppose that we are given a game Γ = (1, 4; Φ) with one pop-
ulation and four available strategies 1, 2, 3, 4; the payoff function is defined by

Φ (j;p) = pj + 1
3

(∑
r:|r−j|=1 pr

)
(the upper script 1 at Φ1 may be skipped

in this case). We need to consider 15 possible supports W of an equilibrium:
{1} , {2} , {3} , {4} , . . . , {1, 2, 3, 4}. In general, all the 15 cases should be con-
sidered separately, but due to the occurring symmetries this number reduces to
9 (except (7), (8), and (15), every case has a symmetric counterpart; see the last
column in Table 1).

For instance, forW = {1} we get the payoff 1 corresponding to the distribution
(1, 0, 0, 0) and the use of the first strategy. We only need to check whether the
payoffs corresponding to a choice of strategies 2, 3, or 4 do not exceed 1; of course,
this is not the case, so (1, 0, 0, 0) is an equilibrium. The case of W = {4} is
symmetric, so both cases get the same label (1).
ForW = {1, 3} we have to solve, for p1,p3, the simultaneous equations p1 + 1

3 ·
p2 = 1

3 · p2 + p3 + 1
3 · p4, p1 + p3 = 1. We find the solution

( 1
2 , 0,

1
2 , 0
)
; while

using a strategy 1 or 3, a player obtains the payoff 1
2 ; otherwise, using the strategy

2 he obtains the payoff 1
3 and using the fourth strategy he gets the payoff 1

6 . The
case W = {2, 4} is symmetric.

The remaining cases are skipped, because their discussion is similar.

As understood in the present paper, a neighborhood game is one with one type
of players and k strategies 1, 2, . . . , k which are vertices in an undirected graph
without loops G = ({1, 2, . . . , k}, E); the payoff function is Φ(j;p) = pj + α ·∑

r:{r,j}∈E pr, α is real. So the payoff for a player who chose a strategy j is pj

plus the sum of all pr such that r is a neighbor of j, multiplied by a coefficient α.
In the present paper, we give a complete analysis of equilibria in neighborhood

games in which G is a chain or a cycle while 0 ≤ α ≤ 1
2 .

problem; if all its solutions can be found, it is fine; otherwise, we have at least
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Table 1: A simple “neighborhood” game.

# Support Equilibrium Payoffs for Actual Symmetries
W Eq(W ) resp. strategies payoff

1 {1} (1, 0, 0, 0)
(
1, 1

3 , 0, 0
)

1 (1)
2 {2} (0, 1, 0, 0)

( 1
3 , 1,

1
3 , 0
)

1 (2)
3 {3} (0, 0, 1, 0)

(
0, 1

3 , 1,
1
3

)
1 (2)

4 {4} (0, 0, 0, 1)
(
0, 0, 1

3 , 1
)

1 (1)
5 {1, 2}

( 1
2 ,

1
2 , 0, 0

) ( 2
3 ,

2
3 ,

1
6 , 0
) 2

3 (5)
6 {1, 3}

( 1
2 , 0,

1
2 , 0
) ( 1

2 ,
1
3 ,

1
2 ,

1
6

) 1
2 (6)

7 {1, 4}
( 1

2 , 0, 0,
1
2

) ( 1
2 ,

1
6 ,

1
6 ,

1
2

) 1
2 (7)

8 {2, 3}
(
0, 1

2 ,
1
2 , 0
) ( 1

6 ,
2
3 ,

2
3 ,

1
6

) 2
3 (8)

9 {2, 4}
(
0, 1

2 , 0,
1
2

) ( 1
6 ,

1
2 ,

1
3 ,

1
2

) 1
2 (6)

10 {3, 4}
(
0, 0, 1

2 ,
1
2

) (
0, 1

6 ,
2
3 ,

2
3

) 2
3 (5)

11 {1, 2, 3}
( 2

5 ,
1
5 ,

2
5 , 0
) ( 7

15 ,
7
15 ,

7
15 ,

2
15

) 7
15 (11)

12 {1, 2, 4}
( 3

10 ,
3
10 , 0,

4
10

) ( 12
30 ,

12
30 ,

7
30 ,

12
30

) 12
30 (12)

13 {1, 3, 4}
( 4

10 , 0,
3
10 ,

3
10

) ( 12
30 ,

7
30 ,

12
30 ,

12
30

) 12
30 (12)

14 {2, 3, 4}
(
0, 2

5 ,
1
5 ,

2
5

) ( 2
15 ,

7
15 ,

7
15 ,

7
15

) 7
15 (11)

15 {1, 2, 3, 4}
( 3

10 ,
2
10 ,

2
10 ,

3
10

) ( 11
30 ,

11
30 ,

11
30 ,

11
30

) 11
30 (15)

2 A few tricks

This section has an introductory character; it contains intuitive examples related
to Fibonacci numbers; the general theory will be presented in Sec. 4. The proofs
of all statements in this section are skipped, because they will be proved in Sec. 4.

Example 2.1. We take the Fibonacci sequence (F1, F2, . . .) = (1, 1, 2, 3, 5, 8,
13, 21, 34, . . .) and choose a positive integer k. We form a sequence

(
fk
1 , . . . , f

k
k

)
of length k letting

(
fk
1 , . . . , f

k
k

)
= (F1Fk, F2Fk−1, F3Fk−2, . . .,Fk−1F2,FkF1).

We find that, for each k, the value 1
3f

k
i−1 + fk

i + 1
3f

k
i+1 (for i = 1 and i =

k we supplement the formula taking fk
0 = fk

k+1 = 0) is constant for all i =
1, . . . , k, although this value is different for different k. Obviously, the sequence(
fk
1 , . . . , f

k
k

)
is symmetric, i.e., fk

i = fk
k+1−i for all i.

For instance, for k = 5 we have
(
f5
1 , f

5
2 , f

5
3 , f

5
4 , f

5
5
)

= (5, 3, 4, 3, 5) and the
term 1

3f
5
i−1 + f5

i + 1
3f

5
i+1, for i = 2, 3, 4 (at boundaries, f5

1 + 1
3f

5
2 or 1

3f
5
4 + f5

5 )
is constant and equal to 18

3 .
Another example: for k = 8, we have

(
f8
1 , f

8
2 , . . . , f

8
8
)

= (21, 13, 16, 15, 15,
16, 13, 21) and the term 1

3f
8
i−1 + f8

i + 1
3f

8
i+1, for i = 2, . . . , 7, (at boundaries,

f8
1 + 1

3f
8
2 or 1

3f
8
7 + f8

8 ) is constant and equal to 76
3 .

Let us now form a numerical triangle (Table 2) whose k-th row is composed of
elements of the sequence

(
fk
1 , . . . , f

k
k

)
, visually arranged as the Pascal triangle.

On the right, we put the corresponding to each row values—equal for all i numbers
1
3f

k
i−1 + fk

i + 1
3f

k
i+1 (at boundaries fk

1 + 1
3f

k
2 or 1

3f
k
k−1 + fk

k ).
Observe that this triangle may be obtained by the following rule: the first two

rows are given; suppose that the first k rows are already constructed; then the row
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of number k+1 is constructed so that its terms are situated as in the Pascal triangle
and each of them is defined as a sum of two elements in the two preceding rows,
along a diagonal, no matter which. If one element along a diagonal is missing, it
is substituted by 0; if two are missing, this diagonal is neglected (this is the case
for the border entries). The rule is illustrated by two entries in the triangle, 8 and
16, and the entries whose sum they are, along a diagonal, are marked by ∗, or ◦.

Note that, in the same triangle (Table 3), the entries at the right border, marked
by ∗ (as well as those at the left border) form the Fibonacci sequence; the same is
true for the entries marked by ◦. The entries marked by × form the sequence of
Fibonacci numbers multiplied by 3 (the fourth Fibonacci number); those marked
by � form the sequence of Fibonacci numbers multiplied by 8, the sixth Fibonacci
number, etc.

Table 2: A recursive rule to construct the Fibonacci triangle.

# Value
1 1 3/3
2 1 1 4/3
3 2 1 2 7/3
4 3 2 2 3 11/3
5 5 3◦ 4 3 5 18/3
6 8∗ 5◦ 6 6∗ 5 8◦ 29/3
7 13 8 10 9 10∗ 8◦ 13 47/3
8 21 13 16 15 15 16 13 21 76/3

. . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 3: Products of Fibonacci numbers.

# Value
1 1∗ 3/3
2 1◦ 1∗ 4/3
3 2 1◦ 2∗ 7/3
4 3× 2 2◦ 3∗ 11/3
5 5 3× 4 3◦ 5∗ 18/3
6 8� 5 6× 6 5◦ 8∗ 29/3
7 13 8� 10 9× 10 8◦ 13∗ 47/3
8 21 13 16� 15 15× 16 13◦ 21∗ 76/3

. . . . . . . . . . . . . . . . . . . . . . . . . . .

Example 2.2. We take, instead of the Fibonacci sequence, the sequence(
F 2

1 , F
2
2 , . . .

)
= (1, 1, 3, 4, 11, 15, 41, 56, 153, . . .), formed by the following

rule: F 2
1 = F 2

2 = 1; if F 2
k−2 and F 2

k−1 are already defined then we define
F 2

k = F 2
k−1 + F 2

k−2 if k is even and F 2
k = 2F 2

k−1 + F 2
k−2 if k is odd (the nota-

tion F 2
i is used to stress similarity to ordinary Fibonacci numbers Fi and also
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for the reason of consistency with notation to be introduced in Sec. 4). Choose

a positive integer k. We form the sequence
(
f2,k
1 , . . . , f2,k

k

)
of length k letting(

f2,k
1 , . . . , f2,k

k

)
=
(
F 2

1F
2
k , F

2
2F

2
k−1, F

2
3F

2
k−2, . . . , F

2
k−1F

2
2 , F

2
kF

2
1
)

if k is even

and
(
f2,k
1 , . . . , f2,k

k

)
=
(
F 2

1F
2
k , 2F

2
2F

2
k−1, F

2
3F

2
k−2, . . . , 2F 2

k−1F
2
2 , F

2
kF

2
1
)

if

k is odd (entries at odd places i have the form F 2
i F

2
k+1−i; entries at even places i

are 2F 2
i F

2
k+1−i).

Note that, for each k, the value 1
4f

2,k
i−1 + f2,k

i + 1
4f

2,k
i+1 is constant for all

i = 1, . . . , k, although this value is different for different k (for i = 1 and i = k
we supplement the formula assuming f2,k

0 = f2,k
k+1 = 0). Obviously, the sequence(

f2,k
1 , . . . , f2,k

k

)
is symmetric.

For instance, for k = 5 we have
(
f2,5
1 , f2,5

2 , f2,5
3 , f2,5

4 , f2,5
5

)
=(11, 8, 9, 8,11)

and the term 1
4f

2,5
i−1 +f2,5

i + 1
4f

2,5
i+1 (at boundaries, f2,k

1 + 1
4f

2,k
2 or 1

4f
2,k
k−1 +f2,k

k )
is constant over i and equal to 52

4 .

For k = 8 we have
(
f2,8
1 , f2,8

2 , . . . , f2,8
8

)
= (56, 41, 45, 44, 44, 45, 41, 56) and

the term 1
4f

2,8
i−1 + f2,8

i + 1
4f

2,8
i+1 (at boundaries, f2,8

1 + 1
4f

2,8
2 or 1

4f
2,8
7 + f2,8

8 ) is
constant over i and equal to 265

4 .
Let us now form a numerical triangle (Table 4) whosek-th row is composed of the

elements of the sequence
(
f2,k
1 , . . . , f2,k

k

)
, visually arranged as the Pascal triangle.

On the right, we put the corresponding to each row values 1
4f

2,k
i−1 + f2,k

i + 1
4f

2,k
i+1

(again, all of them equal, at boundaries f2,k
1 + 1

4f
2,k
2 or 1

4f
2,k
k−1 + f2,k

k ).

Table 4: A Fibonacci-like triangle.

# Value
1 1 4/4
2 1 1 5/4
3 3 2 3 14/4
4 4 3◦ 3 4 19/4
5 11∗ 8◦ 9∗ 8 11◦ 52/4
6 15 11 12 12∗ 11◦ 15 71/4
7 41 30 33 32 33 30 41 194/4
8 56 41 45 44 44 45 41 56 265/4

. . . . . . . . . . . . . . . . . . . . . . . . . . .

Observe that this triangle may be obtained by the following rule: the first two
rows are given; suppose that the first k − 1 rows are already constructed; then
the row of number k is constructed so that its terms are situated as in the Pascal
triangle and each of them is defined as follows:

• for even k, as a sum of two elements in the two preceding rows, along a
diagonal, no matter which;
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• for odd k, as a sum of two elements in the two preceding rows (the one in
the row right above multiplied by 2), along a diagonal, no matter which.

If one element along a diagonal is missing, it is substituted by 0; if two are
missing, this diagonal is neglected (this is the case for the border entries). The
rule is illustrated by two entries in the triangle, 11 and 33, and the entries whose
(adjusted) sum they are, along a diagonal, are marked by ∗, or ◦; the entry to be
multiplied by 2 is italicized.

3 Some linear algebra

For real α and a positive integer k we define k × k matrices Dα
k = (dij) and

Eα
k = (eij) by formulas

dij=

⎧⎨⎩
1 if i = j;
α if |i− j| = 1;
0 otherwise,

and eij=

⎧⎨⎩
1 if i = j;
α if |i− j| = 1 or |i− j| = k − 1;
0 otherwise.

So the matrices Dα
k and Eα

k look like:

Dα
k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 α 0 0
... 0 0 0

α 1 α 0
... 0 0 0

0 α 1 α
... 0 0 0

0 0 α 1
... 0 0 0

. . . . . . . . . . . .
. . . . . . . . . . . .

0 0 0 0
... 1 α 0

0 0 0 0
... α 1 α

0 0 0 0
... 0 α 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Eα
k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 α 0 0
... 0 0 α

α 1 α 0
... 0 0 0

0 α 1 α
... 0 0 0

0 0 α 1
... 0 0 0

. . . . . . . . . . . .
. . . . . . . . . . . .

0 0 0 0
... 1 α 0

0 0 0 0
... α 1 α

α 0 0 0
... 0 α 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Theorem 3.1. For any − 1
2 ≤ α ≤ 1

2 and positive integer k, detDα
k > 0.

Lemma 3.1. Let 0 ≤ β ≤ 1
4 . The sequence (xk) defined by x0 = x1 = 1 and,

recursively for k = 2, 3, . . ., xk = xk−1 − βxk−2, has all terms positive.

Proof. By definition, x0 and x1 are positive and x1 >
1
2x0. We prove, by induction

for k = 2, 3, . . ., that xk is positive and xk >
1
2xk−1 (the inequality is necessary to

perform the inductive step). So suppose that for some positive k we already know
that xk is positive and xk >

1
2xk−1. Then we have (we use below both inductive

assumptions, the second in the form −xk−1 > −2xk)

xk+1 = xk − βxk−1 ≥ xk − 1
4
xk−1 > xk − 1

4
· 2xk =

1
2
xk,

and therefore xk+1 is positive. �
Proof of Theorem 3.1. Taking the Laplace expansion of Dα

k along the first row,
we get a recursive formula which holds for k = 3, 4, . . .:

detDα
k = detDα

k−1 − α2 detDα
k−2.

Let β = α2 and define a sequence (xk) letting x0 = 1 and, for k = 1, 2, . . .,
xk = detDα

k . We have, applying the displayed formula, xk = xk−1 − βxk−2.
Hence, the lemma applies and it follows that all terms of the sequence are positive,
which means that detDk > 0. �

Theorem 3.2. For any − 1
2 < α < 1

2 and positive integer k, the matrix Eα
k

is nonsingular. The matrix E−1/2
k has rank k − 1 for all k. The matrix E1/2

k is
nonsingular for odd k; for even k, k ≥ 4, it has the rank k − 1.

Proof. Fix − 1
2 < α < 1

2 and a positive integer k. Suppose thatEα
k is singular. Then

there exists a nonzero vector x such that Eα
k ·x = 0, i.e., xj = −αxj−1 −αxj−1

for j = 1, . . . , k (for j = 1 and j = k some indices at the right side should
be understood modulo k). For at least one j, xj �= 0 in which case we have
|xj | < 1

2 |xj−1| + 1
2 |xj+1|; for all remaining j we have |xj | ≤ 1

2 |xj−1| +
1
2 |xj+1|. Summing up the sides of all these inequalities over j = 1, . . . , k we get

a contradiction
∑k

j=1 |xj | <
∑k

j=1 |xj |.
The matrix E−1/2

k is singular because E−1/2
k · [1, 1, . . . , 1]ᵀ = 0. The rank of

E
−1/2
k is k− 1 because E−1/2

k has a submatrix D−1/2
k−1 which, by Theorem 3.1, is

nonsingular.
For even k ≥ 4, the matrix E

1/2
k is singular, because E

1/2
k · [1,−1, 1,−

1, . . . , 1,−1]ᵀ = 0. The rank ofE1/2
k is k−1 becauseE1/2

k has a submatrixD1/2
k−1

which, by Theorem 3.1, is nonsingular.
Finally, we prove that E1/2

k is nonsingular for odd k. Suppose not, then there

exists a nonzero vector x such that E1/2
k · x = 0. Let j be such that the absolute
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value |xj | is maximal among |x1| , . . . , |xk|. Because of symmetry we may assume,
without loss off generality, that j is equal to 1 and x1 = 1. We have then 1 =
− 1

2xk − 1
2x2, which is possible only if xk = −1 and x2 = −1. Repeating this

argument, we prove inductively, for r = 2, 3, . . . , k, that xr = 1 for odd r and
xr = −1 for even r; hence also xk = 1, a contradiction. �

4 Exact sequences

Let α be real and let k be a positive integer. A sequence of reals (x1, . . . , xk)
is α-exact if for each i = 1, . . . , k and j = 1, . . . , k, αxi−1 + xi + αxi+1 =
αxj−1 + xj + αxj+1 (at boundary entries we supplement by x0 = xk+1 = 0).

4.1 Generalized Fibonacci sequences

Let A be real. A generalized Fibonacci sequence with parameter A (for short,
FibonacciA-sequence) is the sequence of reals

(
FA

1 , F
A
2 , F

A
3 , . . .

)
such thatFA

1 =
FA

2 = 1 and FA
i = A ·FA

i−1 +FA
i−2 for odd iwhile FA

i = FA
i−1 +FA

i−2 for even i.

The standard (A, k)-sequence is the sequence fAk =
(
fAk

i

)k
i=1 defined as

follows:
for odd k and odd i = 1, 3, 5, . . . , k, fAk

i = FA
i · FA

k+1−i;
for odd k and even i = 2, 4, . . . , k − 1, fAk

i = A · FA
i · FA

k+1−i;
for even k and i = 1, 2, . . . , k, fAk

i = FAk
i · FAk

k+1−i.
More visually:

a standard (A, 6)-sequence looks like:(
FA

1 · FA
6 , F

A
2 · FA

5 , F
A
3 · FA

4 , F
A
4 · FA

3 , F
A
5 · FA

2 , F
A
6 · FA

1
)

;

a standard (A, 7)-sequence looks like:(
FA

1 ·FA
7 , A·FA

2 · FA
6 , F

A
3 · FA

5 , A · FA
4 · FA

4 , F
A
5 · FA

3 , A · FA
6 · FA

2 , F
A
7 · FA

1
)
.

Clearly, every standard sequence is symmetric, i.e., fAk
i = fAk

k+1−i, for all A, k
and i = 1, 2, . . . , k. The ordinary Fibonacci sequence is the same as the generalized
Fibonacci 1-sequence.

Remark 4.1. Every constant sequence is 0-exact and there are no other 0-exact
sequences. �

Proposition 4.1. If A > 0 then, for each k, all elements of the standard (A, k)-
sequence are positive. For each evenk, all elements of the standard (0, k)-sequence
are positive; for odd k, the standard (0, k)-sequence is (1, 0, 1, 0, . . ., 1, 0, 1). �

Theorem 4.1. Let A �= −2 and let k be a positive integer. The standard (A, k)-
sequence is

(
1

A+2

)
-exact.
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Proof. Choose A and k, as indicated. Denote 1
A+2 = α. We need to prove that

α ·fAk
t−1+fAk

t +α ·fAk
t+1 = α ·fAk

t +fAk
t+1+α ·fAk

t+2, for t = 2, 3, . . . , k−1, (1)

fAk
1 + α · fAk

2 = α · fAk
1 + fAk

2 + α · fAk
3 (2)

and
α · fAk

k−2 + fAk
k−1 + α · fAk

k = α · fAk
k−1 + fAk

k . (3)

To reduce the number of cases to be considered, we augment the original
FibonacciA-sequence with an initial term FA

0 = 0, so instead we get the sequence(
FA

0 , F
A
1 , F

A
2 , . . .

)
; note that this sequence is defined by FA

0 = 0, FA
1 = 1 and

exactly the same recursive formula as in the definition of a FibonacciA-sequence:
FA

i = AFA
i−1 + FA

i−2 for odd i and FA
i = FA

i−1 + FA
i−2 for even i. The standard

sequence is then augmented to
(
fAk
0 , fAk

1 , . . . , fAk
k , fAk

k+1

)
, defined in the same

manner as in the original definition: the elements fAk
i , i = 1, . . . , k, remain

unchanged while fAk
0 = fAk

k+1 = 0 (for even k we have fAk
0 = FA

0 · FA
k+1 = 0,

fAk
k+1 = FA

k+1 · FA
0 = 0; for odd k we have fAk

0 = A · FA
0 · FA

k+1 = 0,
fAk

k+1 = A · FA
k+1 · FA

0 = 0). Hence, instead of proving (1), (2), and (3) we actu-
ally have to prove that (1) holds for i = 1, 2, 3, . . . , k, for the augmented standard
sequence.

Case 1. k is even. Then we have the augmented standard sequence(
FA

0 ·FA
k+1, F

A
1 ·FA

k , F
A
2 ·FA

k−1, F
A
3 ·FA

k−2, . . . , F
A
k−1H·FA

2 , F
A
k ·FA

1 , F
A
k+1·FA

0
)
,

and we have to prove that, for i = 1, 2, 3, . . . , k,

α · FA
i−1 · FA

k+2−i + FA
i · FA

k+1−i + α · FA
i+1 · FA

k−i

= α · FA
i · FA

k+1−i + FA
i+1 · FA

k−i + α · FA
i+2 · FA

k−1−i. (4)

Formally, we should consider two cases: where i is even and where i is odd. The
two cases are symmetric, so we shall only deal with the first one.

We denote FA
i−1 = a, FA

i = b, FA
k−1−i = c, FA

k−i = d.

Then we have (keep in mind that now k − i is even):
FA

i+1 = A · FA
i + FA

i−1 = a+A · b;
FA

i+2 = FA
i+1 + FA

i = (A+ 1) · FA
i + FA

i−1 = a+ (A+ 1) · b;
FA

k+1−i = A · FA
k−i + FA

k−1−i = c+A · d;
FA

k+2−i = FA
k+1−i + FA

k−i = (A+ 1) · FA
k−i + FA

k−1−i = c+ (A+ 1) · d.

Substituting in (4), also α = 1
A+2 , we get:

1
A+ 2

· a · [c+ (A+ 1) · d] + b · (c+A · d) +
1

A+ 2
· (a+A · b) · d =

=
1

A+ 2
· b · (c+A · d) + (a+A · b) · d+

1
A+ 2

· [a+ (A+ 1) · b] · c,
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which is a tautology that holds for all real numbers a, b, c, d and A �= −2.

Case 2. k is odd. Then we have the augmented standard sequence(
A · FA

0 · FA
k+1, F

A
1 · FA

k , A · FA
2 · FA

k−1, F
A
3 · FA

k−2, . . . ,

A · FA
k−1 · FA

2 , F
A
k · FA

1 , A · FA
k+1 · FA

0
)
.

For even i = 2, 4, . . . , k − 1 we have to prove that

α · FA
i−1 · FA

k+2−i +A · FA
i · FA

k+1−i + α · FA
i+1 · FA

k−i =

= α ·A · FA
i · FA

k+1−i + FA
i+1 · FA

k−i + α ·A · FA
i+2 · FA

k−1−i. (5)

For odd i = 1, 3, . . . , k we have to prove that

α ·A · FA
i−1 · FA

k+2−i + FA
i · FA

k+1−i + α ·A · FA
i+1 · FA

k−i =

= α · FA
i · FA

k+1−i +A · FA
i+1 · FA

k−i + α · FA
i+2 · FA

k−1−i. (6)

Again, the two cases are symmetric and we shall only deal with the first one.
As in the previous case, we denote FA

i−1 = a, FA
i = b, FA

k−1−i =
c, FA

k−i = d.

Then we have (keep in mind that now k − i is odd):
FA

i+1 = A · FA
i + FA

i−1 = a+A · b;
FA

i+2 = FA
i+1 + FA

i = (A+ 1) · FA
i + FA

i−1 = a+ (A+ 1) · b;
FA

k+1−i = FA
k−i + FA

k−1−i = c+ d;
FA

k+2−i = A·FA
k+1−i+F

A
k−1−i = (A+ 1)·FA

k−i+A·FA
k−1−i = A·c+(A+ 1)·d.

Substituting in (5), also α = 1
A+2 , we get:

1
A+ 2

· a · [A · c+ (A+ 1) · d] +A · b · (c+ d) +
1

A+ 2
· (a+A · b) · d =

=
1

A+ 2
·A · b · (c+ d) + (a+A · b) · d+

1
A+ 2

·A · [a+ (A+ 1) · b] · c,

which is a tautology that holds for all real numbers a, b, c, d and A �= −2.
This completes the proof of the theorem. �

Corollary 4.1. For each positive integer k and α �= 0, the sequence fAk, where
A = 1

α − 2, is α-exact. For any − 1
2 ≤ α ≤ 1

2 , α �= 0, any other α-exact sequence
of length k is proportional to fAk.

Proof. The last statement follows from Theorem 3.1. �



456 A. Wieczorek

Table 5: The Fibonacci-like triangle – general case.

fA1
1
[1]

fA2
1
[1]

fA2
2
[1]

fA3
1

[A+ 1]
fA3
2
[A]

fA3
3

[A+ 1]
fA4
1

[A+ 2]
fA4
2

[A+ 1]
fA4
3

[A+ 1]
fA4
4

[A+ 2]
. . . . . . . . . . . . . . .

4.2 Pascal-like triangles

We now turn back to the subject of Pascal-like triangles, already tackled in Sec. 2.
We show the triangle (Table (5) whose k-th row consists of consecutive elements of
the standard (A, k)-sequence. Right below, in square brackets, we give the explicit
formula.

Theorem 4.2. Let k ≥ 5 be an odd positive integer. Then:
a. fAk

1 = A · fA,k−1
1 + fA,k−2

1 ;
b. fAk

2 = A · fA,k−1
1 = A · fA,k−1

2 + fA,k−2
2 ;

c. fAk
i = A ·fA,k−1

i−1 +fA,k−2
i−2 = A ·fA,k−1

i +fA,k−2
i , for i = 3, 4, . . . , k−2;

d. fAk
k−1 = A · fA,k−1

k−2 + fA,k−2
k−3 = A · fA,k−1

k−1 ;

e. fAk
k = A · fA,k−1

k−1 + fA,k−2
k−2 .

Theorem 4.3. Let k ≥ 4 be an even positive integer. Then:
a. fAk

1 = fA,k−1
1 + fA,k−2

1 ;
b. fAk

2 = fA,k−1
1 = fA,k−1

2 + fA,k−2
2 ;

c. fAk
i = fA,k−1

i−1 + fA,k−2
i−2 = fA,k−1

i + fA,k−2
i , for i = 3, 4, . . . , k − 2;

d. fAk
k−1 = fA,k−1

k−2 + fA,k−2
k−3 = fA,k−1

k−1 ;

e. fAk
k = fA,k−1

k−1 + fA,k−2
k−2 .

Analogous formulas to those in Theorems 4.2 and 4.3 are also true for k = 3
and k = 2; they are (immediately checked):
4.2.f (k = 3) fA3

1 = A·fA2
1 +fA1

1 , fA3
2 = A·fA2

1 = A·fA2
2 , fA3

3 = A·fA2
2 +fA1

1 ;
4.3.f (k = 2) fA2

1 = fA1
1 , fA2

2 = fA1
1 . �

Proof of Theorem 4.2. Because of the symmetry of the triangle we only need to
prove that:

(X) for i = 1, 2, . . . , k − 2, fAk
i = A · fA,k−1

i + fA,k−2
i

and
(Y) fAk

k−1 = A · fA,k−1
k−1 .

We shall consider separately two cases of (X): (XO) where i is odd and (XE)
where i is even.
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To prove (XO), we substitute (according to the definition of standard sequences)
in (X) fAk

i = FA
i ·FA

k+1−i, f
A,k−1
i = FA

i ·FA
k−i, f

A,k−2
i = FA

i ·FA
k−1−i and we

get FA
i ·FA

k+1−i = A ·FA
i ·FA

k−i +FA
i ·FA

k−1−i which is obviously true, because,
by definition of an (A, k)-sequence, FA

k+1−i = A · FA
k−i + FA

k−1−i (clearly, here
k + 1 − i is odd).

To prove (XE), we substitute (according to the definition of standard sequences)
in (X) fAk

i = A ·FA
i ·FA

k+1−i, f
A,k−1
i = FA

i ·FA
k−i, f

A,k−2
i = A ·FA

i ·FA
k−1−i

and we getA ·FA
i ·FA

k+1−i = A ·FA
i ·FA

k−i +A ·FA
i ·FA

k−1−i which is obviously
true, because, by definition of an (A, k)-sequence, FA

k+1−i = FA
k−i + FA

k−1−i

(clearly, here k + 1 − i is even).
To prove (Y), we substitute in (Y), according to the definition of an (A, k)-

sequence,fAk
k−1 = A·FA

2 ·FA
k−1 andfA,k−1

k−1 = FA
1 ·FA

k−1, so we getA·FA
2 ·FA

k−1 =
A · FA

1 · FA
k−1 which is obviously true, because FA

1 = FA
2 . �

Proof of Theorem 4.3. Because of the symmetry of the triangle we only need to
prove that:

(Z) for i = 1, 2, . . . , k − 2, fAk
i = fA,k−1

i + fA,k−2
i

and
(T) fAk

k−1 = fA,k−1
k−1 .

We shall consider separately two cases of (Z): (ZO) where i is odd and (ZE)
where i is even.

To prove (ZO), we substitute (according to the definition of standard sequences)
in (Z) fAk

i = FA
i ·FA

k+1−i, f
A,k−1
i = FA

i ·FA
k−i, f

A,k−2
i = FA

i ·FA
k−1−i and we

get FA
i ·FA

k+1−i = FA
i ·FA

k−i +FA
i ·FA

k−1−i which is obviously true, because, by
definition of an (A, k)-sequence,FA

k+1−i = FA
k−i+F

A
k−1−i (clearly, here k+1−i

is even).
To prove (ZE), we substitute (according to the definition of standard sequences)

in (Z) fAk
i = FA

i · FA
k+1−i, f

A,k−1
i = A · FA

i · FA
k−i, f

A,k−2
i = FA

i · FA
k−1−i

and we get FA
i · FA

k+1−i = A · FA
i · FA

k−i + FA
i · FA

k−1−i which is obviously
true, because, by definition of an (A, k)-sequence, FA

k+1−i = A · FA
k−i + FA

k−1−i

(clearly, here k + 1 − i is odd).
To prove (T), we substitute in (T), according to the definition of an (A, k)-

sequence, fAk
k−1 = FA

2 · FA
k−1 and fA,k−1

k−1 = FA
1 · FA

k−1 and we get FA
2 · FA

k−1 =
FA

1 · FA
k−1 which is obviously true, because FA

1 = FA
2 . �

Theorems 4.2 and 4.3 actually describe a recursive procedure, extending this
already mentioned in Sec. 2, allowing for an alternative construction of standard
sequences: we first fix the first row of the triangle consisting of a single element
1, the second row consisting of terms of the sequence (1, 1), and then we use
the recursive formulas to construct the consecutive rows (standard sequences): the
newly defined element is a sum of two preceding elements, along (any) diagonal,
the immediate predecessor multiplied byA or 1, according to whether the number
of the row is odd or even.



458 A. Wieczorek

4.3 Value and volume of a sequence

Proposition 4.2. 1. Sequences (0, 0, . . . , 0), (t) and (t, t) (t is real) are α-exact
for every real α.
2. If any other sequence is α-exact and β-exact then α = β.

Proof. (1) is obvious. To prove (2), suppose that a sequence x = (x1, . . . , xk) is
α- and β-exact. Then, in particular, we have x1 + αx2 = αx1 + x2 + αx3 and
x1 + βx2 = βx1 + x2 + βx3 which implies (α− β) (x1 − x2 + x3) = 0. If
x1 − x2 + x3 = 0 then x must have the form (a, b, b− a, . . .). Equality a+αb =
αa+b+α (b− a) (following fromα-exactness) implies a = b; the sequence of the
form (a, a, 0, . . .) is either one of those in (1) or else α, β �= 0 and x4 = a

α = a
β ,

hence α = β). If x1 − x2 + x3 �= 0 then also α = β. �
The value of an α-exact sequence x = (x1, . . . , xk) (denoted by Val(x)) is

the number x1 + αx2 (if the length of the sequence is 1 then Val(x) = x1). For
sequences of the form (t, t) (t - real) the term “value” should rather be specified to
“α-value” (for different α, their α-values are different). The values of sequences
(0, 0, . . . , 0) are obviously 0; the value of (t) is t. Otherwise, in view of Proposition
9, theαof anα-exact sequence is unique and therefore the term “value” is sufficient.

Equalization of an exact sequence x = (x1, . . . , xk) with nonzero value is
the sequence

(
x1 · Val(x)−1, . . . , xk · Val(x)−1

)
. In the case of sequences of the

form (t, t), t �= 0, we should rather speak of their α-equalizations.

Proposition 4.3. Let A �= −2 and let k be a positive integer. The value of the
standard sequencefAk is equal toFA

k + 1
A+2 ·FA

k−1 ifk is even andFA
k + A

A+2 ·FA
k−1

if k is odd. �

The volume of any sequence x = (x1, . . . , xk) of reals is the sum of its elements.
It is denoted by Vol(x).

Proposition 4.4. Let A �= −2 and A �= −4 and let k be a positive integer.
1. If k is odd then the volume of the standard sequence fAk is equal to

kA+ 2k + 2
A+ 4

· FA
k +

k

A+ 4
· FA

k−1.

2. If k is even then the volume of the standard sequence fAk is equal to

kA+ 2k + 2
A+ 4

· FA
k +

kA

A+ 4
· FA

k−1.

Proof. We have(
fAk
1 +

1
A+ 2

fAk
2

)
+
(

1
A+ 2

fAk
1 + fAk

2 +
1

A+ 2
fAk
1

)
+ · · ·

+
(

1
A+ 2

fAk
k−1 + fAk

k

)
= k · Val

(
fAk

)
,
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hence

Vol
(
fAk

)
+

2
A+ 2

Vol
(
fAk

)
= k · Val

(
fAk

)
+

1
A+ 2

fAk
1 +

1
A+ 2

fAk
k .

Equivalently,

A+ 4
A+ 2

· Vol
(
fAk

)
= k · Val

(
fAk

)
+

2
A+ 2

fAk
1

or

Vol
(
fAk

)
=
A+ 2
A+ 4

· k · Val
(
fAk

)
+

2
A+ 4

fAk
1 .

Substituting fAk
1 = FA

k and, Val
(
fAk

)
= FA

k + 1
A+2 · FA

k−1 for even k or

Val
(
fAk

)
= FA

k + A
A+2 · FA

k−1 for odd k, we get the hypothesis. �

5 Equilibria of “neighborhood” games

In this section we shall deal with two types of “neighborhood” games, where the
underlying graph is a chain or a cycle. In the present paper we restrict our attention
to the case where the parameter α is in the interval

[
0, 1

2

]
.

5.1 “Chain” games

The “chain” games are formally defined as ones of the form Γ = (1, k; Φ) with
the payoff function

Φ (j;p) =

⎧⎨⎩
p1 + α · p2, if j = 1;
α · pj−1 + pj + α · pj+1, if j = 2, . . . , k − 1;
α · pk−1 + pk, if j = k,

for some real number α. So, a “chain” game is uniquely determined by the pair
(k, α).

Let us now fix a positive integer k and α ∈
[
0, 1

2

]
, so we fix the game. For a

nonempty set S ⊆ {1, . . . , k}, a block is a maximal (w. r. t. inclusion) subset B
of S such that for every j, j′ ∈ B and j ≤ r ≤ j′, also r ∈ B. Every nonempty
set S ⊆ {1, . . . , k} is a union of disjoint blocks; we denote, for j = 1, . . . , k, by
χj(S) the number of blocks in S with exactly j elements. For each nonempty set
S ⊆ {1, . . . , k} we define a vector pS =

(
pS

1 , . . . ,p
S
1
)

as follows:

Case 1. α > 0. Write A = 1
α − 2. We denote H(S) =

∑k
r=1 χr(S) ·

Val
(
fAr

)−1 · Vol
(
fAr

)
. If t /∈ S we set pS

t = 0; otherwise we define pS
t =

fAu
v ·Val

(
fAu

)−1 ·H(S)−1, where u and v are such that t is the v-th consecutive
element of a block with u elements.

Case 2. α = 0. We define pS
i = (#S)−1 if i ∈ S and pS

i = 0 otherwise.
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Theorem 5.1. Let Γ be a “chain” game with parameters k and α ∈
[
0, 1

2

)
. For

each nonempty set S ⊆ {1, . . . , k}, the vector pS is the unique equilibrium in Γ
whose support is equal to S. So, the game has exactly 2k − 1 equilibria.

Proof. For α = 0 the hypothesis is obvious. In the opposite case, writeA = 1
α −2.

Choose S ⊆ {1, . . . , k}, S �= ∅. By Theorems 4.1 and 3.1, the quantities assigned
to consecutive elements in each block in S with r elements must be proportional to

Ar. The payoffs for strategies in different blocks must be
equal, by the definition of equilibrium, so the sequences of the assigned quantities

up to 1. This is exactly what has been performed while constructing distributions
pS . By Proposition 4, the coordinates of pS

j are positive if j ∈ S and they are 0
otherwise.

Let j /∈ S. If the two neighbors of j belong to S then the payoff at j, equal to
α ·pS

j−1 +α ·pS
j+1, is less than max{pS

j−1,p
S
j+1}, hence it is less than the payoff

for at least one of the strategies j−1 and j+1. If j has only one or zero neighbors
in S, the inequality holds as well which means that pS is actually an equilibrium.

By construction, the equilibrium with the support S is unique. �

5.2 “Circular” games

The “circular” games are defined as ones of the form Γ = (1, k; Φ) with the payoff
function

Φ (j;p) =

⎧⎨⎩
α · pk + p1 + α · p2, if j = 1;
α · pj−1 + pj + α · pj+1, if j = 2, . . . , k − 1;
α · pk−1 + pk + α · p1, if j = k,

for some real number α. So, a “circular” game is uniquely determined by the pair
(k, α).

Let us now fix a positive integer k and α ∈
[
0, 1

2

]
, so we fix the game. In this

case, we define a “block” in a somewhat different manner. For a nonempty set
S ⊆ {1, . . . , k}, a C-block is a maximal (w. r. t. inclusion) subset B of S such
that for every j, j′ ∈ B and j ≤ r ≤ j′, also r ∈ B; a C-block is also a set
of the form {r, r + 1, . . . , k − 1, k, 1, . . . , s}, if s < r − 1. By definition, the set
{1, 2, . . . , k} is not a C-block. Every nonempty set S ⊂ {1, . . . , k} is a union of
disjoint C-blocks; we denote, for j = 1, . . . , k, by χ̇j(S) the number of C-blocks
in S with exactly j elements. For each nonempty set S ⊆ {1, . . . , k} we define a
vector ṗS =

(
ṗS

1 , . . . , ṗ
S
1
)

as follows:
Case 1. α > 0. a. If S = {1, 2, . . . , k} then we define ṗS =

(
k−1, k−1, . . . ,

k−1
)
.

b. Suppose that S �= {1, 2, . . . , k}; denoteA = 1
α − 2. We also denote Ḣ(S) =∑k

r=1 χ̇r(S) · Val
(
fAr

)−1 · Vol
(
fAr

)
. If t /∈ S we set pS

t = 0; otherwise we

define ṗS
t = fAu

v · Val
(
fAr

)−1 · Ḣ(S)−1, where u and v are such that t is the
v-th consecutive element of a C-block with u elements.

entries of the sequence f

should be equalized. Finally, all assigned quantities must be normalized to sum
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Case 2. α = 0. We define ṗS
i = (#S)−1 if i ∈ S and otherwise ṗS

i = 0.

Theorem 5.2. Let Γ be a “circular” game with parameters k and α ∈
[
0, 1

2

)
.

For each nonempty set S ⊆ {1, . . . , k}, the vector ṗS is the unique equilibrium
in Γ whose support is equal to S. So, the game has exactly 2k − 1 equilibria.

Proof. The case α = 0 is trivial. Otherwise, choose S �= ∅; if S = {1, 2, . . . , k}
then, by Theorem 3.2, the uniqueness in this case holds. For S �= {1, 2, . . . , k} the
proof is exactly the same as that of Theorem 5.1. �

5.3 The case α = 1
2

We say that a nonempty setS ⊆ {1, . . . , k} is regular if its all blocks are singletons
or else they have an even number of elements. We say that a nonempty set S ⊂
{1, . . . , k} is C-regular if its all C-blocks are singletons or else they have an even
number of elements.

Theorem 5.3. Let Γ be a “chain” game with parameters k and α = 1
2 . For each

nonempty regular set S ⊆ {1, . . . , k}, the vector pS is the unique equilibrium in
Γ, whose support is equal to S. There are no other equilibria in this game.

Proof. If a set of strategies S is not regular then the standard sequence corre-
sponding to a block with an odd number of elements r, r > 1, has the form
(1, 0, 1, . . . , 0, 1), hence the support of the equilibrium found for S is properly
included inS; this equilibrium will be found again for anotherS′, properly included
in S. �
Theorem 5.4. Let Γ be a “circular” game with parameters k and α = 1

2 . For
each nonempty set S ⊆ {1, . . . , k}, equal to {1, . . . , k} or C-regular, the vector
ṗS is the unique equilibrium in Γ, whose support is equal to S. There are no other
equilibria in this game.

Proof. Almost the same as the proof of Theorem 5.3. �

6 Final remarks

Generalizations of Fibonacci sequences are too numerous to quote or discuss them
here. An interested reader may consult articles in The Fibonacci Quarterly [1].
The games, as described in Sec. 1, have been introduced by Wieczorek in [2],
earlier reported in [3]. The spatial problems related to those in the present paper
have been studied by Wieczorek and Wiszniewska-Matyszkiel in [5] (see also
Wieczorek [4]). The games with parameter α outside the domain

[
0, 1

2

]
have

not been discussed in the present paper; they are also interesting from game-
theoretic point of view, but their interpretation is different and in this case some
extra complications occur, which require a separate discussion. Computing the
number of equilibria in “neighborhood” games with parameter α = 1

2 may be a
nice exercise for students at an undergraduate combinatorics course.
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